1. Solutions to exercises

1.1. Chapter 1

z—ay) _ |z|2—a? z—a\ _ 20aIm(z)
- (a) Re(Z'HI) T z|24+a2+2aRe(z)’ Im (z+a) |z]24+a2+2aRe(z)”

fn=dk ke Z iifn=4k+1, ke Z -1ifn=4k+2 k € Z, —i if

os(log(2))+isin(log(2)) =082
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T+ ¢) +ie?V2sin(Z + ¢) = e?v/2e' (i F9).
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ik =0,1,..,5.
(2"“)" k_0,1,2 3.
\f QM)W E=0,1,..,5.

¢)
(d)z—eg’é”,k_o,l,2,3andz=éfe”kT" k=0,1,2,3.
13. z=¢'T — T and z =7 — 1.

24. (a) open, bounded and connected.
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b) open, not bounded, connected.

) open, bounded and connected.

) closed, bounded and connected.

) open, bounded and connected.

6. (b) {z: |z] < 1}.

o) {z: 2] = 1} U [-2,~1) U {2}.

d) {2} 27. F has three connected components A = {z: |z|] < 1}, B = [-2,-1)

and = {2}. Three ways to write E as a union of two separated sets is thus
=(AUB)UC=(AUC)UB=(CUB)UA.

30. 4.
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1.2. Chapter 2

2. (a) 0.
(b) 1+1.
9. T'(2) = (gg;g)%, it is nowhere zero.

12. (a) differentiable and holomorphic in C with derivative —e=%e~%.
(b) nowhere differentiable or holomorphic.

(c) differentiable only on {x + iy € C: x = y} with derivative 2z, nowhere holo-
morphic.

(d) nowhere differentiable or holomorphic.

(e) differentiable and holomorphic in C with derivative

—sin(x)cosh(y) — icos(z)sinh(y).

(f) nowhere differentiable or holomorphic.

(g) differentiable only at 0 with derivative 0, nowhere holomorphic.

(h) differentiable only at 0 with derivative 0, nowhere holomorphic.

(i) differentiable only at ¢ with derivative i, nowhere holomorphic.

j) differentiable and holomorphic in C with derivative 2y — 2zi = —2iz.
k) differentiable only at 0 with derivative 0, nowhere holomorphic.

1) differentiable only at 0 with derivative 0, nowhere holomorphic.

(
(
(1)
6. (a) v ="2xy.
b

1

(b) v = cos(z)sinh(y).

(c)v= 4xy + y

(d) v 2+y2 18. :c2j-y2 is harmonic on C\ {0} but not on C, x2+y2 is not
harmomc

1.3. Chapter 3
9. (a) —z+1 (b) (A+)z—(141)

+4z—3 z—2

211

(C) 1z+1°

10. One solution is 4= sendmg 1+ to -i.

11. 25
12 (a) the lower halfplane {w: im(w) < 0}.
(b) {w: Im < 0, |w| < 1}.
(c) {w: Re(w) < 1,|w — 1| > 1}.
14, =123,
2




m.%)%z
1424)2—1
(b) z—142¢ °

(c) iz
18. 0,00, 1,14, the point (1,1,0) is not in the domain of the function ¢.
20. 5=(1,1,-1), {z: |2 = 1 —i[ = V3}.

S

26. (a) {|lw|=1}.

(b) {|w| = e}.

(¢) {1 <w| <e}

31. (a) —1.

(b) e™.

(c) e %

(d) cos(&5=¢) — isin(¢5=¢)

(e) 3+ 4i.

(f) V2cos(%) +iv/2sin(%).

(g) V3 —/3i.

(h) —1.

32. (a) iZ.

(b) e™ 7.

(c) V2 + i%.

33. C\ ((—o0, —1] U [1,00)).

36. (a) differentiable at 0, nowhere holomorphic.

(b) differentiable and holomorphic on C\ {—1,e'5,e~%5 }.
(c) differentiable and holomorphic on C\ {z +iy € C: z > -1,y = 2}.
(d) nowhere differentiable or holomorphic.

(e) differentiable and holomorphic on C\ {z 4 iy € C: z < 3,y = 0}.
(

37. (a) z =1.

b)
0
d)
e)
f) differentiable and holomorphic in C (i.e. entire).
7
b
c
d
e
f
g

(b) There is no solution.

(c) z =Inm +i(5 + 27k), k € Z.
(d) 2= %+ 27k + ik € Z

(e) 2= 5 +7k,k € Z.

(f) z=rwki,keZ

(g) 2 = 7k, k € 7

(h) z =2i

38. {w: Re(w) € [0,1],Im(w) € (—m, 7|}

40. f'(z) = ez*7L.

42. The exponentially growing spiral {w(t) = e!(cos(t) + isin(t)),t € R}, tending
to infinity as ¢ tends to positive infintity and to 0 as ¢ tends to negative infinity.

1.4. Chapter 4




V14 14
5. (a) 5 9 1, 1.
b) i, —m, 0, 27i.
r2i, —mr?, 0, 27723 6. (a) e?(e + cos(1) + dsin(1)).

3
11 % +i(16 + tan~1(5)).

12. 1 — cosh(1).

13. (c) 2.

14. 2.

21. 0if r € (0,1) U (3,00), 7 if r € (1, 3).
23. 2.

28. 0 for r < |al, 2mi for r > a.

29. 0 forr =1, —%i for r =3, 0 for r = 5.
31. 2mi.

32. 0.

33. =24, 2i(e3 - 1)

1.5. Chapter 5

0.
0.
iQﬂwsinh(%).

h) 2mie® if |w| < 3, 0 if |w| > 3.
(i) 2.
4. 2mi(e + 2¢2%).

8. Any simply connected set which does not contain the origin, for example C\
(—00,0].

9. (a) (1 +1)cosh(F).



(b) (1 —4)sinh(m) — (1 4 4)cosh(F)
1.6. Chapter 6

4.(b) —ie*.

5. No.

1.7. Chapter 7

2. (a) divergent.

b) convergent (limit 0).

(c) divergent.

(d) convergent (limit 2 — %).
(e) convergent (limit 0).

3. (a) convergent.

(b) divergent.

(c) divergent.

(d) convergent.

13. 1.

20. (a) Pointwise convergence on |z| < 1, uniform convergence on |z| < r for r < 1.
(b) Pointwise convergence on |z| < 1, uniform convergence on |z| < 1.

(c) Pointwise convergence on Re(z) > 0, uniform convergence on |z| > r for r > 0.

24. (a )Zk>o( 4) kak.
(b) Zk>o 36k Zk
(

C) k>2 4k
1)’c
5. (a) E>0 2k T 2?

_1k
()Zk>0 QkIZk

(c) (~1) le%“‘l
k>1 (k=1
(—1) k+122k 1

( ) Yo Flam—>

7. (a) Zkzo( 1)*(z — 1)*, convergence radius 1

b) Zk>1 —DF (z — 1)* convergence radius 1.
)001f|a\<1 1if |a| =1, and 0 if |a| > 1.

2k

1.8. Chapter 8
1. (a) {z€C: |z <1}, {2z €C: |z] <r} for any r < 1.
(b) C, {z €C: |z| <r} for any 7.
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(c) {ZE(C |z—=3|>1},{z€C:r<|z| <R} forany 1 <r <R.
2. ()(1 z)3 "

(b)smh()
(C)l+z 4"

3.3k > 05z -1k

(=" 2k+1
5. Zk>0 kil ?

6. (a) HlZQ =3—3(z-1)+3(z—1)2+0- (2 — 1)® + ..., the convergence radius
is 1.
(b) E%H =1-1240-22+ Lz%+ .., the convergence radius is .

10. The maximum is 3 (attained at z = %), and the minimum is 1 (attained at
z = %£1).
12. One Laurent series is Y, (—=2)"(z — 1)7*72, converging for [z — 1| > 2.

13. One Laurent series is > ;- (— 2)*(z — 2)7F=3  converging for |z — 2| > 2.
14. One Laurent serles is —3(z + 1)_ + 1, converging for z # —1.

1 Sl
15. sin(z) + z + SGOZ +.

20. (a )Zk>0 2k 222,

2. 1+ 2 + Szt + ..

23. (a) 1.

(b) 3.

(c) 4.

24.(a) £i, multiplicity 4.

(b) km, k € Z multiplicity 2

(c) (2k + 1)im, k € Z, multiplicity 1.

(d) 0, multiplicity 3, and § + k7, multiplicity 1

25. > s (1 + (2k+1 )2k for 2] <1, 3 ks0 2k}r)1 2k =3 2" for 1 < |z| <2 and
> peco (L4 (=1)F25F1) 2k for \z| > 2.

28. It is less than or equal to 2 5-

29. (a ) VR.

(b

(c
(d
(

:g = Dtiw\:o

e

)
)
)
)

1.9. Chapter 9

3. (a) 1, i, —i, of order 4,3, 3.
(b) km, k € Z \ {0}, of order 1.
(¢)0 of order 4.

(d) 2kim, k € Z, of order 1.

(e) 2kim, k € Z\ {0},of order 1.
7. (a) 0.

(b) 1.

(c) 4.

9. (a) One Laurent series is ;- , (@7?:(2 —2)k_ converging for 0 < |z — 2| < 4.
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