CTH/GU Losningar tenta 2017-08-23
Matematiska vetenskaper

Uppgift 1(a). Med vy = z, uy = 2',u3 = y, uqy = y', har vi

u) = ug

uy = —%Uz\/'lm

Ul = Uy

uy = —g — Sug/u3 + uj

Med vektorbeteckningar har vi standardformen

Uy U2
I _c 2 2
u' = f(t,u) med u— | © Cfu) = </ uj + uf
U,(O) = Uy Us Uy

(b).

m=0.1; ¢=0.001; g=9.81; x0=0; vx0=12; y0=1.8; vy0=10; T=3;
f=0(t,u) [u(2)
—-c/m*xu(2)*sqrt(u(2) "2+u(4)"2)
u(4)
—g-c/m*xu(4)*sqrt(u(2) "2+u(4)"2)1]1;
tspan=[0,T]; u0=[x0;vx0;y0;vy0];
[t,Ul=0ded45(f,tspan,u0l);
plot(U(:,1),U(:,3))

Uppgift 2(a). Infor z; = ih,i =0,1,--- ,n+1, med h = .

—U/,(:Ei) + U(l’l) = )\U(I’Z)’ ’L = 1’ 2’ RN )
Uip1 — 2u; + Ui

— =
—Ui—1 + (2 + h2>uz — Ujy1 = h2)\ui7 1=1,2,---,n

+u;=Au;, 1=1,2,---.n

Randvillkoren ger uy = 0 och u, 1 = 0.

Matrisformulering med ¢ = 2 + h? lyder

c —1 Uy Uy
—1 c —1 Uy Ug
= h*\
-1 c —1 Up—1 Up_1
i —1 cl| un | | Un

(b). Se laboration 1.
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(c).

n=30; L=1; k=3;

h=L/(n+1); x=h*[0:n+1]’; e=ones(n,1);
A=spdiags([-e (2+h"2)*e -e],[-1 0 1],n,n);
[V,D]=eigs(A,k,’SM’);
V=[zeros(1,k);V;zeros(1,k)]; lambda=diag(D)/h"2;
subplot(3,1,1), plot(x,V(:,1))

subplot(3,1,2), plot(x,V(:,2))

subplot(3,1,3), plot(x,V(:,3))

Uppgift 3. Se Lay kapitel 5.

Uppgift 4 (a).
23+ 29+ (21 + 1) exp(—z9) — 5

flx) = [ exp(z122) + x1 + 1o — 0.4

|

Df(z) = [ 21 + exp(—x2) 1 — (1 4+ 1)exp(—x2)

xo exp(ziza) + 1
(b). Hérledning genom linjérisering, se laboration 5.

(c). Newtons metod: 1 = @) + di, dar D f(xy) dp = — f ().

mo:{_é}: Df(wo)doz—f(w())@{_i (” {Zg;]:_{

—0.6
w1:w0+d0:|: 44:|

(d).

f1=0(x1,x2)x1.72+x2+(x1+1) . *exp(-x2)-5;
£2=0(x1,x2)exp(xl.*x2)+x1+x2-0.4;
f=0(x) [f1(x(1),x(2))
f2(x(1),x(2))];
Df=@(x) [2*x(1)+exp(-x(2)) 1-(x(1)+1)*exp(-x(2))
x(2)*xexp(x (D) *x(2))+1  x(D)*exp(x(1)*x(2))+1];
x=[-1;0];
kmax=10; tol=0.5e-8;
for k=1:kmax
d=-Df (x)\f (x) ;
x=x+d;
disp([x’ norm(d)])
if norm(d)<tol, break, end
end

21‘1—1—|—ZL’Q

. 2 2 —
Uppgift 5. f(x) = 21 — 21 + 1125 + 73, V() { 71 + 275

@2~ | | Vi@ -]

w@):wk—sz@%):[i}"slg]

1—2s
1-—3s

|

x1exp(ximg) + 1

—4
—0.4

|

Jou|



g(s) = f(x(s)) = f(1—=25,1—3s) = (1 —28)2 — (1 —2s) + (1 —2s)(1 = 3s) + (1 = 35)* =

=2 — 135+ 1952
. 12
] dHE I

g(s) = —13 4385 =0«

=X
$k+1—wk—SVf fL’k {

(b). Vi har ¢/(s) = £ f(2(s)) = V[ (2(s)) @' (s) = =V f((s))"V f ().
Sa om ¢'(8) =0sa ér Vf(x(3))TVf(zr) = Vf(xp1) - Vf(xp) =0
(c).

f=0(x1,x2)x1. 2-x1+x1*x2+x2.72;
funf=0(x)f(x(1),x(2));
dfdx1=0(x1,x2)2*x1-1+x2; dfdx2=0(x1,x2)x1+2*x2;
gradf=0(x) [dfdx1(x(1),x(2));dfdx2(x(1),x(2))]1;
kmax=100; smax=10; tol=le-4;
x=[1;1];
for k=1:kmax;

grad=gradf (x) ;

g=0(s) funf (x-s*grad) ;

sk=fminbnd (g, 0, smax) ;

x=x-sk*grad;

disp([x’ funf(x)])

if norm(sk*grad)<tol, break, end
end

Uppgift 6(a). Infor nit med steglingd h i rumsled och ersdtter w/, med D, D_ Later w;(t)
beteckna approximationen av u(x;,t).

Far foljande begynnelseviardesproblem for ODE-system.

wl(t) = we2utun @y — g L p o<t < T
uo(t) = 0, upy1(t) = cos(3t)

u;(0) = sin(§x;),i=1,---,n

u;<0> 2072 = 17" T

Pa vektorform:
U'(t) = 55(b(t) + AU (t)),0 <t < T
U(0)=U,, U(0) =V,

dar A ar diskreta motsvarigheten till ©” och

wuy (t) 0 sin(5) 0
us(t) 0 sin(5 ) 0
U(t) = : b(t) = : Uy = : Vo=1":
Up—1(1) 0 sin(5x,-1) 0
| ua(t) ] | cos(3t) | | sin(§zn) | | 0 ]

Slutligen far vi formulera om var ODE som ett forsta ordningens system.

W'(t)=fit,W),0<t<T
{ W(O) =W,



dar

(b).

T=5; L=1; u0=0(x)sin(pi/2%*x);

n=30; h=L/(n+1); xi=hx*[1:n]’; tspan=linspace(0,T,n+1);

U0=u0(xi); VO=zeros(size(xi)); WO=[UO; VO];

A=spdiags(ones(n,1)*[-1 2 -1],[-1 0 1],n,n);

b=0(t) [0;zeros(n-2,1);cos(3*t)];

hyperbol=@(t,w) [w(n+1:2*n);1/h"2*(b(t)-A*w(1:n))];

[t,W]=o0de4b (hyperbol,tspan,W0) ;

x=[0;x1i;L]; U=[zeros(size(t)),W(:,1:n),cos(3*t)]; % Kantar med randvirden
surf (x,t,U)

xlabel(’x’), ylabel(’t’)



