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SOLUTIONS

1.
(a) Find u = ug + g where ug € Hg () solves
(Vug, Vv) = —(Vg,Vv), Yov e H}(Q).

(b) Since —Au = 0, u attains both max and min on the boundray by the maximum principle.
Therefore [|ul|z (@) < [|9llze<(0)-
(c) Let V), = {v € C(Q) : piecewise linear on a mesh 7,}. Find U = I,g + Uy where Uy € V},
solves (VUy, Vv) = —(VIg, Vv),Yv € Vj,.
It holds (V(ug — Uy), Vv) = (V(Irg — g), Vv) for all v € V},. We conclude,

IV (uo = Uo) 172y < (V(uo — Uo), V(uo — Inuo)) + (V(Ing — 9), V(Up — Inup))
< Ch||V (uo = Uo)ll 2@ | Do 20
+ IV(Ing — Dll20) (IV(uo — Tnuo)| 2y + |V (o — Uo) || r2(0))

We get ||V (ug — UO)HLZ(Q) < Ch||D2u0||L2(Q) + C||V(Ing — g)||L2(Q), and therefore,
IV(u—U)llL2) < Ch ([ID?ull2() + 1?9l 2()) + CIIV(Ing — 9)ll2(2),

2.

(a) Let {¢;}2, denote the eigenfunctions to —A, with corresponding eigenvalues {\;}52,. Then

u(t) =372, e (v, ).
(b) By Parseval’s equality

1/2
lu(®)llz2e) = (Ze 2“@@) < e o] 2 -

(c) We have that |ulf gy = 272, hie” 2 (v qﬁi)z < it Ai(v, ¢:)? = [v]3 gy Furthermore,
ulf @) = X2 >‘i672’\’:t(1’a¢) <Y Nite P (v, ¢4)7 < Ot H[wl|3 -

3.
(a) We have | f(u) = f(w)llr2(0) < lu—wllr2) + [lu+ vllLa@)llu — wllra@) < (1+ C2R)|lu —
w| 1 (0)-
(b) We have
t
[Su@)ll @) < vl ) +/0 (t = )72 f (u(s)) 2 ds
< Ry +Cr'/’R,
since || f(u)l|z2) < [1f(w) = f(O)|lz2(0) < Cllullgi) < C - R. Let R = 2Ry and 7 be small
enough for C7'/2R < R,.
(c) We have,

5= Sullus < [ (6= 572 0(s) = Flw(s)) 2oy ds
< C(R)T? ax |Jult) — ()] o



By taking maxo<¢<, and choosing 7 small enough for T1/2O(R) < 1 we prove that S is a
contraction.

Let {v;}52, € H§(Q) be a sequence with limit v ¢ H{(2) ie. [|yv|lp2qry = § > 0. For any
€ > 0 there exists an n such that,

CHUz - ’UHHl(Q) <e.
Using the trace theorem we get,
6 = [lwllezwy = [lv(v = vi)llr2@ry < Cllvi = vllai@) <€,

for all i > n. By choosing ¢ < § we get a contradiction i.e. H}(Q) is a closed subspace of
H'(Q) and therefore a Hilbert space.

a should be coercive and bounded and ! should be bounded.

Since (b- Vu,u) = —=((V - b)u,u) — (u,b- Vu) ie.

(b-Vu,u) = —%((V “b)u,u).

We pick a vector with no divergence, e.g. [ z } . We get a(u,u) = (aVu, Vu) and coercivity

follows immedeatelly for any 0 < o < a < 3. The boundedness follows since ||b| () < v in a
bounded domain, a(v,w) < Blu| g (o) v g1 @) Fylular @) lvllz2) < B+ullar @) llvl e @)-

5. See proof of Theorem 10.1 in Partial differential equations with numerical methods by Thomée
and Larsson.
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