Laplace Transformer

s
Heavisides funktion H (t) definieras av H(t) := 6(t) = { (1) igi i < 8

Om f ar definierad pa R, da ar f(¢)0(t) = { g(t)’ for 20

, for ¢t <O.
1 - —
ol f(t) i
_1 - -
| | | | | |
-1 0 1 2 3 4
1 - -
f()e(t)
0 - -
_1 - -
| | | | | |
-1 0 1 2 3 4
l - —
f(t=T)B(t-T)
0 - —
T
_1 - -
| | | | | |
-1 0 1 2 3 4

Definition. Antag att
(i) f(t) =0 for t < 0, (annars ersétt f med f6).
(i) f &r styckvis kontinuerlig pa R™ (detta betecknas som f € &), samt

(iii) f satisfierar
If(t)] < Ce™ aeR, C ir konstant.

Da ar Laplacetransformen F(s) av f(t) definerad enligt

Lif(t)](s) := F(s) = /000 e f(t)dt, dir s = a + i med o = Re (s) > a.

Observera att

|[F(s)] < / |f(t)e_5t|dt < C/ e Re(s)t gy — 0/ G(G_Re(s))tdt,
0 0 0
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konvergerar endast da Re (s) > a.

Anm*. Om f(t) =0 for t < 0, da F(s) = f(—is). Har f &r Fouriertransformen av f.
Lemma 1*. Om f € &, [f(t)| < Ce®, da giller

a) LIf(t)](x + iy) — 0, da |y| — oo for varje fixt > a.

b) L[f(t)](x + iy) — 0, d& x — oo, y godtycklig (z = Re (s) > a = = » —00.)

Bevis*.
O LN+ = [ e ind= [ e e i [ gwe =),
dar g(t) = e ' f(t) ger g(t) =0 for t < 0, da f(t) =0 for t < 0. Men g(t) € L', ty

/000 lg(t)|dt = /000 e " f(t)|dt < 0/000 et < 00 for x> a.

geL'= ge L', di maste §(y) — 0 da |y| — oo.
b)z s oc0o=z>a+1= |f(t)e @t < Ce? =

hm ,C[ fOl(x+1iy) = hm / ~(@+)t £ (4)dt = {Lebesgue dominerad konvergens sats}

T—00 o/ T—>0Q

:/ lim e~ @+t f($)dt = / f(t) {cos(yt) — zsm(yt)} lim e *dt = 0.
0
begr begr

Theorem 1. Antag att f € £, a > 0, och ¢ &r komplex tal. D giller
al)  LIO(t —a)f(t — a)](s) = e *F(s).

a2) Ll f(t)](s) = F(s — o).

b)  L{f(at)(s) = LF(2). (skalning)

¢)  Om f ar kontinuerlig och f' € £da L[f'(t)](s) = sF(s) — f(04).
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= | LI O)(s) = s"F(s) — ™ nik (0,)

0

B
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d)  Llfy f(7)dr](s) = 1F(s).



) Litf®)(s)=~F(s) ... =|F"(s)=(=1)"LIt"f(1)](s)

f) Omtlf(t)eé&, sa

Ll (0))(s) = / " Flw)dw.

g)  Observera att om f(t) =0, g(t) =0 for ¢t < 0, da géller

(f * 9)(®) {fo g(T)dr, t>0

L[f = g](s) = F(s)G(s).
Bevis.

al)

LBt — a) f(t — a)] = /Ooo 0t — a) f(t — a)dt :/ e (t— )0t — a)dt

—0oQ

={r=t—a}= /00 eI F(1)0(1) = e7* /000 e T f(r)dT = e F(s).

a2)
Lle® f(1)](s) = /0 e e f(t)dt = /0 e~ f(t)dt = F(s — c).

b)
Lif(at)](s) = {a > 0} = /OOO e~ fat)dt = {7 = at} = 2/000 et f(rydr = (%),
c)
LI ()](s) = / et Pyt = [PI] = [ ()] / st (t)dt
=—f(04)+ 8/000 e St f(t)dt = sF(s) — f(0,).
A
{lf@®) < Cc® & Re(s) > a = tl_iglo(e_“f(t)) =0}

d) Satt h(t fo T)dr da ar h'(t) = f(t) & h(0) = 0. Laplacetransform cf. c¢) ger

— h(0) +sH(s) = F(s) —> H(s) = ~F(s).
:?)-/ S




e) Derivering av F(s) = [;~ e * f(t)dt, m.a.p. s ger

Fi(s) = / et f (1)t = F'(s) = —Litf()](s).

f) Satt g(t) = t7'f(t), da f(t) = tg(t). Laplacetransform enligt e) ger att F(s) =
—G'(s)

= G(s):/ F(w)dw, ty G(s) =0, da s — oo.

L{f(xg)(t)](s) = /000 e‘“{ /Otf(t - T)g(T)dT}dt = {byt integrationsordning}

:/Ooog(T){/ooeStf(t—T)dt}dT:/OOOe”g(T){/TooeS(tT)f(t—T)dt}dT

={r=t—-71}= /000 e_”g(T)(/oc>o e‘”f(r)dr)dT = F(s)G(s).

I'(p+1)

Lemma 2. L[tP](s) = =
s

, tag p positiv (allmént Re p > —1)

Bevis.

s 1 1 *° r 1
Lit*l(s) = /0 tre™Stdt = {z = st =t = g, dt = ;daz} = ﬁ/o 2Pe %dx = (p+ )

sp+1
[ |

Corollarium:

at L Lemma?2 atyp L F(p + 1)

ef(t)DF(s—a) — etDm

_ _ atnL F(TL+1) _ n' . —
{p =n = heltal} = e*¢" D G-t~ (s—apt n=0,1,...
L ! L I
Specialfall: Om a = 0sa ir "5 . w1510
gntl sP

1=0(t) 5 Loty [[Tet0(t)dt = [° emttdt = —Lem*! Yo L giller for Re(s) > 0.
0

1, t>0

OBS!0(t)={O 2o

} = [0(t)] < Ce® (sitt a =0,C = 1).
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Theorem 1. =
L 1
I =

1 .
e“th(t) O , A e S ,
s —1a S+ 1a
L !
[cos(at)](s) D l( 1l 4L ) = _ Obsl!
C 2 \smie Detia) T ste® | Cuteoff mod 6(t)
[sin(at)](s) D %(S_lia - s—&ia) = 5547 | 4r medtagen!

Theorem 2*. Antag f € &,|f(t)| < ce™ och b > a da giller inversionssatsen:

b+ir
! / ' F(s)elds, (: %[f(t) + f(ty)], da f ej kontinuerlig i t).

Bevis*. Lat g(t) = e f(t), da g(t) =0 for t < 0 och for b > a,g € L.

F-transform —-
/oo e f(t)e ®dt = LIf(t)](b+i€) = F(b + i€).

0

Invers F-transform —
1 [ ) 1 [ )
—bt _ R ~ 33 — 1; . 3
e f(t) = g(t) = lim —27T/ g(€)e™de = lim /_TF(bHE)e dg

1 1 b+’i1‘
={b+i =s=df==ds} = lim —/ F(s)el gt
? r—00 278 Jp_ir
b+ir
s e ft) = 97 Tli)rgo - e’ F(s)ds.
Lemma 3*. Lat a > 0, da
—avE
2 Le 6_4022 é e*a\/g

1

a
—e % D k2
Vit Vs ) Va3 )

Bevis*. Med residue kalkyl (H.5.)



Exempel 1. Soker begransade losningen till varmeledningsekvationen:

{ut:kum, t>0, >0 (DE)
u(0,t) = f(¢), u(z,0)=0 (RV) + (BV).

Losning. Sétt U(z, s) = Lyfu(z, t)](s)

sU — u(z,0) = kUy,

U(0,s) = F(s) = LIf] (RV),

L-transform av (DE) = {

L%—%U:O:»w@@ A(s)eV* + B(s)e Ve,

=

U begrinsad da Re(s) — oo = A(s) =0 = U(z, s) = B(s)e_\/_m.

U0, s) = B(s) B4 B(s) = F(s) = U(s,z) = F(s)e V3"

Betrakta nu (x%):

22

L
e VS C e /M [sitta= 2} =>e Vi ¢ e im = g(t).

2V i3 2\/5

Varfor

u(a:,t) (f*g) 2\/_/ ft—'r @ 4de’7'

cdd T=%20"2 dr=—L573do och

Spec. om f(t) = 1. Sitt o = i ik 2k

x

u(z,t) = ° v (§)3/2(0_2)—3/2e_”2 (_2—3:0_3>d0

2V1k J o
x .’L‘2 1/2/ 2 2 /oo 2
= —\ e’ do=— e’ do
vk (4]{}) \/%T \/7_1' \/Iﬂ
2 \/_ x
— —— =erfc——.
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