Solutions to exercises (week 3)

Exercise 5, Ref. [1] Sec. 2.2

Suppose u > r > 0 > d. A non-standard European derivative with maturity time N has
pay-off Y = S(N) if S(0) < S(1) < --- < S(N) and Y = S(0) otherwise. Find Iy (0).

Solution

We have the general formula

My (0) = e Z (0™ (g2) VY (), (1)

where (g, qq) is the risk neutral probability, N, (z) is the number of “u” in the path z and
Ny(x) = N — Ny(zx) is the number of “d” in the path z. Moreover Y (x) denotes the pay-off
as a function of the path of the stock price. The exercise tells us that

Y(z)=S(N,x), ifx=z,=(u,u,...u),ie,z;=uforalli=1...N,
while Y (z) = S(0) for x # z.. Moreover, since S(N,z,) = S(0)eN*, then
Y (z.) = S(0)e™N™.

Since in addition N, (z.) = N, we can rewrite the sum (1) as

My (0) = ™ ()™ (qa) V)Y () + e™ > (gu) " (q2) MY ()
THT
=N @)V S0 + e Y (g)N P (ga) VY (). (2)
THT+

Next we compute the sum on z # z,. First replacing Ny(z) = N — N,(x) and Y (z) = S(0)

we have § i § . N (@)
3 (6@ (g) @Y (2) = 5(0)(ga)¥ T (—) . 3)

THT TH T dd

Now, N, (z) takes value in {0, 1,..., N —1}; it cannot be equal to N because the only element
in {u,d}" for which N,(z) = N is x,, but this element is not taken into account in the sum

1



that we are computing. Using that the number of z € {u,d}" for which N,(z) = k is given
by the binomial coefficient (JZ ), we obtain

>(4) - () (%)

THT
Adding and subtracting the term k = N (where we use that (%) = 1), we find

@206
-2 () (@) ()
(i) ()

where for the last equality we use the binomial theorem: (14-a)¥ = 37~ (V)ak. Substituting
into (3) and using that ¢, + g4 = 1 we obtain

Z ()™M (qa) MY (z) = S(0)(1 = (g.)™).

THT

Finally, replacing in (2) we find
Iy (0) = e "™5(0) [(qu)Ve™™ +1 = (qu)"] .

Exercise 3.1 Ref. [1]

Let the price of a stock S(t) be given by the N-period binomial model with parameters u, d, p
and let B(t) = Bye™ be the value of the risk-free asset, where d < r < u. Let C(t, S(t), K, N)
and P(t, S(t), K, N) be the binomial price of the European call and European put with strike
K and maturity N. Show that these functions satisfy the properties in Theorem 1.1, namely:

1 The put-call parity holds
S(t) — C(t,5(t), K,N) = Ke "™~ — P(t,5(t), K, N). (4)

2 If r >0, then C(¢,S(t), K,N) > (S(t) — K); the strict inequality C(¢, S(t), K, N) >
(S(t) — K)4 holds when r > 0.

3 If r >0, the map N — C(t,S(t), K, N) is non-decreasing.
4 The maps K — C(t,S(t), K, N) and K — P(t,S(t), K, N) are convex'.

1Recall that a real-valued function f on an interval I is convex if f(0z + (1 —0)y) < 0f(x) + (1 —0)f(y),
for all z,y € I and 0 € (0, 1).



Solution

Recall that the binomial price of a European derivative with pay-off Y and maturity NV is
Iy (t) := e "D Z Qo Gy Y (2), = (21,...,2N).
(Tt zn)E{u,d}N—t
For the European call we have Y(z) = (S(N,z) — K); = (S(t)e" T~ — K, hence
O(tv S(t>’ K, N) — eV Z Quepr * qu(S(t)eth—i_m—HrN - K)+~
(xtg1,xn)E{u,d}N—t
Similarly for the European put we obtain
P(t,S(t), K,N) = ¢ "= > Qo Qo (K — S(t)emrrtmrany)
(l‘t+1,...$N)€{u,d}N7t

Now let k& be the number of w in (x441,...,2x5) and N —t — k be the number of d. Then

Ti41t++TN eku-i-(N—t—k)d k_N—t—k

€ y o Qayyy " Qey = 9449

Now, the number of paths (z;:1,...,2y) for which the number of u is k is given by the
binomial coefficient (" ). Hence we can rewrite the definition of C(t,S(t), K, N) and
P(t,S(t), K,N) as

=

—t
—r(N— N —t L (N
C(t,S(t),K,N) = e "&=1 ( )qz’qu RS (t)ek +(N—t k)d_K)+

k

N\

=

- N=1\ o v v
P(t,5(t), K,N) = ¢ ( L )qijqf,v FRK = S(t)eku Ntk
0

B
I

We can now prove the properties 1-4.

1 We have

N—t N —t
C(t,S(t), K, N) — P(t,S(t), K, N) =e "N~ ( " )qﬁqév_t_k
k=0

> [(S(t)elmﬁ(thfk)d —K)y — (K — S(t>€ku+(N7tfk)d>+]
Now we use that (z — K); — (K — 2); = z — K, for all z, hence

2 /N -t
C_pP— e—r(N—t) Z ( - )qz:qcll\f—t—k(S(t)eku+(N—t—k)d _ K)

k
k=0
N-—t
= S(t)e "(N=0 (Nk_ t) ghgy R Rt (N—t—kyd
k=0
N—t
N —t L
- K}; ( " )%"2@? R = () — K.



Hence the put-call parity follows if we show that I, = e"V=Y and I; = 1. We have

N=t Ny
I, = e T(N=1) Z ( L >q5qcll\7tk€ku+(Ntk)d
k=0

N—t
N —t e\ k
_ —r(N-t) d\N—t (%_)
€ (Qde ) - ( k ) Qded

Using the binomial theorem (1 + a)V = g:o (],Z) ¥ and the identity g,e" + gqe? = e”

we obtain

The proof that I, = e "™~ is similar.
The proof follows by the put-call parity as in Theorem 1.1

We want to show that
C(t,S(t), K,N) < C(t,S(t), K, N + 1)

Note that for » = 0 the claim is obvious. The case r > 0 is quite technical. Let us
prove it. In the definition of C(N + 1) = C(t, S(t), K, N + 1) we replace the Pascal

identity
N1t _(N=t) (N-t
k C\k—-1 k

(with the convention (") = 0) and obtain

N+1-t N _ ¢+
C(N + 1) :e—T(N+1—t){ Z (k B 1)qﬁqCJlV+1—t—k(S(t)eku+(N+1—t—k)d _ K)+
k=1

N1t
4 Z (N - t) qqu+1—t—k(S(t)eku-i-(N—i-l—t—k)d _ K)Jr .

In the first sum we make the change of index j = k — 1, while for the second sum we
use that it is greater than the sum extended only up to N —t (i.e., we neglect the last



term k = N + 1 —t). So doing we obtain

N—t
N —1 , .
e Ze_T(N+1_t){ 2 ( j )qi“qN TS ()l g

=0

N—t
N—t L Nt
4 ( ) )qﬁqé\fﬁ-l t k(S(t)ek +(N+1-t k)d_K)Jr}
=0

N—t N ¢t ]
_ e*T(N‘i’lft) ( >qiqé\7t]qu(S<t)eju+(th)deu . K)+
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% [(S(t)eku —t— k)dqueu _ KQu)+ + (S(t)ekqu(thfk)dqded _ qu)+

> (y + z)4, we obtain

N —t L
(')

b=k} (Qu@ + qd€ ) K(Qu + Qd))Jr

Using the simple inequality (y), + (2)4
N

z
—t
C(N + 1) > efr(N+17t) Z
k=0
% [(S(Zf)@kqu N—

As e + que® =€, ¢, + qa =1 and r > 0 we find

N—t
N —t
C(N + 1) > e—r(N—i-l—t) Z < " )qlliqcll\/—t—k(S(t>eku+(N—t—k)der o K)+

N—t
_r(N t) Z ( ) k —t—k(S(t)eku—l—(N—t—k)d . Ke—r>+
k=0
> C(N).

4 The only dependence on K of the functions C'(t, S(t), K, N), P(t, S(t), K, N) is through
the terms (z— K4, (K —2z),. As both these functions are convex in K (draw a picture),

the result follows.

Exercise 3.2 Ref. [1]

Consider a 3-period binomial asset pricing model with the following parameters:

5 4, 1 1
U — — = — T:l = —.
€ 4, € 2, (& P 5
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Assume S(0) = %. Consider a European derivative expiring at time 7" = 2 and with pay-off
Y =S5@3)H(53) - 1),

where H is the Heaviside function: H(z) = 0, if z < 0, H(z) = 1 if x > 0 (this is an
example of a so called digital option). Compute the possible paths of the derivative price
and for each of them give the number of shares of the underlying stock in the hedging
portfolio process. Compute the probability that the return of a constant portfolio with a
short position in the derivative be positive.

Solution

We start by writing down the diagram of the stock price and the value of the derivative at
time of maturity 7' = 3 (which is equal to the pay-off)

S(3)=5=1Iy(3) =5
S(1) =

S(0) = &
S(1) =

The parameters of the binomial model are such that

1

2
m pr— —7 p— —’ :0'
q 3 qd 3 r

To compute the price of the derivative at the times ¢ € {0, 1,2} we use the recurrence formula

2 1
Iy (t) = e " (quIly(t + 1) + qall§- (¢t + 1)) = §H1{,(t +1) + gde(t +1), te{0,1,2}.



Hence at time ¢ = 2 we have

2 1
8 2 1 4
S =22 =2.24-.0==
(2) 5 r(2) 3 °13 3

16 9 1
@)= 5 = My(2) =5 -045-0=0

At time t = 1 we have

16 9 1 4 928
= = s My(1) =244 =2 =22
S =5 =My()=35-4+3-3=7
32 2 4 1 8
D=2 oMy =2.24-.0=2
S =55 = =3-3+3 9

and at time ¢ = 0 we have
i (O)—2 28+1 8 64
T3 9 T3 9 o7
Hence we obtain the following diagram for the derivative price

Iy (3) =5
/
Iy (2) =4
/ \
Iy(1) =% [y (3) =2
Iy (0) = %/ \ﬁy@) /
\ / X
Ty (1) =3 Ty (3) = 0
\ /
Iy (2) =0
\
Iy (3) =0

This concludes the first part of the exercise. To compute the number of shares of the
underlying asset in the hedging portfolio we use the formula

1 Te(t+1) -4 (t+1
hﬂ+U=ﬂﬂy<elwf )



for t = 1,2 and hg(0) = hg(1), where we recall that hg(t + 1) is the position in the interval
(t,t 4+ 1]. Letting t = 2 we obtain

h = —
whence
4 5—-2
8 4 2—-0 5
2) = - h = —— = —
S@) =0 L3 =0
25 F
Likewise ATIS(2) Hd( )
v(2) — 2
ha(2) = = Y Y
Hence
16 4 4-4/3 10
W= =hs@=3 "5 =9
32 4 4/3—-0 25
and finally

CA4TIR(1) — ¢ (1) 4 28/9-8/9 125
— 3 S(0) ~ 3 64/25 108
This concludes the second part of the exercise. Consider now a constant portfolio with -1
shares of the derivative. The return of this portfolio is positive if the value of the derivative
at the expiration date is smaller than the initial value. This happens along all paths except

x = (u,u,u), hence the probability that the return of this portfolio be positive is 1 — (p, ) =
1—1/8 =7/8 = 87.5%.

Exercise 3.3, Ref. [1]

Consider a standard European derivative with pay-off Y = ¢(S(2)) at the time of maturity
2. Assume that the price of the underlying stock follows the 2-period arbitrage-free binomial
model

S(t) = { S(t —1)e* with probability p, P12

S(t—1)e? with probability (1 — p)
and that the interest rate of the risk-free asset is a constant r > 0. Let
A = g(5pe*?) — ¥ g(Soe®) — g(Spe" ) + g(Spe*)e? v

Show that a constant predictable hedging portfolio (hg, hp) exists if and only if A = 0 and
find such portfolio.



Solution

The hedging condition reads
hsS(2) + hpBoe™ = g(5(2)).

Since the portfolio is constant and is required to be predictable, then it can only depend
on Sy = S(0) and not on S(1),5(2). Hence we have to express S(2) in terms of Sy in the
previous equation. Since S(2) € {S5(0)e?*, Spe®t?, Spe?@}, we obtain the system

h55062u + hBBoe2T = g(30€2u>
h5306u+d + hBB()62T = g(Soe“+d)
hsSee* + hpBoe* = g(Spe*?).

It is straightforward to show that the previous system has a (unique) solution (hg, hp) if
and only if A = 0 and in this case the solution is given by

e"g(Soe" ) — g(Spe®)e?
hi =

B g(SO€2u>(2ed _ eu) _ eug(Soeu-l-d)
Bye?r (et — ev) ’ '

ho —
o Soe?t(ed — ev)




