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Uppgift 1(a). Df = {(x, y) : x2 + (y + 1
2
)2 > 1

4
}

(b). f ′
x(x, y) = 2 + 2x

x2+y2+y
, f ′

y(x, y) = 2y+1
x2+y2+y

, f(1,− 1) = 2, f ′
x(1,− 1) = 4, f ′

y(1,− 1) = −1

Tangentplan z = 2 + 4(x − 1) − (y + 1) = −3 + 4x − y och normallinje x−1
−4

= y + 1 = z − 2.

(c). Duf(1,−1) = u · ∇f(1,−1) = 1√
2
(1, 1) · (4,−1) = 3√

2

Uppgift 2.
{

u = xy

v = 1
y

{

u′
x = y u′

y = x

v′
x = 0 v′

y = − 1
y2

{

x = uv

y = 1
v

z′x = z′uu
′
x + z′vv

′
x = yz′u

z′y = z′uu
′
y + z′vv

′
y = xz′u − 1

y2 z
′
v

z′′xx = ∂
∂x

(yz′u) = y ∂
∂x

(z′u) = y(z′′uuu
′
x + z′uvv

′
x) = y(z′′uuy) = y2z′′uu

z′′xy = ∂
∂y

(yz′u) = z′u + y ∂
∂y

(z′u) = z′u + y(z′′uuu
′
y + z′′uvv

′
y) = z′u + y(z′′uux + z′′uv(− 1

y2 )) =

= z′u + xyz′′uu − 1
y
z′′uv

xz′′xx − yz′′xy + z′x − y = z′′uv − 1
v

= 0, dvs. z′′uv = 1
v
.

Vi har z′u = ln v + f(u) och z = u ln v + F (u) + h(v) = −xy ln y + g(xy) + h( 1
y
).

Uppgift 3. Skriver x, y istället för x1, x2 s̊a att f(x, y) = 3xy−x2y2

x+y
.

f ′
x(x, y) = (3y−2xy2)(x+y)−(3xy−x2y2)

(x+y)2
= 3y2−x2y2−2xy3

(x+y)2
= y2 3−x2−2xy

(x+y)2
= 0 ⇔ 3 − x2 − 2xy = 0

f ′
y(x, y) = (3x−2x2y)(x+y)−(3xy−x2y2)

(x+y)2
= 3x2−x2y2−2x3y

(x+y)2
= x2 3−y2−2xy

(x+y)2
= 0 ⇔ 3 − y2 − 2xy = 0

Vi ser direkt att x2 = y2 och därmed x = y, eftersom x > 0, y > 0. Insättning i en av
ekvationerna ger 3 − x2 − 2x2 = 0, dvs. x2 = 1 och därmed x = 1, eftersom x > 0.

Allts̊a är (1, 1) enda stationära punkten.

f ′′
xx(x, y) = y2 ∂

∂x

(

3−x2−2xy

(x+y)2

)

= y2 (−2x−2y)(x+y)2−(3−x2−2xy)2(x+y)
(x+y)4

f ′′
xy(x, y) = 2y 3−x2−2xy

(x+y)2
+ y2 ∂

∂y

(

3−x2−2xy

(x+y)2

)

= 2y 3−x2−2xy

(x+y)2
+ y2−2x(x+y)2−(3−x2−2xy)2(x+y)

(x+y)4
.

Vi f̊ar f ′′
xx(1, 1) = −1 och f ′′

yy(1, 1) = −1, p.g.a. symmetri, samt f ′′
xy(1, 1) = −1

2
.

Detta ger Hesssianen

H(1,1) =

[

−1 −1
2

−1
2

−1

]

med det(H − λI) = (λ + 1)2 − 1

4
= 0 ⇔ λ1,2 = −1 ± 1

2

dvs. λ1,2 b̊ada < 0. Allts̊a har vi en maxpunkt.

Uppgift 4. I =
∫∫∫

D
z
√

x2 + y2 dV över D = {(x, y, z) : x2 + y2 ≤ z ≤
√

x2 + y2}.
D begränsas av cylindern x2 + y2 ≤ 1 s̊a om vi l̊ater E = {(x, y) : x2 + y2 ≤ 1} f̊ar vi

I =

∫∫

E

√

x2 + y2

(

∫

√
x2+y2

x2+y2

z dz

)

dxdy =

∫∫

E

√

x2 + y2

[

z2

2

]z=
√

x2+y2

z=x2+y2

dxdy =

=
1

2

∫∫

E

√

x2 + y2
(

x2 + y2 − (x2 + y2)2
)

dxdy = {Polära koordinater} =

=
1

2

∫ 1

0

∫ 2π

0

r(r2 − r4)r drdθ = π

∫ 1

0

(r4 − r6) dr = π
2
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Uppgift 5. Med Green f̊ar vi

∫

C
(x2 − xy) dx + (xy − y2) dy =

∫∫

D

∂

∂x
(xy − y2) − ∂

∂y
(x2 − xy) dxdy =

∫∫

D

y + x dxdy =

=

∫ 1

0

(
∫ 2−y

y

x + y dx

)

dy =

∫ 1

0

[

x2

2
+ xy

]x=2−y

x=y

dy =

∫ 1

0

2 − 2y2 dy =
4

3

Uppgift 6. f(x) = x2
1 − 3x1 + x1x2 + x2

2, ∇f(x) = (2x1 − 3 + x2, x1 + 2x2)

(a). x0 = (1, 1), ∇f(x0) = (0, 3)

x(s) = x0 − s∇f(x0) = (1, 1) − s (0, 3) = (1, 1 − 3s)

g(s) = f(x(s)) = f(1, 1 − 3s) = 1 − 3 + (1 − 3s) + (1 − 3s)2 = −9s + 9s2

g′(s) = −9 + 18s = 0 ⇔ ŝ = 1
2

x1 = x0 − ŝ ∇f(x0) = (1, 1) − ŝ (0, 3) = (1,−1
2
)

(b). Vi har g′(s) = d
ds

f(x(s)) = ∇f(x(s))T
x
′(s) = −∇f(x(s))T

∇f(x0).

S̊a om g′(ŝ) = 0 s̊a är ∇f(x(ŝ))T
∇f(x0) = ∇f(x1) · ∇f(x0) = 0

(För v̊art problem ser vi direkt att ∇f(x1) = (−3
2
, 0), ∇f(x1) · ∇f(x0) = (−3

2
, 0) · (0, 3) = 0)

Uppgift 7 och 8. Teori.


