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13 december 2003. Hjalpmedel: Beta.

1. (3p) Find all (if any) reah, b, ¢, andd such that
W3(t) + (at + b)W2(t) + (ct + d)W(t)

will be a martingale.

2. (3p) Solve the following SDE fab < t < T whereX(0) =0

~X(t)
dX(t) = T—¢ dt + dwW(t).
Let V(t) denote the variance of(t). ComputeV/(t) and show tha2 V() < V(s) + V(t) when

s,t e (0,T).

3. (3p) Suppose the value of a stockSig) = W(t) and the value for a bonB(t) = B(0) = 1. Letus
use the the financial strategg(t),(t)) = (2W(t), —t — W2(t)) for a portfolio which at timet
has¢(t) stocks andp(t) bonds. Show that the strategy is self-financing

4. (3p) A contract gives the buy®&rkr at timet, where
T= iqf[t >0; W(t) > 1],

and wheréd/V(t) is a normalized Wienerprocess. We will also assume that we have a constant interest
rater. What is the expected (with respect to the “real world” probability) value of this contract?

5. (3p) Show that the curve, W(t)), where0 < t < 1, has infinite length.

6. (4p) (Vastek’s model) Assume that the short interest rate), satisfies
dr(t) = (b—ar(t))dt+odW(t), 0<t<T,

wherea andb are positive constants,a constant volatilty an@W(t)).>o a normalized real valued
Wienerprocess w.r.t. the risk-neutral-measQre Decide the theoretical price at tinte= 0 for a
zero-coupon bound which gives the owner the amduatttimeT.

7. (4p) (Feynman-Kacs formula) Suppask, t) solve the following parabolic pde.

{ %‘ + GZ%X)%QJ —l—a(t,x)%—‘; +b(t,x)u(t,x) =0, 0<t<T xeR
Upt=T =

and suppose that(t) is a solution to the stochastic differential equation
dX(t) = a(t, X(t)) dt + o(t, X(t)) dW(t), 0 <t < T
Show (using Ité calculus) that under suitable regularity conditions (which?), the following holds:

w(0,x) = E[f(X(T))elo blsX(s)) ds|x(0) = x].

(Two forlulas on the back-)



FORMULAS

e SupposeX(t) = at + oW(t), 0 < t < T where(W(t))o<t< is a real valued normalized
Wienerprocessx € R ocho > 0. Then

P{ max X(t) < x

x—oT 2o X+ o«T
e —
0<t<T

= oVT oVT

for all x > 0.

e If a,b > 0then

Oo 1 d _ s 72\/(11)
0 13/2 pat+b/t t= Be :



