TMA225 Differential Equations and Scientific Computing, part A

Problems Week 2

Quadrature

1. Let I =(0,1) and f(z )—x2for:v€I.
(a) Compute (analytically) [, f(z) dz.

ompute an approximation o x by using the trapezoidal rule on the single
b) Comput ti fI ) dz by using the ¢ idal rule on the singl
interval (0,1).
ompute an approximation o x by using the mid-point rule on the single in-
C t ti f [, f(z)dxz b g the mid- t rul th gl

terval (0,1).

(d) Compute the errors in (b) and (c¢). Compare with theory.

(e) Divide I into two subintervals of equal length. Compute an approximation of [, f(z) dz
by using the trapezoidal rule on each subinterval

(f) Compute an approximation of [, f(x) dz by using the mid-point rule on each subinter-
val.

(g) Compute the errors in (e) and (f), and compare with the errors in (b) and (c) respec-
tively. By what factor has the error decreased?

2. Let I = (0,1) and f(x) = z* foerI.

(a) Compute (analytically) [, f(z) dz.

(b) Compute an approximation of f ; f(x) dz by using Simpson’s rule on the single interval
(0,1).

(c) Compute the error in (b). Compare with theory.

(d) Divide I into two subintervals of equal length. Compute an approximation of [, f(  flx)dz
by using Simpson’s rule on each subinterval.

(e) Compute the error in (d), and compare with the error in (b). By what factor has the
error decreased?

L*-projection

3. Let I =(0,1) and f(z) = 2* for z € I.

(a) Let V}, be the space of linear functions on I and calculate the L?-projection P, f € V},
of f.

(b) Divide I into two subintervals of equal length and let V}, be the corresponding space of
piecewise linear functions. Calculate the L?-projection Py, f € V}, of f.

(c) Nlustrate your results in figures and compare with the nodal interpolant 7, f.

4. Let I = (0,1) and 0 = zp < 21 < -+ < xy = 1 be a partition of I into subintervals
Ij = (l‘j_l,xj) of length ]’Lj.
(a) Assume h; = 1/N for all j. Calculate the mass matrix M.
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(b) Calculate the mass matrix M in the general case.

5. Recall that (f,g) = [; fgdz and ||f||%2(1) = (f, f) are the L2-scalar product and norm,
respectively. Let I = (0,7), f =sinz, g = cosz for z € I.

(a) Calculate (f,g).

(b) Calculate || f||z2¢ry and ||g]|2(n)-

6. Show that (f — P,f,v) =0, Vv € V,, if and only if (f — Pof, ;) =0, i=0,...,N;
where {(pi}ZN:O C Vj, is the basis of hat-functions.

7. Let V be a linear subspace of R" with basis {v,...,v,,} with m < n. Let Pz € V be
the orthogonal projection of € R"™ onto the subspace V. Derive a linear system of equa-
tions that determines Pz. Note that your results are analogous to the L2-projection when
the usual scalar product in R" is replaced by the scalar product in L?(I). Compare this
method of computing the projection Px to the method used for computing the projection
of a three dimensional vector onto a two dimensional subspace. What happens if the basis
{v1,...,v,} is orthogonal?



