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RTSVU$W)X#Y[Z]\]^3Y_\�Z]\`^�abX#^

y = x cJd-e \]Z`f c[g ex

WGh
ey i-jlk d \ j X d X g=m=c3nom h�f�X
^ k c[gqprc�stg \ m X
^

A =

(

0 1
1 0

)

.

u g i abX#v s \ i ^6W�h x wxc�y X#Z`^6Z]z p ^ c[g ex s i stc Z s i e X g={Tg f i-jlk v g i m=m=c[g ey s i stc Z sqm h|f3X#^
k c}g~prc}s=g \ m X#^

B =

(

1 0
0 0

)

.

� X
^ mb{ v slc�p�slc}g \ m X#^�z g�c Z`Z s=m h

C = BA =

(

0 1
0 0

)

.

�$SV� p Q
z g X
^�Y i f sx� j v�Z]\]Y�W���^3v s \�W3Z c ^�X s�m h�Yoz[Z`Z]X g�c�s=s�c0d-m�s h[^�f3X sE��g h[^ P s \`Z]ZW�Z c ^�X s YTX m?c0d Z�z}^�YTf�X
^ c0d f�X
^ i gbs i Y i ^ c Z c W g i abX
v s \ i ^3X#^ n −→QP

n
n:cJd −→

QP
WGh

^ i g=p6c Z]X
^ s \]Z`Z�W�Z c ^�X s S� \ d z[Z�abX g Q = (−4, 0, 0)
S � h�z g −→QP = (5 1 1)t i-jlk n = (1/

√
14)(1 2 3)t z gX
^(^ i g=p X gtc f�^ i g=p6c Z d X#v s i g S � X s�m={ v slc�cJd-mbs h}^�f�X sVe Z`\ g f�h

∣

∣

∣

−→
QP

n

∣

∣

∣
=
∣

∣

∣
(n · −→QP )n

∣

∣

∣
=
∣

∣

∣
n · −→QP

∣

∣

∣
=

1√
14

(5 + 2 + 3) =
10√
14

=
5
√

2√
7

.

�3S � \ e X mbs z p6p X g f3X sbd h d X#v s i g X g ^ c

u =
−−→
P3P1 =





1
1
0



 i-jlk v =
−−→
P3P2 =





4
4
3





m i p�m W�z[^�^�X g �3W�W(W3Z c ^�X s S+�q^�^ i g=p6c Z s \]Z`Z�W�Z c ^�X s YTX m fGh cJd

u × v =

∣

∣

∣

∣

∣

∣

ex ey ez

1 1 0
4 4 3

∣

∣

∣

∣

∣

∣

=





3
−3
0



 = 3





1
−1
0



 ,

d \]Z`v[X s Y[X g�c}s=s W�Z c ^�X s k c[g X
^�X
v d}c}s \ i ^�WGh � i g=p X#^ x − y + d = 0
S�� {[g�c}s=s

e X m�s z p�prc d m z sbs X g�d \8\]^ s X y W���^�v s X#^ P3 i-jlk � h g −1 + d = 0 i$jlk m Z]� s Z]\]Y[X#^
c Z`Z s=m h c}sbs X#v d}c}s \ i ^�X#^�z g

x − y + 1 = 0.



� S�� c�� � \ � h g:s i slc Z prc}s=g \ m X#^




1 2 3 1
0 1 − a a 2
0 0 a2 a + 1



 .

� X#^�^ c z gPg X#f c ^EWGh {0d X gbs=g \ c ^�YT��Z]z gM� i gbp i$jlk d \ m X g�c}sbs d \ � h g ��^�\`v_Z {Tm ^�\]^3Y
��{[g � s i p f�X �,c Z]Z:fGh 1 − a = 0 i-jlk a2 = 0 n f d�m f�h a 6∈ {0, 1} SD� {Tg
a = 1 e Z]\ g f�X s=d h m \ mbstc X#v d}c}s \ i ^�X g ^ c \]f�X
^ s \ m v c i$jlk d \ � h g�c Z]Z s=m h i z[^�f3Z]\]Y s
p h[^�Y c Z {Tm ^3\]^�Y c}g S�� �,c Z]Z`X s a = 0 e Z`\ g f�z g X p i s�m \ m�slc X#v d}c}s \ i ^�X
^ 0 = 1 m hf�h m=c v�^ c[m f�X s Z {[m ^�\`^�Y c[g S�U d}c[g X s z g�c Z`Z s=m h�� i p i-jlk X
^�f c[m�s i p a = 0

S
� e�� � \ c ^ d z[^�f�X g
	�c � mbm X
Z]\ p \]^ c}s \ i ^rWGh s i slc Z prc}s=g \ m X#^ i$jlk � h g





1 2 3 1
−1 −(1 + a) a − 3 1
1 2 − a + a2 3 2 − a



 −→





1 2 3 1
0 1 − a a 2
0 −a + a2 0 1 − a





−→





1 2 3 1
0 1 − a a 2
0 0 a2 a + 1



 .

� X s=stc z g�m=c[p6p6c prc�stg \ mEm i p \ ��{[g=mbstc f�X#Z`��W�W�YT\ � s X
^ m h m�d[c}g X s6e Z`\ g f�X s
m=c[p�prc S

�$S � \ e X g z[v�^ c}g X#^&f�\ c Y i ^ c Z`\ m X g \`^�Y cJd A ��{[g�c}s=s Z]z s=s v-�3^�^ c?e X g z[v�^ c f�X#^ k { Y cW i s X
^ m X
^MS� \ e X g z[v�^ c[g X
YTX#^ d z g f�X#^ c�s \`Z]Z A Y[X#^ i p�c}s=s Z {Tmtc
0 = det(A − λI) =

∣

∣

∣

∣

1/2 − λ −3/2
−3/2 1/2 − λ

∣

∣

∣

∣

=
1

4

(

(1 − 2λ)2 − 9
)

,

m i p k c[g Z {Tm ^3\]^�YTX
^ 2λ = 1 ± 3 n f d m λ = −1 g X m W)X#v s \ d X λ = 2
S

� i stmbd}c[g=c ^�f�X�X
YTX#^ d X
v s i g X gV� h g:d \!Y[X#^ i p�c}s=s Z {Tmtc X#v d}c}s \ i ^ mbmb�-mbs X p X#^
(

1/2 − (−1) −3/2
−3/2 1/2 − (−1)

)

=

(

3/2 −3/2
−3/2 3/2

)

g X m W)X#v s \ d X
(

1/2 − 2 −3/2
−3/2 1/2 − 2

)

=

(

−3/2 −3/2
−3/2 −3/2

)

� X m=m=c k c[g Z {Tm ^�\`^�Y c[g ^ c v1 = t
(

1
1

) g X m W/X
v s \ d X v2 = t
(

1
−1

) S�
 i g=p X gtc}g�d \ m h � h g
d \���
 w prc}s=g \ m X#^

P = (v1 v2) =
1√
2

(

1 1
1 −1

)

.

� \ c Y i ^ c Z]\ m X g \]^�Y[X#^ cJd A e Z`\ g fGh A = PDP−1
fGz g D

z g f�\ c Y i ^ c Z p X
f −1 i-jlk
2
WGh�f�\ c Y i ^ c Z]X#^ i$jlk P−1 = P t S��~\]Z`Z m Z]� s�e Z`\ g f�h

A1000 = PD1000P t =
1

2

(

1 1
1 −1

)(

(−1)1000 0
0 21000

)(

1 1
1 −1

)

=
1

2

(

1 + 21000 1 − 21000

1 − 21000 1 + 21000

)

.



�3S�� c�����c[mbd X#v s i g X g ^ c f1 i-jlk f2
z g i ��{Tg z[^�f g=c f�X i-jlk f3 c0d-e \`Z]f c}m WGhE^ i Z`Z d X#v s i g ^

m h p6c}s=g \ m X#^?\ eGc}m X#^ F
YTX mVcJd

AF =





1 0 0
0 1 0
0 0 0



 .

� e�� � c}stg \ m X
^ ��{Tg L
\ m�slc ^3f c[g f eGc[m X
^�YTX m X
^�Z]\`Y s v�z[^�f mtc}s=m�c0d � i e�m X gbd X g=crc}sbs

F
z g X#^�� 
 wxp6c}stg \ m m h F−1 = F t �

A = FAF F−1 =
1

49





2 3 6
3 −6 2
6 2 −3









1 0 0
0 1 0
0 0 0









2 3 6
3 −6 2
6 2 −3





=
1

49





13 −12 18
−12 45 6
18 6 40





��� .0���� ��3.0"��)�o.oQ6� \ e X mbs z p6p X gP��{Tg=m�s f3X#^ c Z]Z p z[^3^ c Z {[m ^�\`^�YTX#^ s \]Z]Z p i stm�d[c}gtc ^ wf�X k�i p i YTX#^ c X#v d}c}s \ i ^ an = −an−1 + 6an−2

S��V^ m z sbs X g an = rn d \]Z`v[X s YTX gf�X
^�v c[g=c v s X g \ m�s \ m v c X
v d}c}s \ i ^3X#^ r2 + r − 6 = 0 m i p k c}g Z {Tm ^3\]^�Y c}g ^ c −3 i-jlk
2
S � X#^ c Z]Z p z}^�^ c Z {Tm ^3\]^�YTX
^ s \]Z`Z�f�X
^ k3i p i YTX#^ c X
v d[c�s \ i ^�X#^(z g�c Z`Z stm h

hn = c(−3)n + d · 2n,

fGz g c i$jlk d
z g Y i f sx� j v�Z`\]Y c v i ^ mbstc ^ s X g S� \ mb{ v[X g X#^�W c[g�s \`v-�3Z�z g Z {Tm ^�\]^�Y pn

YTX
^ i p c}s=s:c ^ m z s=slc pn = a + bn
S �x^ m z s=s ^3\]^�Y\ g X#v�� gbm \ i ^�X#^ p X
f an = pn

YTX g
0 = −(a + bn) − (a + b(n − 1)) + 6(a + b(n − 2)) + 11 − 4n

= 4a − 11b + 11 + n(4b − 4).

� g h}^�f�X s=stc�� h g�d \ 4b − 4 = 0 i$jlk 4a − 11b + 11 = 0 d \]Z`v[X s YTX g b = 1 i-jlk
a = 0 m h pn = n

z g X
^(W c[gbs \]v���Z�z g Z {[m ^�\`^�Y�S� X
^ c Z]Z p z[^�^ c Z {Tm ^�\]^3YTX#^ s \`Z]Z g X
v-� g=m \ i ^�X
^ z g�c Z`Z s=m h

an = hn + pn = c(−1)n + d · 2n + n.

� X sbd h eGc}mb�,c Z`Z]X#^?YTX g:d \]Z]Z`v i g WGh c i$jlk d i-jlk d \ � h g
{

2 = a0 = c + d + 0 = c + d
0 = a1 = −3c + 2d + 1

⇐⇒
{

c = 2 − d
0 = −3(2 − d) + 2d + 1 = 5d − 5

⇐⇒
{

c = 1
d = 1

� {Tm ^�\]^�Y[X#^�z g�c Z`Z stm h
an = (−3)n + 2n + n.



� S � h s Cn d}c[gtc�c ^ stc Z]X s�e \`Z c[g WGh���X#^ s=gtc Z`X#^ \ e){Tg a c ^ cJd�d X j v c n n Ln c ^ slc Z]X sWGh � c ^�f d X s=s X g i-jlk Un c ^ slc Z`X s6m i p z g � s k �-g f c S~U3z sbs xn = (Cn Ln Un)t
S

�x^ � i g=p6c}s \ i ^�X#^�\���W�W�YT\ � s X
^(YTX g fGh c}s=s

xn+1 = Pxn =
1

10





7 1 3
1 6 2
2 3 5



xn.

�q^ m�slc}s \ i ^Gz g���{[g f�X
Z]^�\`^�Y v p h m�s X d}c[gtc X#^ X
YTX#^ d X
v s i g�s \]Z`Z P p X
f�X#Y[X#^ d z g f�X s
1 m h�f�X s z g�c Z]Z stm hEX#^�Z {Tm ^�\]^�Y s \]Z`Z Pv = v n f d�m

0 = (P − I)v =
1

10





−3 1 3
1 −4 2
2 3 −5



v.

� \!Z {Tm X g f�X s=slc k�i p i Y[X#^ c X#v d}c}s \ i ^ mbmb�-mbs X p p X#f 	|c � m=m X#Z]\ p \`^ c}s \ i ^ i$jlk � h g




−3 1 3
1 −4 2
2 3 −5



 −→





1 −4 2
−3 1 3
2 3 −5



 −→





1 −4 2
0 −11 9
0 11 −9





−→





1 −4 2
0 −11 9
0 0 0



 −→





1 0 −14/11
0 1 −9/11
0 0 0



 .

� X s=stc YTX g Z {Tm ^�\]^3Y c[g ^ c
v = t





14/11
9/11

1





m i p X � s X g ^ i g=p X g \]^�Y p X
f t = 1/(14/11+9/11+1) = 11/34
YTX g8��{Tg f3X#Z]^3\]^�YTX
^

v =





7/17
9/34
11/34



 ,

m h�X y X p W)X#Z d \ m z g 7/17 cJd�mtc}p�s Z`\]Y c�e \]Z c}g WGh�v i ^ s i g X s W�h���X
^ s=gtc Z`X#^MS

�3S�� c�� � \ e X g z[v�^ c}g�m v c Z�z g W g i f���v s X#^

u1 · u2 = u1 ·
(

v2 −
2−1
∑

i=1

v2 · ui

| ui |2
ui

)

= u1 · v2 −
v2 · u1

| u1 |2
u1 · u1

= u1 · v2 − v2 · u1 = 0,

m h c Z]Z s=m h z g f3X i gbs i Y i ^ c Z c S� e�� � \GY {Tg X s=s \]^3f���v s \ i ^ m=e X d \ mq{4d X g m = i+ j
S � \ k c[g X s=sDeGc[m��,c Z]Z g X#f c ^ ��g h[^

��{[g=mbstc f�X#Z`��W�W�Y[\ � s X
^ n ^Gz p Z]\]Y[X#^ i + j = 3 d \]Z]v}X s z g f�X s�p \`^ mbstc��,c Z`Z]X s fGh
i 6= j

S �V^ slc Y c}s=s WGh m�s h[X
^�f�X s z gDm=c ^ s ��{Tg�c Z`Z c W c}g (i, j)
fGz g i+ j < m

S � \



m v c�d \ m=crc}sbs f�h6Yoz[Z`Z]X g f�X s z d X
^ ��{Tg i + j = m
S � \ v c ^ cJd?m��$p�p X stg \ m v}z}Z

c ^ stc6c�s=s i < j
S � \ e X g z[v�^ c[g�m v c Z�z g W g i f���v s X
^ i$jlk � h g

ui · uj = ui ·
(

vj −
j−1
∑

k=1

vj · uk

| uk |2 uk

)

= ui · vj −
j−1
∑

k=1

vj · uk

| uk |2 ui · uk

= ui · vj − vj · ui = 0,

f�z g f�X
^ ^Gz mbs m \ m�slc Z`\]v k X s X#^ ��{ Z abX grcJd \]^�f��3v s \ i ^ mtc ^ slc Y c ^�f�X s X � s X gbm i p
i + k < i + j m h ui · uk = 0 i p k 6= i

S ��Z]Z stm h z g ui i$jlk uj i gbs i Y i ^ c Z c S� z g=p X#f ��{ Z abX g f�X s�c�s=s f�X s YTz[Z]Z`X g���{Tg~m=c[p�s Z]\]Y c W c[g (i, j)
S


