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la) Symmetric: AT = A. Indefinite: 27 Az > 0 for some x and y* Ay < 0 for some y.
b) A = LLT by Cholesky, Ly = z by forward substitution and then the scalar product
yly, since yTy = 2T L TL7 e = 2T A 2.

2) See text book or lecture notes.

3) (1): [JA]3 = max, IT;‘TZAI = (by diagonalization) = max, IT};# = (since y = Yz

and Y is orthogonal) = max, nyT[; Y= N\ (AT A).

A=USVT = ATA=VSUTULVT = VYTEVT is a diagonalization of AT A, so

(2): A eigenvalue of AT A if and only if v/A singular value of A.

(1) and (2) give: ||A||2 = o1, the largest singular value of A.

A=Ay =370 ouv] — Zle O] = D1 Ol = USVT and this matrix has largest
singular value oy that is ||A — Ag|l2 = opi1.

4a) H=1—-2uu’, H' = (I — 2uu™)’ =T —2uu® = H, HTH = (I + wu")(I +uu?) =
I —2uu® — 2uu” + 4uu” =1 .

4b) Hr = v — uwulr = 2 — (u'x)u with |Hz||; = ||z||2, since H is orthogonal, so H is a
reflection in a plane orthogonal to the vector w.
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z _i ], where ¢ = cos(f) and s = sin(#). The eigenvalues are ¢ + is with
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right eigenvectors x = iTQ [ ; } and left eigenvectors § = i\/ig [ i

number is then k) = ‘ o and ly*z| =11 —i t S0 Ky = 1.

6a) ||Qz|% = 27QTQx = 2Tz = ||z||3, since Q is orthogonal i.e. QTQ = I.

We conclude that ||Qz||2 = [|z]]2-

6b) We have from the QR-factorization: A = QR, where ) = [@1 Q2] and the compact
QR-factorization is A = QR and QT A = R. Since the 2-norm is invariant under orthogo-
nal transformations, by 6a), we get

T T
40 =g = 17 (e -3 = I | &b [ Ca oz =1] 5 |~ | &by | 18-

= ||Rz — QTb||3 + ||Q¥b||3 and this norm is minimized for Rz = QTb, an upper triangular
system to be solved.

7) See text book or lecture notes.

8a) Use R(1,3,0) to zero-out the (3,1) and (1,3) elements:
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Now, take s = ¢ = \/Li toget RTAR=| v2 1
0 0
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8b See text book or lecture notes.



