Losningar till tentamen i LMA033 0299 Matematik, del A, for BI1 den 29 april 2011.
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3. Berdkna lim 3x 62x+8 .
=2 2x” —4x"+x-2

Losning:

x> —6x+8
im —; >
=2 2x" —4x" +x-2

_n

6 " (obestamt uttryck )

Flx) = x* —6x+8 _x2—2'3'x+32—32+8_ (x=3)*-1° _
2x° —4x* +x=2 2x7(x=2)+x-2 (x=2)2x* +1)

_Gmd) | xmd 2ok 2
(x=2)2x*+1)  2x’+1  2:2°+1 9

o 1
4. Lat f(x)=arctan— —arctan x.
X

a) Konstruera kurvan y = f(x).

Losning:
1° D, ={x:x#0}
2° Lodrata asymptoter: Saknas!

1
x = 0" = f(x) =arctan——arctanx -2 -0=1,
X

- 1
x—0 = f(x)=arctan— —arctanx > -2 -0=—12
x

Sneda asymptoter: y = kx+m =0x+ (¥2%) =+Z% sned asymptot dd x — too.

1
arctan —
fx) x arctanx

X X X

X — too =

—0=k,ty -5 <arctan g(x) <73

X — foo= f(x)—kxzf(x):arctanl—arctanx—>0—(i§):$§=m
X

3° Derivata:

f’(x)=D[arctanl—arctanxj=;.(—'—ij— 1 —=- 2 ~<0
X 141 x*) 1+x 1+ x
t 3 ——

(4p)

(5p)



4° Teckenschema. Intressanta x-virden (— o), 0, (o)

x | (=) ©) ()
1) 0 -1 -2 |-] O
LG N N AR =

b) Ange, med hjilp av grafen till y = f(x), antalet 16sningar till ekvationen

1
arctan— = ¥ +arctan x . (1p)
X

Losning:

1 1
arctan— = % & arctan— — arctan x = %
X X

SVAR : 2 rotter

1
y = arctan — —arctan x
X

SVAR: 2 rotter



) 1
¢) Los ekvationen arctan — = £ + arctan x . 3p)
X

Losning:

1
arctan — = £ + arctan x = tan & = tan(£ + f3)
—

X
e B
o
1 -
tanoy =— tan S = x
o = arctan — & X [ = arctan x &
X . .
—I<a<t -I<p<%
1
tan ¢ + tan FHX 1+ x/3
ane+ f=EFS Y143

I-tanftanf 1-L-x 3-x

tana=tan(§+ﬁ)@l:1+x\/§
X 3—x

:>\/§—x=x+x2\/§:>x2+%x_1:0

KONTROLL: f(--)=arctan+/3 —arctan£ =% -2=2 OK!

-
5. Berdkna ;dx 2p)
. x—6x+8
Losning:
x"—6x+8 x—-2 x—4 (x=2)(x—4) (x=2)(x—4)
x! - A+ B =0 = B=-A
x’: | —4A-2B |=1 |=>—4A+2A=1=A=-1
1 _1 1
————dx= || —2+—2— |dx=—1In|x—-2|+1In|x-4|+C
x°—6x+8 x—=2 x-—4
Xx— _
SVAR: %m' |+C—%lnx 4‘+c
|x-2] x=2
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6.a) Berikna &dx. b) Berikna j AL

1+ (sinx)" (cosx)*

t—-.w\?—l

0

wla

dx @r generaliserad

¢) Motivera varfor integralen >

(cos x)

o.—-‘m\?—!

och avgdr om integralen dr konvergent eller divergent.

Losning:

a) Eftersom integrationsintervallet &r symmetriskt erhalls:

n
3 —— n
tan x 3
———;dx= Iu dx=0
1+ (sin x)
n 3
3 J

wla

J- smxdx——J- ! —(—=sinx)dx =
(cos x)* (cos x)

0

) ) =L ¢st= 1
{ =CoSX: —=—s1nx:>dt=—s1nxdx; 3 2=

1
1
J.iz =J-t‘2dt={—l} =-1+2=1
r 1
d 2
2

Sin x
¢ f(x)= (cos 1)’

SIE]

1
! 5 sinxdx = {— 1} = lim(— 1) - lim[— 1) "—] 4+ 0"
(cosx) tly U\ t) =0t ¢

—_

0 ex.ej!

vilket medfor att integralen &r divergent.

ar ej kontinuerlig pa [0,%], men pa (0,%).

(1+4+2p)



7. En likbent triangel har omkretsen 6p dér p dr en konstant.

a) Visa att triangelns area ges av uttrycket A(x)=(3p —x)/6px—9p°

dér x dr lingden av en av de bada lika langa sidorna.

b) Bestim definitionsmingd for funktionen A(x) = (3p —x)\/6px—9p~ .

¢) Berikna det storsta virde som triangelns area kan anta.

Losning:

a) Antag att triangelns sidor har langderna x, x och y. Da foljer att

2x+y=6p<:>y=6p—2x<:>%=3p—x.

Pythagoras sats ger
X W +@p-x)° =x’
h
. h=(@E)0x —Bp—x)° =+/6px—9p°
3p—x

A(X)=L-b-h=L(6p—2x)\/6px—9p° =(Bp—x)\/6px—9p°

b) 6px—9p> >0 6px>9p” & x> 2L
y=6p-2x>0&6p>2x < x<3p

SVAR: D, ={x:37p<x<3p}

(Ip)

(Ip)

(3p)



) 4(x)= Dl3p—16ps=9,7 |- 0= sp=9 +(3P_x)2—,/6p6xp—9pz

2
3 —(w/6px—9p2) +(Bp-x)3p —6px+9p>+9p’> —3px  —9p(x—2p)

varav A'(x)=0& x=2p

J6px—9p° J6px—9p° - \J6px—9p°
—

Teckenschema. Intressanta x-virden ( 37”), 2p,(3p)

0 2 G
A'(x) o |+ 0 -| P
A(x) 0 21 p? \/5 N 0

lok max

SVAR: p*+/3 ae

8. Funktionen f(x)=In(x+1)+In(x—1)—2Inx &r given.

a) Bestdm alla asymptoter till f(x).

Losning:

a) D, ={x:(x+D)>0A(x-1)>0Ax>0}= D, ={x:x>1}
Lodrita asymptoter: x =1

x> 1" = f(x)=In(x+1)+In(x—1)=2Inx — —co "In2—oc0—21In1"

Sneda asymptoter: y =kx+m =0x+0=0 sned asymptot da x —> oo.

f) _Inx+D InGx—1) ,lnx
X X X X

X — 00 =
ty potensfunktionen x dominerar alla logaritmfunktioner da x — .

x == f(x)—kx=f(x)=In(x+1) +In(x—1)—Inx* = >
x

2 2

2
—In2 1—1n[1—ij—>1n1:0:m
X X

G DE=D)

(3.5p)



b) Visa att f(x) dr omvindbar. (2,5p)

Losning:
, 1 1 1
b) f'(x)=D[In(x+1)+In(x—1) - 2Inx]= ——+ —2—=
x+1 x-1 X
Cx(x=DHx(x+D)=2(x+D(x-1) _ x*—x+x>+x-2x"+2 _ 2 S
x(x+D(x-1 x(x+D(x-1 ff(ﬁl)(x-—_,—l)
> >2 >0
f(x)>0 ) indb
D, = (1,00) éir ett intervall = J(x)dr omvindbar

¢) Bestdm virdemingden till f(x). Motivera med teckenschema. (1p)
Losning:
V. ={y:y<0}=(-,0)

Teckenschema. Intressanta x-virden (1), (o0)

x (D (=)
JAE)) oo + 0
S — o0 V4 0

d) Bestdm definitionsmingd och virdeméngd for inversen till f(x). (1p)
Losning:

d) D, =V, =(~,0),V, =D, =(1,»)



e) Berikna arean av det dndliga omrade som begrinsas av kurvan y = f(x)
samt de rita linjerna x =2 och y =1n32. ( Gor figur! )

-02
—04 -

:
!
-0.6 * E

-08 -

1 1 24 1 1
N=hZ=nl-—|=hEdsl-—="——=—>
f=inss ( xzj » XX 25 25 X

=>x'=25=x=()>5ty x>1

A=[[In%-fldr = [1de—[ f(x)dx =3I %~ [F(],

A
F(x) = [ f(x)dx = jT Jin(x+1) +In(x—1) = 2In x]dx =(PI) =
{

=x[ln(x+ 1) +In(x-1) - 2Inx]- J’ .
d

——%]dx =

x+1

= xfIn(x+ 1) +In(x—1) = 2In x] - [ [t 42221 2] g =

x+1

= xfIn(x+ 1) +In(x—1) = 2Inx] - [ [l =y + 1+~ 2]dx =

o
= x[In(x+ 1) +In(x—1) = 2In x|+ In(x +1) = In(x - 1) =
=(x+DIn(x+D+(x—-DIn(x—-1)—2xInx

[F(0)L, = F(5)- F(2) = 6In6+4In4—-10In5 - (3In3 +1In1-4In2) =
=6In2+6In3+8In2—-10In5-3In3+4In2=3In3+18In2—-101In5

In%=In3-8)-In25=1n3+1n2’ -In5* =In3+3In2-2In5

A=3nZ-[F(0)], =3In3+9In2-6In5-3In3-18In2+10In5=4In5-9In2 ae

(5p)



