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U>V�W/X�Y[Z]\^V`_ba�Zc_:d/e`a/fhgie`Ykj/l�Y[mnfoe`aqp`r�s�touwv1xzy{uw|~}:v[�b� �1��t`t/�`�:|��/y�����e��HX%e ��m~\^ao_:gngie���Woa/V^��m~\^ao_:X��k��_:��Y�\^��fo�wX7Zc_:d]ewa/f��
gie`Y�V e`a��`_bao_:X%ewgnmnY[_:X%e`Ykmc�/_bX�e�e���Y[_:_ba/fh_ba9����m]Zc_:d]ewa/fhgiewX�fh_:����e�m/���^X�Y���eHWoa/fh_bX�e��hfh_bg~aomnao�^_:a \h¡%d�Y�_bX¢� e`X��¢fo_<��V�e`a
gn_bfoeqm~��X�l`�^e£\`�¤mna��[_b�`X%ewgn_:X�e���X�ew�[mn\`ao_bg~gie���WoaoV��[mn\`ao_bX�m9fh_ba¥e`a/fhX%e�W/a/fh_:X%e��hfh_:gnaomnao�`_ba9�

¦7§�¦ ¨"©�ª�ª�«k¬�¬®�¯ °�±k²h³o©´±7ª´µ�²o¶k·�¸�¹�°�°Hº�»�ª�¼�©[¼�¬
U´Y����wgngn_<�����`X�ew�����`�^X�e£_:a�e`g~gn� �waJZ]_�Y�V�X�m~��aomnao�£�[m~����e`X���m½j/l�a/l`�`X%eH_<¾h_b�qjc_:g¿�
À�Á9Â�ÃÅÄ�Â�Æ�Ç]ÈzÇBÉ�u v1x¿y{u |~}:v[�����1��t`t/�`�:|~u��^�<�5v[u x¿y{Ê �Ë�<|�|~u�Ì%�h���wx¿y{Ê �c�:�

f(x) =
x2 + 2x + 3

x3 − x
Í��`��a/ewX�_:aJV ewa'�{ewV��[\^X[miY�_bX�e^Y

x(x + 1)(x − 1)
Y[lqmEe`a/ewgn\`�^mË�q_�fJZ]\^V`_:a]Y�_<¾h_:��jc_:g½gn_bfoY�� e`aP��m~gngEewa]Y[ew��Y[_:a

x2 + 2x + 3

x(x + 1)(x − 1)
=

A

x
+

B

x + 1
+

C

x − 1
Î ����fo_:aoa/e�gnmnV�d/_<��Y�V e`g~g9���wgngne����`X�e`g~gie

x
�wX�_bV���mn� ewgn_:a��Ï��_�fJew���

x2 + 2x + 3 = A(x + 1)(x − 1) + Bx(x − 1) + Cx(x + 1)

���`X�e`g~gie
x
��m~gnV`_:��_:���[_bX����`X�_:aoV�gnm~a/�£V ewa�Y[V�X[mn� e`Y

x2 + 2x + 3 = (A + B + C)x2 + (−B + C)x − A.

Ð _:a/\`�¤ew����mifh_:a��[m~Ñ/_bX�eqV`\�_:Ò ¡:m~_ba��[_:X�a/e£j/lq� ewX%fh_:X%e£Y[mifoewa¥Y�_bX���mEe �[��fo_<���%e��^�`g~gn_:XÏ���`X�e`g~gie
x
\`�

x2 : A + B + C = 1
x1 : −B + C = 2
x0 : −A = 3

��_<���%e Y�ÓhY��[_b�Ôd/ewX�gn�^Y[aomnao�`_ba
A = −3 Õ B = 1

\h¡%d
C = 3

�7��m9d]ewX�ewgng~��Y�l�Woj/jcfh_bg~a/m~ao�^_:a

x2 + 2x + 3

x(x + 1)(x − 1)
= − 3

x
+

1

x + 1
+

3

x − 1
.

À�Á9Â�ÃÅÄ�Â�Æ�Ç]È�Ö×É�u v1x¿y{u |~}:v[�����1��t`t/�`�:|~u��^�<�5v[u x¿y{Ê �Ë�<|�|~u�Ì%�h���wx¿y{Ê �c�:�

f(x) =
x4 + 2x + 3

x3 − x
.

��_:a)�´Ó�jØe��Ùe`a/Y[ew��YJY�\^�Ú��m!��Û´\`X%fh_Üm!���^X[_b�^lw_ba/fh_	_:¾h_:��j]_bg!���`X�Wh��Y�� �[�[_:XJe �[�'�%�wg Û�ewX�_:a)d/e`X'gi�w�^X[_Ü�`X%e`f��%ewg��`a
a/�`�qa]ewX�_:a9�7��_<���%e�g~��Y�_bX���mE�`_:a/\`�¤ew�������`X%Y´��Wh�[���`X%eq_:a�fhmn��miY[m~\^a'��_bfJX�_bY���\�¡%d'�{l

f(x) =
x4 + 2x + 3

x3 − x
= x +

x2 + 2x + 3

x3 − x
Í�W¥V ewa¥��m½�`�^X�e£_:aJj/e`X���mne`g~ZoX%lwVhY[WojojËfh_:gnaomnao��e��

x2 + 2x + 3

x3 − x
.

Ý�_ba¥fo_<��d/e`XÏ��mhÛ´W¥X�_bfoe`a'��Û´\^X���m½���^X[_b�^lw_ba/fh_!_<¾h_:��jc_:g Õ Y�l���m½�{l`X

x4 + 2x + 3

x3 − x
= x − 3

x
+

1

x + 1
+

3

x − 1
.

Þ



À�Á9Â�ÃÅÄ�Â�Æ�Ç]È�� É�u v1x¿y{u |~}:v[�����1��t`t/�`�:|~u��^�<�5v[u x¿y{Ê �Ë�<|�|~u�Ì%�h���wx¿y{Ê �c�:�

f(x) =
x2 + 2x + 3

x3 + x��_<�#a�Ó^e'mkfo_<���%eJ_<¾h_:��jc_:g7m>���`X�d/lwgngiewa/fh_£�[mngng�fh_<�����`X%Y���eP�`X#e ���#d/�`X���lwX!m~a���_qa]�w��a/ewX�_:a"e �[���{e`V^��\`X�mnY[_:X%e�d/_:g~�!m
X�_:_:gngie����^X�Y���e`�`X%e`foY[jc\`gnÓ�a/\`�¥�9��mEd/ewXkÛ´W

x3 + x = x(x2 + 1).��_:aJ�´Ó�j¥e�� W/jojcfo_:gnaom~a/� ��e`a¥mEfh_<�[��eqgi�w�`_�V ewa¥l`Y���e^fhV`\^����eq�wX
x2 + 2x + 3

x3 + x
=

A

x
+

Bx + C

x2 + 1
.

� \^� mc���^X�Y���e#_:¾h_:��jogn_<����Wog~�[mnjognmn¡:_:X%ewX���mc��_bf�� �`a/Y´��_:X%Y�mifoe`a/Y�a/�`��a/ewX�_�\h¡%dPY[_:X�e ���ÏWojojËfh_:gnaomnao�`_ba���Woa/�`_:X%ewX¢\`�

x2 + 2x + 3 = A(x2 + 1) + (Bx + C)x
fh�hY�\`�

x2 + 2x + 3 = (A + B)x2 + Cx + A.Ð _:a/\`�Ômifh_:a���m Ñ/_bX[mnao��e�� V^\�_:Ò�¡<mn_:a��[_bX�Y�_bXÏ��mEew����fh_:���%eq�`X�_:V���m~� e`g~_ba^����_bf¥ew���

x2 : A + B = 1
x1 : C = 2
x0 : A = 3

Y[\`� Û´W¥d/e`X�g~��Y�aomnao�^_:a
A = 3 Õ B = −2

\h¡%d
C = 2

�7��mEd/ewX�ewgng~��Y�l£W/jojcfo_:gnaom~a/�`_:a

x2 + 2x + 3

x3 + x
=

3

x
− 2x − 2

x2 + 1
.

À�Á9Â�ÃÅÄ�Â�Æ�Ç]È��®É�u v1x¿y{u |~}:v[�����1��t`t/�`�:|~u��^�<�5v[u x¿y{Ê �Ë�<|�|~u�Ì%�h���wx¿y{Ê �c�:�

f(x) =
x2 + 2x + 3

x4 + x2

Í��`��a/ewX�_:a¥�wX�mEfo_<���%eq�{ewgng
x2(x2 + 1)

fh�hY�joX�\�foWoV���e�� �[� l ewa]fhX�e`�`X%e`foY[Wh�[�[X�Ó�¡%VË�>��_:��Y�V�Wogng~_Hf/l���e`X�e£a/ew�[WoX�g~mn�w�
e �[�����`X%Y��^V e£Y[V�X[mn� e£fh_:���%e�j/l£��\`X��q_ba

x2 + 2x + 3

x4 + x2
=

Ax + B

x2
+

Cx + D

x2 + 1
.

Ý�_baJ��m9Y[_:X�ew������m½g~mnV e��^�`X[a/e£V ewaJ�^�`X�eqY�V�Wogngn_!V�Woa/a/eq�`�`X%eqewa/Y�e �%Y�_ba
x2 + 2x + 3

x4 + x2
=

A

x
+

B

x2
+

Cx + D

x2 + 1
.

��_:aoa/eq��\^X[�3�wX���_:X%e£fom~X�_:V���\`�¤��e`aJY[_bf/ewa¥Y�V ewgng9��l���mifoewX�_��q_�fJ_<¾h_:��jc_:gn��miY�mna^��_:�^X�ew�[mn\`a9�
��mE��Wog~�[mnjognmn¡:_:X%ewX���_bfJ� �wa/Y��[_bX[gn_bfh_:��Y�a/�`��a/ewX�_�\h¡%d'�{lwX�ew������m9��m~gng½d/e

x2 + 2x + 3 = Ax(x2 + 1) + B(x2 + 1) + x2(Cx + D)
fh�hY�_<����_:X����^X[_baoV�g~mnao�

x2 + 2x + 3 = (A + C)x3 + (B + D)x2 + Ax + B.U´fh_ba^��m Ñ]_:X�m~ao� e���V^\�_<Ò�¡<mn_:a��[_bX�g~_�fh_:X���m~gngEe �[����m9Y�V ewgng9dom~���%e
A, B, C, D

Y�l�e �[�

x3 : A + C = 0
x2 : B + D = 1
x1 : A = 2
x0 : B = 3

��m~gnV`_:��m~a��[X%���½ewX���_bf
A = 2, B = 3, C = −2

\h¡%d
D = −2

� Î g~g~��Y�l

x2 + 2x + 3

x4 + x2
=

2

x
+

3

x2
− 2x + 2

x2 + 1
.

À�Á9Â�ÃÅÄ�Â�Æ�Ç]È��
	Ey�| �^�<�qÌ<Ê v�� u� u �/�<uwx{���[�w�h|�|~��� u �¥���wv[u�Ì��wv£�`�:�Üv�u x¿y{Ê �c�:|�|~u�Ì%�h���wxzy{Êw�c�:�

f(x) =
1

(x + 1)3(x2 + 1)2
?

Ý�_:�[\hfh_:aJ��X%lwa¥fh_��[mifhmn�^e`X[_!_<¾h_:��jogn_:a�Y[V�Wog~gn_��`_bao_:X%ewgnmnY[_:X%e`Y��[mngng½���`g Û�ewa/fo_��´Ó�j�e��Pe`a/Y[ew��Y
1

(x + 1)3(x2 + 1)2
=

A

x + 1
+

B

(x + 1)2
+

C

x3
+

Dx + E

x2 + 1
+

Fx + G

(x2 + 1)2
.

��_:a¥g~_�fh_:X���m~gng9_ba¥fo_:g9X%�wV�a/e`a/fh_�Y�\^�Ô��mEewgng �%Y[l£mna^��_#�`_bao\`�q���`X��

s



¦7§�� �^¼¢³h»9¬�²/±kª�»9² ±��3²o±>³o©´�¼�»Eª�ª�±��1¹�¼�·Ï³o©´¢¼�»9²
��mkmng~gnW/Y��[X�_:X%ewX��^_:ao\^� a/lw�^X�e _:¾h_:��j]_bg�j]l�d�WoX!��e`a	V ewa	Zc_bY����`����e'joX�m~��m~�[mn� e ��WoaoV���m~\^ao_:X��[mng~gka/l`�`X%eq�´Ó�j]_bX�e��
X%e �[mn\`a/_:gngne'��WoaoV���m~\^ao_:X�Y[\`� m~a���_�Z]_bd/ewa]fhgne^Y#m�Zc\`V^_:a�j/l�ewa/a/e ��Y�� �[�£�wa���_bf"d Û��`g~jÅe��Ü��ewZc_:gng¿���>�`XH_baoV`_bg~d/_<��Y
Y[V�W/g~g½Wh��_:gi�w��a/e`X���mEm9fh_<�[��e e��hY�a/m �[��e`g~gieqm~a���_:�`X%e ��m~\^a/Y[V`\`a]Y´�%ewa��[_bX�_<����_:X%Y�\^�¤fh_#mna��[_HY[j]_bgne`XÏa]lw�`\^a'X�\`gngËd/�wX��

�>�`X%Y´��V`\^a/Y���e ��_:X%ewXÏ��mEe �[�
∫

f ′(x)

f(x)
dx = ln |f(x)|

Zogiewa/f¥e`aoa/e ��gn_bfh_bX��[mng~g�e ���
∫

2x + 2b

x2 + 2bx + c
dx = ln |x2 + 2bx + c|

\h¡%dJY[jc_b¡<mn_:gng~��e ���
∫

x

x2 + c
dx =

1

2
ln |x2 + c|

��m~gnV`_:����m9e`a����`a/fh_bXÏm�fh_!���`g Û�ewa/fh_�_:¾�_b��jog~_ba9�
	�a�ewa/a/ewa¥ewa�� �wa/foZ/ewXÏ\`Z/Y[_:X�� e ��m~\^a'�wX�\h¡%VhY�l�e �[��m½_:a¥mna^��_:�^X�e`gËe��
�´Ó�j]_ba

∫

1

x2 + a2
dx

��_bf
a 6= 0 Õ V ewaJ� ewa¥�`�^X�e£Y�W/Z/Y´��m ��Wh�[mn\`a/_:a

x = ta
\h¡%d'�{l

∫

1

x2 + a2
dx =

∫

1

a2t2 + a2
· a dt =

1

a

∫

1

t2 + 1
dt =

1

a
arctan t =

1

a
arctan

x

a
.

À�Á9Â�ÃÅÄ�Â�Æ�Ç]È�����<�1x�� �®tËv1y��£y�x¿y��Ì%�h���wxzy{Êw�Üx¿y�|�|

f(x) =
x

x2 + 2x + 5
�Elw�

F (x) =

∫

x

x2 + 2x + 5
dx.

��mE�`�`XÏ���^X�Y���_:a¥V���e^fhX%e �[V^\`��jogn_<�[�[_:X�mnao��\h¡%d'�{lwX

F (x) =

∫

x

(x + 1)2 + 4
dx.

���`X��`�^XÏ��m9� e`X[miewZc_:giY�W/Z/Y´��m ��Wh�[mn\`a/_:a
t = x + 1

��m~gnV`_:��g~_�fh_:X���m~gng

F (x) =

∫

t − 1

t2 + 4
dt =

∫

t

t2 + 4
dt −

∫

1

t2 + 4
dt.

Ý�_�fJfo_!Z]l`foe£���`X�_:��lw_ba/fh_!\`Z/Y[_:X�� e �[mn\`a/_:X�a/e�Y[_:X���mEfo�`X����^X�e ���

F (x) =
1

2
ln |t2 + 4| − 1

2
arctan

t

2
=

1

2
ln |x2 + 2x + 5| − 1

2
arctan

(x + 1)

2
À�Á9Â�ÃÅÄ�Â�Æ�Ç]È�����:v��b�w�cu�y��/x � �wv[uw|~�:�

∫ ∞

1

1

x(x + 1)
dx.

�7ewX[�[miewgnZoX%lwVhY�W/jojcfo_:gnaom~a/�qe���mna��[_b�`X%ewa/fh_baPgn_bfh_bX��[mng~g
∫ ∞

1

1

x(x + 1)
dx =

∫ ∞

1

(

1

x
− 1

x + 1

)

dx = [ln x − ln (x + 1)]
∞
1 .

���`X����w��_:X�� e`a�_:a V^\`��jognm~V e ��m~\^a a/�wX���e`a�Y�V e`g~g]gnlw��e
x → ∞ _<����_:X%Y�\^� � ewa��{l`X�_:���¢Wo���[X�Óh¡%Vqe����´Ó�j]_ba ∞−∞��m~gnV`_:�>V e`a�� ewX%e�� e`f£Y�\^� do_:giY��b�k��_:����e!Woa]fh��m~V^_:X>��e`a£�^_:ao\^� e ����e`a�� �`a/foe�gn\`��ewX�m ����gne`�^ewX�a/e¢�[mngngh\`� Y�V�X�m~��aomnao�^_:a

ln x − ln (x + 1) = ln
x

x + 1
.

��_<���%e�g~_�fh_:X���m~gng
∫ ∞

1

1

x(x + 1)
dx =

[

ln
x

x + 1

]∞

1

= lim
x→∞

ln
x

x + 1
− ln

1

2
= ln 1 + ln 2 = ln 2.

p



À�Á9Â�ÃÅÄ�Â�Æ�Ç]È�����:v��b�w�cu�y��/x � �wv[uw|~�:�
∫ ∞

1

5

(x + 2)(x2 + 2x + 5)
dx.

	�a¥j/e`X���mne`g~ZoX%lwVhY[WojojËfh_:gnaomnao��e�� �´Ó�j]_ba

5

(x + 2)(x2 + 2x + 5)
=

A

x + 2
+

Bx + C

x2 + 2x + 5

gn_bfh_bX��[mng~g
5

(x + 2)(x2 + 2x + 5)
=

1

x + 2
− x

x2 + 2x + 5
.

��_:aÙ���`X%Y´�%e5e��Åfo_bY�Y[e5d/ewX�joX�mn�qm~�[mn����Woa/V^��m~\^a
ln |x + 2| �q_�foewa fh_ba e`a/fhX%e��{l`X Z]_bd/ewa/fogne^Y Y�\^� _<��� ��mnfom~��ewX�_

_<¾h_b�qjc_:g Õ�� _<¾h_:��jc_:g Þ � ���1�ÏU�Y�Û��`g~� e��^_:X�V`_<���`X�fh_<��_<¾oewV���Y�ew��� e�m~a��[_b�`X%ewa/fJY�l���m�V ewa�d/�`X�fhm~X�_:V���e`a����`a/foe�fh_ba
joX�m~��m~�[mn� eq��WoaoV��[mn\`a¥��mËÑ]¡%V ��X%ew� fo�wX�� Î gng �%Y[l

∫ ∞

1

5

(x + 2)(x2 + 2x + 5)
dx =

[

ln |x + 2| − 1

2
ln |x2 + 2x + 5| + 1

2
arctan

(x + 1)

2

]∞

1

.

� �`_:aJmEfh_:���%e�_<¾h_:��jc_:gË�{lwX���m9j/X[\^Zog~_b�¤fol
x → ∞ �7��miY[Y[_:X�gnm~�^_:aPd]ewX���m

arctan
(x + 1)

2
→ π

2

fol
x → ∞

��_:a	fh_�Z/l`foe�gn\`��ewX�m ����_:X�a/e�Y´�%�wgng~_bX��[mng~g�joX�\`Zogn_:�¥����_:����ePg~��Y�_bX���mEj/l�Y�ew��� e Y�� ���!Y�\^�¤m9���^X[_b�^l`_:a/fh_�_:¾�_b��j]_bg Õfh�hY��`_bao\`�3e ����Y[gil£mndo\^jJfh_#Z]l`foeqgn\`�^e`X[m~�[��_bX[a/eH�[mng~gE_:a

ln |x + 2| − 1

2
ln |x2 + 2x + 5| =

1

2

(

2 ln |x + 2| − ln |x2 + 2x + 5|
)

=
1

2
ln

∣

∣

∣

∣

(x + 2)2

x2 + 2x + 5

∣

∣

∣

∣

.

Í��`X
x → ∞ d/e`X���m

(x + 2)2

x2 + 2x + 5
=

(1 + x−1)2

1 + 2x−1 + 5x−2
→ 1

\h¡%dJe`g~g~��Y�l
ln

∣

∣

∣

∣

(x + 2)2

x2 + 2x + 5

∣

∣

∣

∣

→ ln 1 = 0.

Î gng~��Y�l
∫ ∞

1

5

(x + 2)(x2 + 2x + 5)
dx =

1

2

[

x2

x2 + 2x + 5
+ arctan

(x + 1)

2

]∞

1

=
1

2

(

0 +
π

2
− ln

9

8
− arctan1

)

.

	7����_:X%Y�\^�
arctan1 = π/4

�{lwX���m
∫ ∞

1

5

(x + 2)(x2 + 2x + 5)
dx =

π

8
− ln

3

2
√

2
.

¦7§�� 	 ��¼�©�¼�¬�±k²Ù³h©[ª�ª#±���¸�¼�© ³�³�¦
Þ ����mng~V^_:a'�´Ó�j�e���e`a/Y[ew��Y�Y[V ewgng½��e`a¥�`�`X%eH��mifJ_:a¥j/ewX[�[miewgnZoX%lwVhY[WojojËfh_:gnaomnao�£e��

x3 − 5

(x + 3)(x − 1)2(x2 + x + 1)
?

so��
¢_bX��`V�a/eHmna��[_:�^X�e`g~_ba
∫ ∞

0

1

x2 + 5x + 6
dx.

p/��
¢_bX��`V�a/eHmna��[_:�^X�e`g~_ba
∫ ∞

1

1

x3 + 5x2 + 6x
dx.

r]��
¢_bX��`V�a/eHmna��[_:�^X�e`g~_ba
∫ ∞

1

(

1

x
− x + 1

x2 + 3

)

dx.

r



� � �El �
f(x) =

4x + 1

x3 + x2 − 2
.

� e�� 
Ï_bY����`�Ô_:a¥joX�m~��m~�[mn����Woa/V^��m~\^aJ�[mng~g
f(x)

� Z � 
Ï_:X%�wV�a/e ∫ ∞
2 f(x) dx

�
�/��
¢_bX��`V�a/eHmna��[_:�^X�e`g~_ba

∫ ∞

0

1

e2x + 1
dx

� ��
¢_bX��`V�a/e#���^X���e`X{Û´_�X�_:_bg~g~����e`g
c > −1

mna��[_b�`X%ewgn_:a
∫ ∞

1

1

x2 + c
.

� ����� O¥G<R	��A R	� O
�HSJR�S£D�F<AHG�� N'S'LqD�F�HSJR�S

��§�¦ � »���¼�©´³h©��¼�»�¼
UÏZ]\^V`_:aJZc_:d/e`a/fhgie`Y�fh_baJV^\`��jogn_<¾oe£_<¾hj]\^ao_:a���mne`g ��Woa/V^��m~\^ao_:aJj/l�Y[mnfh\^X[a]e��^p � ���^p � �����`X�fh_<Ñ/a/m~_bX�e^Y

eiθ = cos θ + i sin θ

\h¡%d'��miY[e^Y�e �[�
d

dθ
eiθ = ieiθ.

	�a'V`\`a]Y�_bV��^_:a/Y¢e�� fh_<Ñ/a/m ��m~\^ao_:aJ�wX¢ew����fh_:a'j]\^gn�`X�e#��X�e`��Y����`g~gnaomnao�`_baPe��q_<����V^\`��jogn_<¾����%ewg
z
V ewaJY�V�X�m~� e^Y � Y[_�Y�mif

�`p � �
z = r(cos θ + i sin θ) = reiθ .


�ewX%e£���`X�ew������m>m~ao���`X[��Z]_:�[_�¡%V�a/m~ao�^_:a
eiθ �^�`g~gn_:X�m~a��[_£ewWh��\`� e ��mnY[V���Y[e`����e�X%�wV�ao_bX[_b�`gn_:X�Y[\`�¤���`X�fo_:a	X�_:_bg~gie

_<¾hjc\`ao_ba��[miewg~��WoaoV��[mn\`ao_ba9��Ý�_ba'gnÓh¡%V�gnmn�w�[��miY��`�^X�fo_��/_bY���e�fh_:� Õ ��mng~V^_<����m9a�WJY[V ewgng½Z]_b��miY�eo�
	7¾h_:��jc_:gn��mnY�d]ewX���m

eiθ1 · eiθ2 = ei(θ1+θ2) (1)
1

eiθ = e−iθ (2)

(

eiθ
)n

= einθ fol
n
�wX�_<�[��do_:g~��e`gz�

(3)

�>�`X�ew����Zc_:��mnY�e fh_�Y[Y�e�X[_b�`gn_:X�X%�`¡%V`_bX�fh_<��_b�`_ba^��g~mn�`_baJew����Zc_:��miY[e fh_ba¥���`X%Y´�%eo����_H� ��X[mn�^e����`g Û´_:X�Y�_�foewa¥_:a/V`_:g~�b�
	�aognmn�w��fh_:Ñ/aom~�[mn\`ao_ba¥�`X

eiθ1 · eiθ2 = (cos θ1 + i sin θ1)(cos θ2 + i sin θ2).

��mE��Wog~�[mnjognmn¡:_:X%ewX�mndo\`jJj/ewX�_:a���_bY[_:X�a/eH\h¡%dJ�{lwX�ew���

eiθ1 · eiθ2 = (cos θ1 cos θ2 − sin θ1 sin θ2) + i(sin θ1 cos θ2 + sin θ2 cos θ1).

Ý�_baJ_baognm~�`��e^fofhm~�[mn\`a/Y���\`X���g~_bX[a]eH���^X�Y�mna�W/Y´��\h¡%d¥¡<\�Y�mna�W/Y´��W/aoV��[mn\`ao_bX[a/e£gn_bfh_bX�fh_<�[��eq�[mngng

eiθ1 · eiθ2 = cos (θ1 + θ2) + i(sin (θ1 + θ2)) = ei(θ1+θ2)

Í�WJV ewaJfh_#ewa/fhX%e#��� l£X�_:�^g~_bX[a]eHZc_:��mnY�e`Y¢gi� ������Í�Wo����_:X � s �¢�`_bao\`� \^Z/Y[_:X���ew�[mn\`ao_baPe �[�Ï��m½��_bf'd Û��`g~j¥e�� � Þ �d/e`X
eiθ · e−iθ = ei0 = 1

\h¡%d'a�Wo����_:X � p��Ï��_bfJd Û��`g~j�e���mna/fhW/V^��m~\^a9�
��mEV�e`a'\h¡%VhY�l��^�`X%e�_baJe`g~gn� �wa¥fh_<Ñ/a/m ��m~\^a

�JÂ������������ �)Ö9È{Ç"! � v£�:xzxk�^Ê�� x$#&%%� |�y �`x��`Ê ��tË|~�('`xÏx u |
z = x + iy

�`��)��/y{�:v[u �

ez = ex · eiy.

�



��§�� ��¹�ª�»9²/¸ �%�²/¯ ª�»9²Å���� º�»�� �© ��²o»E¸ ���²/¯ »Eª
��_<Ñ/aom~�[mn\`a/_:a�e��

eiθ �^_:ao\^�
eiθ = cos θ + i sin θ

gn_bfh_bX��[mng~gEew���
e−iθ = cos θ − i sin θ.

Ð _:a/\`�¤e^fofhm~�[mn\`a¥X[_�Y�jc_:V���m~�^_�Y[WoZh��X�e`V��[mn\`a'e��'fh_bY�Y[e£����lqgnm~V�do_:�[_bX��{lwX���m

cos θ =
eiθ + e−iθ

2

X[_�Y�jc_:V��[mn�`_
sin θ =

eiθ − e−iθ

2i
.

��_bY�Y[e ��� l ��\`X���g~_bX	ZoX�WoV ewXÜV e`g~gie`Y	À��>Æ{Â
	������	�Ã Æ{Â
	�� ��_ V ewa �^_Å_<�[�"Y[a/ewZ/Z/ewX�_�Y[�w���"ew���Üd]ewa/foY[V e`Y���_�f
�[X�mn�`\`a/\`��_<��X[miY�V e�g~mnV�do_<��_:X��
À�Á9Â�ÃÅÄ�Â�Æ¢Ö½ÈzÇ 	Eyi�:uPuwxzx

cos4 θ =
cos 4θ + 4 cos 2θ + 3

8
	�aognmn�w� 	�Wogn_:X%Y���\^X[��_:g9�`X

cos4 θ =

(

eiθ + e−iθ

2

)4

Y�l£�^_:ao\^�ÔZomnao\`��miewgnWh�[�^_b¡%V�gnm~ao�£�{lwX���m

cos4 θ =
ei4θ + 4ei2θ + 6 + 4e−i2θ + e−i4θ

16
=

2 cos 4θ + 8 cos2θ + 6

16
=

cos 4θ + 4 cos2θ + 3

8
.

�!�wX��q_�f'�`X�ewgng �%Y[lqgnm~V�do_:�[_baJZc_:��miY[e^f½�
�9mnV�do_<��_:a

(eiθ)n = einθ

V ewa¥fol�� ewaJ�^l`X¢��m~gngnZ/ewV eq�[mngngEfh_<Ñ]aom ��m~\^ao_:a�Y[V�X[mn� e`Y

(cos θ + i sin θ)n = cosnθ + i sinnθ.

� V�X�m~�^_:aJj/l�fh_:aoa]e���\^X[�3ZoX�WoV ewX�g~mnV�do_<��_:a¥V ewgngne^Y���Â�� � ����	�Â������	 ÃÅÂ�Æ��
À�Á9Â�ÃÅÄ�Â�Æ¢Ö½È�Ö��h�wv1y�

cos 4x
�:Ê � �:xzx9toÊw| # �cÊ � y

cosx �
��mE�`_<��e`g~g~��Y�l�e ���

cos 4x
�`X�X[_�ewgifh_:gn_:a¥e��

cos 4x + i sin 4x
��Ý�_�f'dwÛ��wgnj¥e���fo_HÝ�\`mn��X[_�Y���\^X[��_bg½d/ewX���m

cos 4x + i sin 4x = (cosx + i sin x)4.

Ð _:a/\`�ÔZomnao\^�qmiewgnWh���`_b¡%V�gnm~a/�qd]ewX���mEfo�wX[���`X

cos 4x + i sin 4x = cos4 x + 4 cos3 x · (i sinx) + 6 cos2 x · (i sin x)2 + 4 cosx · (i sinx)3 + (i sinx)4

fh�hY
cos 4x + i sin 4x = cos4 x + 4i cos3 x sin x − 6 cos2 x sin2 x − 4i cosx sin3 x + sin4 x.

Ð _:a/\`�¤ew����mifh_:a��[m~Ñ/_bX�eqX�_bewgifh_bgne`X[a/e£Y�_bX���m

cos 4x = cos4 x − 6 cos2 x sin2 x + sin4 x.

��mEWh�[a�Ó����zÛ�ewX�a�W'�[X�m~�^\`ao\^�q_:�[X�mnY[V e�_:���%ewaJ\�¡%dJ�{l`X

cos 4x = cos4 x − 6 cos2 x · (1 − cos2 x) + (1 − cos2 x)2 = 8 cos4 x − 8 cos2 x + 1.

��§�� � »9²/© �>±>³h±7¼3���� ©[¼¢³�»E¬�²o±7ª´»E¼3± �
e

ct

��mËY[V�e`g~g]d/�wX¢Woa/fh_bX�Y[�`V e#fh_bX[mn� e �%ewa�e��
ect fol

c
�`X�_:���¢V^\`��jogn_<¾����%ewg¿� ��l �

c = a+ ib � fo�`X a
\�¡%d

b
�wX�X�_:_bg~gie��k\h¡%d

f(t) = ect = eat · eibt.

�oX%lwaJZc\`V`_ba � Y�mif �`p � ���`_<����m9ew���
d

dt
eit = ieit.

�



Ý�_�f'dwÛ��wgnj¥e�� V^_bf�Û´_bX[_b�`_bg~aJV ewaJ��mE\�¡%VhY�lH�{l£��X%ew�¤ew���
d

dt
eibt = ibeibt \`�

b
�wX�X�_:_bg~g~�

.

	7����_:X%Y�\^�
eat �`X�X[_ba^��X�_:_bg~g½V ewa¥��m½��_bfJjoX�\hfhWoV��[X�_:�^_:gna����`X�fo_:X�m~�^_:X�m~ao�£�{l

d

dt
ect =

d

dt
eat · eibt = aeat · eibt + eat · ibeibt = (a + ib)eat · eibt = cect.

��_:a)� ewa/g~mn�^e�fh_bX[mn�`_bX[mnao��Y�X�_:�^_:gnaÅ���`X
ect ���wgng~_bXPewgng �%Y[l����^_:a \`a

c
�wX�_:���'V^\`��jogn_<¾�� ��e`gz�®��_<�[��e V`\`����_:X��[mng~g

ewa�� �wa]fhaomnao��a/�wX���mEY[_:a/e`X[_!Woa/fh_bX�Y[�`V^_:X���mnY�Y�eH�´Ó�jc_:X�e���fhm �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:X��
Í��`X���mEd/ewX�fh_baoa/e£��\`X���_:gË���^X�fh_:X�m~�^_:X�m~a/�£V ewa¥��m½\h¡%VhY[lqfhX%eqY[gnWh��Y�e �%Y�_baJew���

∫

ect dt =
ect

c
.

���`X�V ewaJdo�`�^_:X�g~_�fh_<��Y[V�X�mn��e^Y
ect

c
=

eat(cos bt + i sin bt)(a − ib)

a2 + b2
.

	7����_:X%Y�\^�3fh_:Ñ/aom~�[mn\`a/Y[� �`Y�Y�mn�w�
∫

ect dt =

∫

eat cos bt dt + i

∫

eat sin bt dt

d/e`X���m9f/�wX[���`X
∫

eat cos bt dt + i

∫

eat sin bt dt =
eat(a cos bt + b sin bt)

a2 + b2
+ i

eat(a sin bt − b cos bt)

a2 + b2
.

Ð _:a/\`�¤fh_baoa/e�gnm~V�do_:���{lwX���m9fh_�����lq��\^X[��gn_:X�a/e
∫

eat cos bt dt =
eat(a cos bt + b sin bt)

a2 + b2

X�_bY[j]_bV^��m~�^_
∫

eat sin bt dt =
eat(a sin bt − b cos bt)

a2 + b2
.

��_bY�Y[eqZ/l^foe£��\`X��qgn_:X�V ewa¥� ewaJdom~���%e�m9Z]\^V`_ba/YÏ��e`Z]_bg~gn_:X�� �^_:X�m~a���_:�`X%ewgn_:X��

��§�� 	 ��¼�©�¼�¬�±k²Ù³h©[ª�ª#±���¸�¼�© ³�³ �

Þ ����miY[e�e �[�
(1 − i)23 = 2048(1 + i).

so� � V�X[mn�
sin5 x

Y�\^�Ô_:aJg~mna Û��`X[V^\`��Z/m~a/ew�[mn\`aJe��
sin x Õ sin 2x, . . . , sin 5x

�
p/����miY[e�e �[��fh_

n
X��w�[�[_bX[a/e��[mngng9_:V�� e ��m~\^ao_:a

zn = 1
�wX

zk = cos

(

2πk

n

)

+ i sin

(

2πk

n

)

.

r]��
¢_bX��`V�a/eHmna��[_:�^X�e`g~_bX[a]e
∫ ∞

0

e−t sin t dt

\�¡%d
∫ ∞

0

e−t cos t dt.

� ��
¢_bX��`V�a/eHmna��[_:�^X�e`g~_bX[a]e
∫ ∞

0

te−t sin t dt

\�¡%d
∫ ∞

0

te−t cos t dt.

�/��
¢_b��mnY�e£ew�������^X�ewgngneqV`\^��jog~_:¾oeH�%ewg
z1

\h¡%d
z2

�^�`g~gn_:X

ez1 · ez2 = ez1+z2 .

� ����e`f'V�e`a¥��e`aJY��w��e�\^�
z1

\h¡%d
z2

\`�¤��e`a'�^_<��ew���

ez1 = ez2?

�



� ��F��5R�CkR�S£D�F<AHG<R�L��!A�D�F�HSJR�C

��§�¦ ��©[¼���«k²o±�±�� �
	�²/¸^³h±��²]º�¼�©[¼�¬�»�¼
	�a�fhm �c_bX[_ba��[miewgn_:V�� e �[mn\`a¥e�� �´Ó�jc_:a

y′ + a(t)y = b(t)
V ewgngne^Y�|�y���� �wv£u��Ì�� v%�1x uPÊwv[� �]y������<�]� � jc_b¡<miewg~�{ewgngn_<�

a(t) = 0
�`X�_:aoV^_:g9e �[��g~��Y[e Õ _<���[_bX�Y[\`�

y′ = b(t)

d/e`X�g~��Y�aomnao�^_:a
y =

∫

b(t) dt = B(t) + C

fo�`X
B(t)

�`X¢_ba��`\hf��´Óh¡%V�g~mn�HjoX�mn�qm~�[mn�q��WoaoV��[mn\`aP�[mng~g
b(t)

����_:��e`g~gn� �waoa]e��{ewgng~_:�Ïe`ao�`X�m~jc_:X¢� ewa��^_:ao\^� ew���¢���`X%Y��^V�e
l ��_:X[���`X%e£fo_<��j/l�Y[j]_�¡<miewg~�{ewgng~_:�b�7��m�Y´�%ewX[��ewX���_bf'_<�[��_<¾h_:��jc_:g¿�
À�Á9Â�ÃÅÄ�Â�Æ �9ÈzÇ� � �#�wy ���<v��<�]xzy{uw|~���  u x¿y{Ê �c�:�

y′ +
1

t
y = 1 � Ì�� v t > 0 �

Ð _:a/\`�¤ew������W/g ��m~jognmi¡<_:X%eq_:V�� e ��m~\^ao_:aJ��_bf
t
Y[_:X���mEew����fh_:a��`X�_:V���m~� ewgn_:a�����_bf

ty′ + y = t.

��_<����m½d/ewX���Woaoaom~����_bfJfh_<�[��e��wX�e �[�����`a/Y��[_:X�gn_bfh_:�Ïa�W¥�wX�_:a¥fh_:X�mn��ew��e/����m9ewa�� �wa/fh_bXÏ��\`X��q_bg~aP���`X�fh_bX[mn� e �%ewa'e��
_:a¥joX�\hfhWoV������`X�ew����Y[_

d

dt
(ty) = 1 · y + t · y′ = ty′ + y.

��m �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:aJV ewa¥ewgng �%Y[l�Y[V�X[mn� e`Y
d

dt
(ty) = t

\h¡%d'��m9d]ewX�V`\^�q��m~��mEY�ew��� e�gi�w�^_�Y[\`�¤mEY�jc_b¡:mne`g �{e`g~gn_<���k��m½�{l`X

ty =

∫

t dt =
t2

2
+ C

\h¡%dJe`g~g~��Y�l
y =

t

2
+

C

t
,

fo�`X
C

�`XÏ_ba¥�`\hf��´Óh¡%V�g~mn�£V^\`a/Y���e`a��b�
U����^X[_b�^l`_:a/fh_�_:¾�_b��j]_bg�V ewa"��e`a�Woa/fhX%eJd�W/XH� ewa�Y�V e`g~g7V^\`��� e'j]lJew����fh_:�£�wX�gi�w��jognm~�`��e �[�H��Wog~�[mnjognmn¡:_:X%e

��_bf
t
����_<���%e�V ewa¥Y�ÓhY��[_:� ew�[miY�_bX�e^YÏY�lqd/�wX��

�Elw�
A(t)

� ewX%eq_:aJjoX�m~��m~�[mn����WoaoV���m~\^a'��m~gng
a(t)

����lq���wgng~_bX

d

dt
(y · eA(t)) = y′ · eA(t) + y · eA(t)A′(t)

	7����_:X%Y�\^�
A′(t) = a(t)

d/e`XÏ��mEf/�wX[���`X

d

dt
(y · eA(t)) = eA(t)(y′ + a(t)y).

��mE��Wog~�[mnjognmn¡:_:X%ewX�fo�`X����^XÏ_bV���ew�[mn\`ao_ba
y′ + a(t)y = b(t)

��_bf
eA(t) \h¡%dJV`\^a/Y´�%e ��_:X%ewX�e ����fo_:a�fo�wX�mn�`_:a/\`� � �`_bX[��lwX¢m

d

dt
(y · eA(t)) = b(t)eA(t)

fo�`X���m½V e`aJmna��[_b�`X�_:X%eH\h¡%dJ�{l
y · eA(t) =

∫

b(t)eA(t) dt.

���`X�Z]_�Y´�%�w����_:X���mEfh_�joX�mn�qm~�[mn� eq��WoaoV��[mn\`a/_:X�a/eq\�¡%dJgn�^Y[_:X�fo�`X[_:���[_:X�Wh�
y
�

�



��� ÃÅÃ � �  � ��� � �������
���^X�e �[��g~��Y[e£_:a�fhm �c_bX[_ba��[miewgn_:V�� e �[mn\`aJe�� ��\`X���_:a

y′ + a(t)y = b(t)

�`�`X�� ewa�Y�lqd/�wX��
Þ � 
Ï_bY����`�Ô_:a�j/X[mn��m ��m~�P��WoaoV��[mn\`a

A(t)
�[mngng

a(t)
\h¡%d¥��Wog~�[mnjognmn¡:_:X%e fhm �Ë_:X�_:a���mne`g~_bV�� ew�[mn\`ao_ba'��_bf

eA(t) ���_:aoa]e��{e`V��[\`X�V e`g~gie`YH�^�<�5y��/x �¿�`v[�:v[u �Ë�`�¢Ì<ub�wx Êwv1�/�
sh����m �Ë_:X�_:a���mne`g~_bV�� ew�[mn\`ao_ba'� �^_:X��^lwX¢m

d

dt
(y · eA(t)) = b(t)eA(t).

po��U a��[_b�`X�_:X%eH\h¡%dJg~��Y�Wh�
y
�

À�Á9Â�ÃÅÄ�Â�Æ �9È�Ö  � �#�wy ���<v��<�]xzy{uw|~���  u x¿y{Ê �c�:�

(t + 1)y′ + 2y = (t + 1)3,
Ì�� v

t > −1.

��m�Y�V�X�m~�^_:XÏ���`X%Y´��\^�Ô_:V�� e ��m~\^ao_:aJj/l£��\`X���_:a
y′ + a(t)y = b(t)

����mn��miY[m~\^a'��_bf
(t + 1)

�`_bX

y′ +
2

t + 1
y = (t + 1)2.

	7����_:X%Y�\^�
∫

2

t + 1
dt = 2 ln (t + 1) + C

�wX�_ba'mna��[_b�`X�_:X%ewa/fh_��{ewV���\`X
e2 ln (t+1) = (t + 1)2

	7����_:X��£Wog ��m~j/g~mnV e �[mn\`a¥��_bf¥fh_ba¥m~a��[_b�`X�_:X%ewa/fo_��{ewV���\`X�aP�{l`X���m

d

dt
((t + 1)2y) = (t + 1)2+2

\h¡%dJe`g~g~��Y�l
(t + 1)2y =

∫

(t + 1)4 dt

fh�hY

(t + 1)2y =
(t + 1)5

5
+ C

Y[\`�Ô�^_:X

y =
(t + 1)3

5
+

C

(t + 1)2
.

À�Á9Â�ÃÅÄ�Â�Æ �9È�����<�1x�� � �^�<�qÌ%�h���wxzy{Êw�
f(t)

�:Ê � �^�<| �H��t^t�Ì # |�|~�:v

f ′(t) + 2tf(t) = t

�`�<�%�1�hx Ê �
f(0) = 1 �

�oW/aoV��[mn\`ao_baJY�e ��mnY�Ñ/_:X%ewX�e`g~g~��Y�l�fhm �Ë_:X�_:a���mne`g~_bV�� ew�[mn\`ao_ba

y′ + 2ty = t.

	7����_:X%Y�\^� _ba joX[mn��m ��m~�£��WoaoV���m~\^a��[mng~g
2t

�wX
t2

�wX
et2 _ba m~a��[_b�`X�_:X%ewa/fo_¢�{e`V��[\`X��k��m �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:a�V ewa�fo�`X����^X

Y[V�X�mn��e^Y
d

dt
(yet2) = tet2 .

��_<���%e��`_bX
yet2 =

∫

tet2 dt.

�



U�fh_:aoa]e£mna��[_b�`X%ewgËV ewa¥��m½�`�`X%e£��e`X[miewZc_:giY[WoZ/Y��[m~�[Wh��m~\^ao_:a
u = t2 Õ Y[\`�Ôgn_bfh_bX��[mngngEe �[�

du = 2tdt Õ \h¡%d'�{l
∫

tet2 dt =
1

2

∫

eu du =
1

2
eu + C.

Í��`X���m½�^lwX���m~gngnZ/ewV e£�[mng~g
t
V ewaJ��mEewgng~��Y�lqY[_#e �[�

yet2 =

∫

tet2 dt =
1

2
et2 + C.

��mkgn�^Y[_:X�Wh�
y
�^_:ao\^� ew���#fhm~��mifh_:X%e ��_bf

et2 Õ ��mngnV`_<�¢Û´W5�`X�_:V���mn��e`g~_ba�����_bf	ew������Wog~�[mnjognmn¡:_:X%e ��_bf
e−t2 ����_:����e

gn_bfh_bX��[mng~g
y =

1

2
+ Ce−t2 .

�>�`X�a/l`�`\`�Ï� �wX%fh_�j/l
C

�wX�ewgng~��Y�l

f(t) =
1

2
+ Ce−t2 .

	7����_:X%Y�\^�
f(t)

fh_�Y[Y[Wh�[\^�¤_baog~mn�w�����^X[Wh�%Y[�w����aom~a/�^ewX�a/e£Wojojh��Ó�gng~_bX
f(0)

� l^Y´��_�fo_<���^�`g~gieqe ���

1

2
+ Ce−02

= 1

fh�hY
1

2
+ C = 1.

	7����_:X%Y�\^�3fh_:����eq�^_:X

C =
1

2Y�l��{l`X���m
f(t) =

1

2
+

1

2
e−t2 =

1

2
(1 + e−t2).

��§�� ��©[¼���«k²o±¤º�©��H»9²o»�¼�³o©�±kª�»9· �>±>³o©´¢¼�»9² ± ��±7¼�º�²o±Ô�²]º�¼�©[¼�¬�»�¼ ¯ »Eº�·��¼�¸^³h±7¼¢³�±¤·��»����
�½©´»�¼�³h»9²

��_#_:V�� e �[mn\`a/_:X���mEY�V e`g~g½Zc_<��X�e`V^�%e��wX�e�����\`X���_:a

y′′ + ay′ + by = h(t)

fo�`X
a
\h¡%d

b
�wX!V`\^a/Y���ewa���_:X Õ ��_�foewa

h(t)
�`X�_ba5�^m~�^_:aÜ��WoaoV��[mn\`a9� �>�`X#e �[�!���^X[_baoV�gnePZ]_:�[_�¡%V�a/m~ao��ewX�a/e�mk��\^X��%Y[�w���

�[a/m~ao�^_:aÅZc_<��_b¡%V�a/e`X���m¢_bV���ew�[mn\`ao_ba/YH� �`a/Y´��_:X�g~_�f���_bf
L(y) Õ fh�hY����`X�� e`X{Û´_P�[� l	��lwao�^_:X�fh_bX[mn�`_bX[Z]ewX���WoaoV���m~\^a

yfh_:Ñ/aomn_:X%ewX���m
L(y) = y′′ + ay′ + by.

Ð _:a/\`� e ����ewa�� �wa/f/e�fh_:X�m~�^_:X�m~a/�^Y[X[_b�`gn_:X�a/e����^X£Y[Wo����\`XH\h¡%d�joX�\hfhWoV��[_bX���_bf�V^\`a/Y���e`a��[_:X��{l`X�� ewa e ���
L

d/ewX
���`g Û�ewa]fh_��[� lq_:�^_:a/Y[V ewjc_:X�� �>�^X�ewgngne���WoaoV��[mn\`a/_:X

y, y1, y2
\h¡%dJV`\^a/Y´�%ewa��[_bX

c
���wgng~_bX

Þ �
L(y1 + y2) = L(y1) + L(y2)

so�
L(cy) = cL(y)

��_bY�Y[e£_:�^_:a/Y[V ewjc_:X�do\�Y
L

�^�`X�e �[��fh_:a¥V ewgngie`YÏ_:a�|�y�� � � v£Ê%to�:v[u x Ê v�\h¡%d¥fhm �Ë_:X�_:a���mne`g~_bV�� ew�[mn\`ao_ba

L(y) = h(t)

fh�hY
y′′ + ay′ + by = h(t)

V ewgngne^Y�|�y���� �wv1��Í��`X�� ewa'���`X%Y��^V`_:XÏgn�^Y�eqfo_:aoa/e£�´Ó�j�e���_:V�� e ��m~\^aJY[jc_:giewX�Y�jc_b¡:mne`g �{e`g~gn_<�
L(y) = 0 Õ fo��Y

y′′ + ay′ + by = 0,

_:a�Y[j]_�¡<mn_:gng½X[\^g~g¿�kU��{e`g~gn_<�
h(t) = 0

Z/X[WoV e`X�_:V�� e �[mn\`a/_:aJV�e`g~gie`Y��/Ê�� Ê[���<�P�q_�foewa¥fh_ba¥e`aoa/e`X�YÏV ewgngne^Y�y����/Ê�� Ê[���<�]�

Þ
	



��� � � �EÈ{Ç����/x u:�Ju x¿x
y0

� v��:�	| � �%�]y����Pxzy�|�|

y′′ + ay′ + by = h(t).

�q� � v��:��Ì%�h�h� x¿y{Ê �
y

Ê %�� �:�'�:�Ü|����1�/y����'Ê � Ê % �Ü�<�Ë�`u �%x�Ê�� �`�:x )��/�/�#�:�	| � �1�/y����
z
x¿y�|�|

z′′ + az′ + bz = 0

�:�Puwxzx

y = y0 + z.

�qÂ � � �`È �>�`X��`\hf��´Óh¡%V�gnm~��eH��Woa/V^��m~\^ao_:X
y
Y[�w����_:X���m

z = y − y0
\�¡%dJ\`Z]Y�_bX[�^_:X%ewX¢ew���

L(z) = L(y) − L(y0).

	7����_:X%Y�\^�
L(y0) = h

_:aognmn�w�����`X�Wh��Y�� �[�[aomnao��ewX�a/e Õ Y�l£d]ewX���m½mEY{Û��wgn��eq�^_:X�V`_<�

L(z) = L(y) − h.

Î �'fh_:����e£���^g Û´_bX�e �[�

L(y) = h
\`�Ô\h¡%dJ_:a/foe^Y´��\^�

L(z) = 0.

	7����_:X%Y�\^�
y = y0 + z

�`X�Y[ew��Y[_:aJZ]_b��mnY�e`f½�
� ��X�ew�[_:�^m~aP���`X�ew����gn�^Y�e£_baJfom �Ë_:X�_:a��[miewgn_:V�� e ��m~\^a

y′′ + ay′ + by = h(t)

Zognm~X���_�f'dwÛ��wgnj¥e��'Y[ew��Y[_:a'���`g Û�ewa/fh_^�

Þ � ��m �[��e�j/lqa/l`�`\w��Y�� �[�H�:� gn�^Y[aom~a/�
y0

��m~gng9_bV�� ew�[mn\`ao_ba9�
sh� 
Ï_bY����`� u |�|nu g~��Y�a/m~ao��ewX

z
�[mng~gE�q\`��Y[� ewX%ewa/fh_�do\^��\`�`_ba/e£_:V�� e �[mn\`a

z′′ + az′ + bz = 0.

po����_:a�ewgngn���`aoa/e£g~��Y�a/m~ao�^_:a'�[mng~g�fh_:a¥�`mn��a/eqm~a/do\`��\`�^_:a/e£_:V�� e ��m~\^ao_:a¥�wX�a�W
y = y0 + z

�
��j/jogn�`�`�^aom~a/�`_:a e��5��\^X��%Y[�w����aom~a/�`_:aÙ�wX�e �[�q��mÏ���`X%Y´��Zc_:d/e`a/fhgiewX�fh_'d/\`��\`�^_:a/eÜ_:V�� e �[mn\`a/_:X�a/e	\h¡%d fo�`X[_:���[_bX�fo_
mnaodo\`��\^�`_:a]eo�

��§�� ���¯ �¬�»E¼�±®»9· �>±>³o©´¢¼�»9²

��m>Zc�`XzÛ�ewX���_�f	_<�[��X�_b¡:_:jh�����`X�e ���!g~��Y[e�do\`��\`�^_:a/e fom �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:X�\h¡%d¥�[m~����e`X�_:���[_bX�lw��j/lP�q\`�[mn�`_bX[mnao�^e`X
�[mngng9� ewX[���`X�fh_<����W/ao�`_bX�e`Xb�

�>�`X�e �[��g~��Y[e�fhm �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:a

y′′ + ay′ + by = 0

gn�^Y[_:X�� ewaJ���`X%Y´��fh_ba�Y[lqV ewgngne^fh_��`uwv[ub�wx �<v1yi�1x¿yi���^uJ��� �uwxzy{Êw�c�:�

r2 + ar + b = 0.

��_<���%e��wX�ewgng �%Y[l�_ba�do_:g~��� ewaognmn��ewa/fhX%ew�^X�e^foY[_:V�� e �[mn\`a'Y[l fh_:��Ñ/aoa]Y��[� l�Y��´Óh¡%V`_ba'gn�^Y[aomnao�^e`X
r1

\h¡%d
r2

�Ï��mE� l^Y´��_
a�W�fh_:gieqWojoj¥m½�[X�_�\`gnm~V e£�{ewgng¿�

Þ`Þ



� � ÆzÆ�Ç �
r1, r2

	 Â�Â�Æ{Æ � ����� �]Æ���� � È
UÏfh_<�[��eq�{ewgngE�`XÏgn�^Y[aomnao�`_baP��m~gngEfh_ba¥do\`��\`�^_:a/eqfhm �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:a

y = Aer1t + Ber2t

fo�`X
A

\�¡%d
B

�wX��^\�fh�´Ó�¡%V�gnm~��eHV^\`a/Y���e`a^��_:X��
� � ÆzÆ�Ö �

r1, r2
	 Â�Â�Æ{Æ � ÃÅÂ � Æ���� � È

UÏfh_<�[��eq�{ewgng9V ewaJ��mEY�� ���%e
r1 = r2 = r

\h¡%d'gn�^Y[aomnao�`_baJ�`X

y = (A + Bt)ert

��_bf
A

\h¡%d
B

�`X��`\hf��´Óh¡%V�g~mn�^e�V`\`a]Y´�%ewa��[_bXb�
� � ÆzÆ ���

r1, r2
� �]Ã�ÄkÆ{Â�Á � È�U½fh_<�[��e��{e`g~g��wX9X��w�[�[_:X�a/e�e�����\`X��q_ba

r1, r2 = α±iβ
��_bf

β 6= 0
� �9��Y�a/m~ao��ewX�a/e

��m~gngEfhm �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:aPV e`a¥f/lqY[V�X[mn� e`Y

y = eαt(A cosβt + B sin βt)

fo�`X
A

\�¡%d
B

�wX��^\�fh�´Ó�¡%V�gnm~��eHV^\`a/Y���e`a^��_:X��

�EÈ��EÈ{Ç À�Á9Â�Ã�Ä�Â�Æ7Ä�� � � �
	 � ����� � � � 	 � � 	 Â��`Â�Ä ��Â �
À�Á9Â�ÃÅÄ�Â�Æ �9È��  � �#�^�<� �oÊ�� Ê��^�:�cu¥� y ���<v[�:�/x¿y{u |n��� �uwxzy{Êw�c�:�

y′′ − y′ − 2y = 0.

��mng~gndo�`X%ewa]fh_�V�e`X�e`V��[_:X�miY´��mnY[V eH_:V�� e ��m~\^aJ�`X

r2 − r − 2 = 0
��_bfJX��w����_:X�a/e

r1 = −1, r2 = 2.

��m �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:a]Y�ewgng~� �wa/a/e�gn�^Y[aomnao� �wX�fo�`X����^X

y = Ae−t + Be2t.

À�Á9Â�ÃÅÄ�Â�Æ �9È��  � �#�wy ���<v��<�]xzy{uw|~���  u x¿y{Ê �c�:�

y′′ − 4y′ + 4y = 0.

Ý�\`��Y[��e`X�e`a/fh_!V ewX%ewV��[_bX[miY´��m~V _bV���ew�[mn\`a
r2 − 4r + 4 = 0

d/e`X�fhWoZoZc_:gnX[\`�[_ba
r1 = r2 = 2

����m �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:aJd/ewX�fo�`X����^X�fh_:a¥ewgng~� �`aoa/eqg~��Y�a/m~ao�^_:a

y = (A + Bt)e2t.

À�Á9Â�ÃÅÄ�Â�Æ �9È��  � �#�wy ���<v��<�]xzy{uw|~���  u x¿y{Ê �c�:�

y′′ − 4y′ + 13y = 0

	�V�� e ��m~\^ao_:a
r2 − 4r + 13 = 0

d/e`X�X��w���[_bX[a]e
r1, r2 = 2 ± 3i

�7��_:��m~a/ao_:Z/�`X�e �[��fhm �Ë_:X�_:a���mne`g~_bV�� ew�[mn\`ao_ba'gn�^Y[aomnao�^e`XÏ�`X

y = e2t(A cos 3t + B sin 3t).

�EÈ��EÈiÖ À�Á9Â�Ã�Ä�Â�Æ ��	 � ������Â�Æ�� � � �bÂ ��	 ���
Î ����fo_:a¥V ewX%ewV��[_bX[miY´��mnY[V eH_bV�� ew�[mn\`ao_baP��m~gng

y′′ + ay′ + by = 0
V ewa�d/e!a/l`�`\w�7��_bfqgn�^Y[aomnao�^e`XE��m~gng]fhm �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:aqe �����^�`X%e Õ V ewa�� ewa�Y[_�Y[l!d/�`Xb����moWoa]fh_:X%Y��^V`_bX����^X7��m~gnV e
r
Y�\^�Ô��WoaoV���m~\^ao_:a

y = ert gn�^Y[_:X�fhm �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:a9� 	����[_:X%Y[\`�
y = ert �^_:X

y′ = rert \h¡%d
y′′ = r2ert Õ �{lwX��m9a/�`XÏ��mEY�� �[�[_bX�m~a¥m9fhm �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:a

r2ert + a · rert + b · ert = 0

Þ s



fh�hY
ert(r2 + ar + b) = 0.

� gnWh��Y�e �%Y�_baJ�`X�ewgng �%Y[l�ew���
ert �wX�_:aJgn�^Y[aom~a/�£��m~gngEfhm �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:aJ\`�Ô\h¡%dJ_:a/f/e`Y���\^�

r2 + ar + b = 0.

Î ����fh_<��Y�_�foewa¥���^g Û´_bX Õ e �[��\`� fh_baoa/e _bV���ew�[mn\`a�d/e`X�X��w�[�[_:X�a/e
r1

\h¡%d
r2 Õ Y�l��`X����`_ba

Aer1t + Ber2t _:a�gn�^Y[aom~a/�
�[mngngkfom �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:a Õ ���^g Û´_bX!e���e �[�

L(y) = y′′ + ay′ + b
�wX�_:aÜgnmna Û��wX!\`jc_:X%e ��\`X���Ý�_baÜfh_<�[��e'domna/fhX%ewX�Û´W

mna^��_#e ����fo_<��fh_bY�Y[Wh�[\^�ÔV ewa'Ñ/aoa/e^Y�do_:g~��ewa/fhX%e��´Ó�jc_:X�e��Pg~��Y�aomnao��ewX��EU¢�{ewgng~_:����_�fJfoWoZoZc_:gnX[\`���^�`X�fh_:�>Û´W¥m9Y{Û��wgn� e
�`_bX[V^_<��fh_<���

�>�`X!e ����Y�_£e ����fh_<�!m~a���_HÑ/aoa]Y�e`a/fhX%e��´Ó�j]_bX�e��Jg~��Y�aomnao��ewX��`aÜfh_Hm>X[_�¡<_bjh�[_:� Õ �`_bao\`�q���`X���m��[� l'e��'_:¾�_b��jog~_ba
��X%lwa'���`X�_:�^l`_:a/fo_!e��hY[aom �[��fhm~X�_:V�� Õ Wh��e`aJew����e`a�� �`a/foe£X[_�¡<_:jo�[_<���
À�Á9Â�ÃÅÄ�Â�Æ �9È�� �Hy ���:v[�:�/x¿y{u |~�%� �uwxzy{Êw�c�:�

y′′ − y′ − 2y = 0 �

	�a�V e`X�e`V^��_:X�mnY��[miY[V�X�\w��V^\`����_:X���m/mnd/l`���wX�s � fh_baPewa]fhX�e#�`X�� Þ �k\h¡%d ��mcm~ah���^X�_ba a�Óq��Woa/V^��m~\^a
u
�^_:ao\^�

y = e2tufh�hY
u = ye−2t ��Ý�_�fJfo_:X�m~�^_:X�m~ao��Y�X�_:�^g~_bX[a]e!�{lwX���m

y = e2t · u
y′ = 2e2t · u + e2t · u′

y′′ = 4e2t · u + 4e2t · u′ + e2t · u′′

��_<���%e�g~_�fh_:X���m~gngEew���

y′′ − y′ − 2y = (4e2t · u + 4e2t · u′ + e2t · u′′) − (2e2t · u + e2t · u′) − 2e2t · u
fh�hY

y′′ − y′ − 2y = e2t(u′′ + 3u′).
Î gng~��Y�l �wX�fhm �c_bX[_ba^��mne`g~_bV���ew�[mn\`ao_ba

y′′ − y′ − 2y = 0
_bV���mn� ewgn_:a����q_�f¥e ���

u′′ + 3u′ = 0.

��mifJ���`X%Y���e ewa�Zognmi¡%V`_:a�Y[_:X�� �`g9m~a���_�fh_<�[��e�Y��wX%Y[V�mng~���£Óh¡%V`_<��Z]� ����X[_�Wh���wa�fh_:����m9d/e^fh_#��X%lwa¥Zc�`XzÛ�ewa9��Ý�_:a���m�V�e`a
Y[_!ew����fh_:aJa�Ó^eH_bV���ew�[mn\`ao_baPZ/e`X�e�m~a/ao_:d/l`g~gn_:X

u′ \�¡%d u′′ mna^��_ u
� � � �[�[_bXÏ��m

v = u′ Y�l��`X
u′′ = v′

\h¡%dP_bV���ew�[mn\`ao_ba
V ewa¥Y�V�X�m~� e^Y

v′ + 3v = 0.
��_:aoa/e�_bV���ew�[mn\`aJ�`_:����mEY[_bf/ewa'�[mifhm~��ewX�_�d]ewX�gn�^Y[aom~a/�`_:a

v = Ce−3t.

	7����_:X%Y�\^�
v = u′ mnaoao_bZ/�wX�fo_<���%eq���`X

u
ew������m½d/ewX

u′ = Ce−3t.

��mEm~a��[_b�`X�_:X%ewXÏ\h¡%dJY[_:X�ew���
u = −C

3
e−3t + B,

fo�`X
B

�`X#m~a���_:�`X%e ��m~\^a/Y[V`\`a]Y´�%ewa��[_ba9�£Í�W"V e`a5��m�V^\`��� e���m~gng~Z]ewV e'�[mng~g
y
_<���[_bX�Y[\`�

y = e2tu
� ��m��£Wog ��m~j/g~mi¡<_bX�e`X

ewgng~��Y�l£��_�f
e2t \h¡%dP�{l`X

y = −C

3
e−t + Be2t.

���`Xq�`Xqe`g~g~��Y�l
B

\h¡%d
C

�^\�fh�´Ó�¡%V�gnm~��e�V`\^a/Y���ewa���_:X�\h¡%dÅ�^_:ao\^� e ����_:X%Y�� ���%e −C
3

��_bf
A

d/e`X£��m�g~��Y�a/m~ao�^_:aÅj]l
��\`X���_:a

y = Ae−t + Be2t.
À�Á9Â�ÃÅÄ�Â�Æ �9È�� �Hy ���:v[�:�/x¿y{u |~�%� �uwxzy{Êw�c�:�

y′′ − 4y′ + 4y = 0 �
� �`_:a�d]�wX£�`X

r = 2
_:aÅV ewX%ewV���_:X�mnY��[miY�VÜX[\`��\h¡%d���m¢�`�^X�Y[e`����e�Y[WoZ/Y��[m~�[Wo�[mn\`a Y[\`� m����^X[_b�^l`_:a/fh_�_:¾�_b��j]_bgÏfh�hY

y = e2tu
��Ý�\w�%Y�� ewX%ewa]fh_�X%�wV�aomnao��ewX�Y�\^�Ô\ � ewaJg~_�fh_:X���m~gngEe �[�

y′′ − 4y′ + 4y = e2tu′′

Y�lqfom �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:a
y′′ − 4y′ + 4y = 0

�wX�_bV���mn� ewgn_:a�����_bf

u′′ = 0.

Þ p



���`X�e������^g Û´_bX��`_bao\`�ÔW/jojoX�_:j/e^fPmna��[_:�^X�ew�[mn\`aJe ���

u′ = B
\h¡%d

u = A + Bt
fo�`X

A
\�¡%d

B
�wX�fh_#mna��[_:�^X�ew�[mn\`a/Y[V`\^a/Y���ewa���_:X¢Y[\`�¤WojojoV^\`����_:X��kÍ��wX���m9��lwXÏ�[mng~gnZ/e`V�e£��m~gng

y
�{l`X���m9fo�wX[���`X

y = (A + Bt)e2t

��m~gnV`_:����e`X�fh_:a¥gn�^Y[aomnao����mË��mnfom~��ewX�_�e`ao�`mn��m ��_baog~mn�w��X�_b¡:_:jh��_<�b�
��_:a¥�[X�_bf Û´_H�´Ó�j]_ba	e��'gn�^Y[aomnao��Y[\`� V�e`a¥���`X�_:V^\`��� e Õ fh_ba	m9�{e`g~gn_<�!��_bf�V^\`��jogn_<¾oe�X[�`����_:X Õ V ewaÜlw�[_:X[���`X%e`Y�j]l

�´Ó�j Þ �^_:ao\^�¤e �[�����`X
r = α + iβ

�`X

ert = eαt · eiβt = eαt(cos βt + i sin βt).
Ð _:a/\`��ew����fh_ba5V^\`��jogn_<¾oeP_:¾hj]\^ao_:a��[miewg~��WoaoV���m~\^ao_:a5���`g Û´_:X�Y�ew��� e'X[_b�`gn_:X#Y�\^��fh_ba5X�_:_bg~gie'�{lwX���m����`_baÜm�fh_:����e
�{ewgngEew����fhm �c_bX[_ba^��mne`g~_bV���ew�[mn\`ao_ba/Y�gn�^Y[aom~a/�^ewXÏV ewa�Y[V�X�mn��e^Y

y = A1e
r1t + B1e

r2t = eαt((A1 + B1) cosβt + i(A1 − B1) sin βt).
���`XHV ewa���m��%�waoV e�\�Y[Y�e ���

A1
\h¡%d

B1
\h¡%VhY[lJV ewa�� ewX%e¥V`\^��jog~_:¾oe Õ Y�l�e �[�£��_bf�dwÛ��wgnjÅe��5fh_�Y[Y�e¥V ewa��{l¥��X%ew�

��m~gnV eÜX�_:_bg~gie
A

\h¡%d
B

Y[\`� do_bgnY����`_:a/\`�
A1 + B1 = A

\�¡%d
i(A1 − B1) = B

�Å��_¥X�_:_bg~gie�gn�^Y[aom~a/�^ewX�a/e¥��m~gng
fhm �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:a¥�wX�fo�wX[���`X

y = eαt(A cosβt + B sin βt).

��§�� �^¼ ���¯ �¬�»E¼�± »9· �>±>³o©´�¼�»9²
��mifhm~��ewX�_�V^\`a/Y���ew�[_bX�e^fh_���m9ew����Y��[X%e �[_b�`mnaP���^X�e �[��gn�^Y�eq_:a¥fhm �c_bX[_ba^��mne`g~_bV���ew�[mn\`a

y′′ + ay′ + by = h(t)
�wX����^g Û�e`a/fh_^�

Þ � ��m~����e�j]l£a]lw�`\`��Y�� �[�£�<��gn�^Y[aomnao�
y0

�[mng~gE_:V�� e �[mn\`a/_:a9�
so��
¢_�Y´�%�w� uw|�|~u gn�^Y[aom~a/�^ewX

z
��m~gng9��\w�%Y�� ewX%ewa]fh_�d/\`��\`�^_:a/e£_:V�� e ��m~\^a

z′′ + az′ + bz = 0.

p/����_ba¥e`g~gn� �waoa]e�gn�^Y[aomnao�`_baP��m~gngEfh_baJ�^m~��a/eqmnaodo\^�q\^�`_ba/e�_bV���ew�[mn\`ao_baJ�`X�a�W
y = y0 + z

�
	7����_:X%Y�\^�¤��m½a�WJV�giewX%ewX�e��PY��[_:��s Õ Y[l��wX�fo_<��Y[\`�¤lw�[_:X%Y���lwXÏ���^X�e ������WogngiY´�%�wa/fhmn�w��gn�^Y�eq_:a¥fhm �c_bX[_ba^��mne`g~_bV���ew�[mn\`a

y′′ + ay′ + by = h(t)
e �[�!d/m �[��e'_:aÜ_ba/foe'g~��Y�a/m~ao�

y0
� 	�a"Y�l`foe`a	gn�^Y[aom~a/�PZoX�WoV ewX!V ewgngne^Y�_ba�t/u v1x¿y~� �h| �wv1| ���1�]y�����\h¡%dÜV e`aÜmnZogne`a/f	d/m �[��e`Y

��_bfJ_:a¥gi�w��jognm~�q�´Ó�j¥e��Pewa/Y�e �%Y:�k��m9�`_bX¢���^X�Y���a/lw�^X�e£_<¾h_b�qjc_:gE\�¡%d'��\`X���W/g~_bX�e`XÏY[_bfoe`a¥a/lw�^X�e�X[mnV��[gnm~a Û´_bXb�
À�Á9Â�ÃÅÄ�Â�Æ �9È��  � �#�wy ���<v��<�]xzy{uw|~���  u x¿y{Ê �c�:�

y′′ − y = t �
Ý�_�f'dwÛ��wgnj¥e���fo_:a¥V ewX%ewV��[_bX[miY´��mnY[V eH_bV�� ew�[mn\`ao_ba'�^_<����m9e �[���q\`��Y[� ewX%ewa/fh_!do\^�q\^�`_ba/e�_bV���ew�[mn\`a

z′′ − z = 0
d/e`X�g~��Y�aomnao�^_:a

z = Aet + Be−t � �>�`X�e �[��dom~����eq_baJj]ewX[�[mnV�W/gn�`X[gn�^Y[aomnao��V^\`a/Y���ew�[_:X%ewXÏ��mEe �[��do�`�^_:X�g~_�fh_<��m

y′′ − y = t
�wX�_:�������^X�Y���e`�`X%e`foY[jc\`gnÓ�a/\`� \h¡%dJ¡%d/e`a/Y�ewX�j/l e �[��fh_<��Ñ/aoa/Y�_ba¥g~��Y�aomnao� Y[\`�Ô\h¡%VhY[l��`X�_<�������`X%Y´�%ew�`X%e`f/Y�jc\`gnÓ�ao\`�¥�
��m�ewa/Y�� �[�[_:X�fo�`X����^X

y = at + b\h¡%d����`X%Y��^V`_bX½Z]_�Y´�%�w��� e�Z]_�Y´�%�w��� e
a
\h¡%d

b Õ Y�l�e �[�E��m`�{l`X9_:aHgn�^Y[aomnao���[mngng�fhm �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:a9��Ý�_bf
y = at+b�{lwX���m

y′ = a
\h¡%d

y′′ = 0
�k��m�Y[�w���[_bX�m~a¥mEfom �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:a'\h¡%dJY[_:X�ew������m½��m~gng9d/e

0 − (at + b) = t
���`X#e`g~gie

t
� Ð _:ao\^��e �[�!mifh_:a���m Ñ/_bX�e'V`\�_:Ò ¡:m~_ba��[_:X�a/ePj/lPZ]l`foeJY�mifh\^X�Y[_:X!��m�e �[����m>�{lwX�_ba5gn�^Y[aomnao�P�^_:ao\^��e �����%e

a = −1
\h¡%d

b = 0
� 	�a¥j/e`X���m~V�Wogi�wX�g~��Y�a/m~ao�

y0
�wX�ewgng~��Y�l

y0(t) = −t
�k��_<�[��e��^_:X�e �[��fh_:a'��WogngnY����`a/fhmn�^eqgn�^Y[aom~a/�`_:a

�[mngngEfhm �c_bX[_ba^��mne`g~_bV���ew�[mn\`ao_ba
y′′ − y = t�wX

y = y0 + z = −t + Aet + Be−t

fo�`X
A

\�¡%d
B

�wX��`\hf��´Óh¡%V�gnm~��e�V^\`a/Y���e`a^��_:X��

Þ r



À�Á9Â�ÃÅÄ�Â�Æ �9ÈzÇ��  ����� y ���:v[�:�/x¿y{u |~�%� �uwxzy{Êw�c�:�
y′′ − y = e2t �

��_:aq�[mng~gndo�^X�e`a/fh_�do\`��\^�`_:a]e�_bV���ew�[mn\`ao_baq�`X�Y[e`����e�Y[\`�®mo���`X�_:�^l`_:a/fo_¢_:¾�_b��j]_bg/Y[l�fh_�Y[Y�g~��Y�aomnao��ewXkV ewa���mhX[_�foewa9�
�>�`X�e �[��dom �[��eq_:aJj/e`X���m~V�Wogi�wX�g~��Y�a/m~ao�£ewa/Y�� �[�[_:X���m

y = ae2t \h¡%d����^X�Y[�`V^_:XÏZ]_�Y´�%�w��� e
a
Y�lqe ������m½d/e`XÏ_baPgn�^Y[aomnao�/�

�!l �wX
y′ = 2ae2t \h¡%d

y′′ = 4ae2t ���!�wX[���`X���mng~g½��m9d/eq_baJV^\`a/Y���e`a��
a
Y�l�e �[�

4ae2t − ae2 = e2t

fh�hY
3ae2t = e2t.

��_<���%e�m~a���X�� �Ëe`XÏ\^�
a = 1

3

Y�lq_:aJj/ewX[�[mnV�Wogn�`X[gn�^Y[aomnao�
y0

�wX�fo�`X����^X

y0 =
e2t

3
\h¡%dJfo_:a�ewgng~� �`aoa/eqg~��Y�a/m~ao�^_:aJfo�wX���_bf

y =
e2t

3
+ Aet + Be−t.

À�Á9Â�ÃÅÄ�Â�Æ �9ÈzÇ]Ç  ����� y ���:v[�:�/x¿y{u |~�%� �uwxzy{Êw�c�:�
y′′ − y = t + e2t �

���`X�Wh��a�Ó��[�{Û�ewX���mE� lwX%eq�[� l����^X[_b�^lw_ba/fh_�_<¾h_b�qjc_:g�\h¡%d¥fo_<���{e`V��[Wo� e �[�
L(y) = y′′ − y

�wX�g~mna Û��wX���Ý�_bf
y1 = −t\h¡%d

y2 = e2t

3

���wgng~_bXÏ_baognm~�`��fo_����`X�_:�^l`_:a/fo_�_:¾�_b��jog~_ba

L(y1) = t
\h¡%d

L(y2) = e2t.

Í�W�Y�� �[�[_:X���m
y0 = y1 + y2

\h¡%dJY[_:X�ew����_:���[_:X%Y[\`�
L

�wX�gnmna Û��wX

L(y0) = L(y1 + y2) = L(y1) + L(y2) = t + e2t.

Î gng~��Y�l �wX
y0 = −t +

e2t

3_:a¥j/e`X���m~V�Wogi�wX�gn�^Y[aom~a/�H�[mngng9_:V�� e ��m~\^ao_:a9�7��_:aoa]e�d/ewX�fo�`X����^X�fh_:a�ewgngn���`aoa/e£g~��Y�a/m~ao�^_:a

y = −t +
e2t

3
+ Aet + Be−t.

À�Á9Â�ÃÅÄ�Â�Æ �9ÈzÇhÖ ��1�1x ��� �<��touwv1xzy~�w�h| � v1|����1�/y����Px¿y�|�|
y′′ − y = et �

�>�`X�ew�������^X�Y[�`V e�dom~���%e _:a�j]ewX[�[mnV�W/gn�`X[gn�^Y[aomnao� ewa/Y�� �[�[_:X���m
y = aet ��Ý�_:a	fh_:���%e�gn_bfh_bX��[mng~g

y′′ − y = 0
Y�l���mEV ewa

ewgifhX�m~���{l�_<�[�
a
Y�l!ew���

y′′−y = et �k��_:��V�X����hY>ewgng �%Y[l!_:a�ewa/a/ewa£�´Ó�j�e�����W/aoV��[mn\`aq���`X�ew���7�{l!_:a�j/e`X���m~V�Wogi�wX�g~��Y�a/m~ao�]�
	7�[��Y�� �[�Ïew���Ï���`X%Y��^V�e#���`X�_:aoV�gieHjoX�\`Zogn_:��_:�Ï�wX�e �[�Ïmnah���^X�e#_baPa�Ó���WoaoV���m~\^a

u
�`_:a/\`�

y = etu
�7��_:����e£gn_bfh_bX���m~gng½e ���

y′ = etu′ + etu = et(u′ + u)
\�¡%d

y′′ = et(u′′ + u′) + et(u′ + u) = et(u′′ + 2u′ + u)
�
	7����_:X%Y�\^�3fh_:���%e��`_:X

y′′ − y = et(u′′ + 2u′)

Y�l£d]ewX���m
y′′ − y = et

\`�
u′′ + 2u′ = 1.

���`XP�wXPdo�`�^_:X�g~_�fh_<��_ba V`\`a]Y´�%ewa���\h¡%dÙ��m!ewa/Y�� �[�[_:X
u′ Y[\`� _:a V^\`a/Y���e`a���_<���[_bX�Y[\`� fh_<�'m~a��[_	Ñ/aoa/YPa/lw�^\w�

u
m

� �wa/Y��[_bX[gn_bfo_<�b�7Ý�_�f
u′ = a

�{lwX���m
u′′ = 0

\h¡%dJm9_:V�� e ��m~\�_ba
u′′ + 2u′ = 1

�{lwX���m

0 + 2a = 1

fh�hY
a =

1

2
.

��mË��mng~gËewgng �%Y[l�d/eH_ba ��WoaoV���m~\^a
u
Y[lHew���

u′ = 1
2

�k��_<�Ï�{lwXÏ��m]�^_:ao\^� e ���¢��e
u = t

2

� 	�aPj]ewX[�[mnV�W/gn�`X[gn�^Y[aomnao���[mng~gËfh_ba
WoX%Y�j/X[Woa/�`gnm~��e�fhm �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:a¥�wX�fo�`X����^X

y0 =
t

2
· et

Þ �



À�Á9Â�ÃÅÄ�Â�Æ �9ÈzÇ ����1�1x ��� �<��touwv1xzy~�w�h| � v1|����1�/y����Px¿y�|�|

y′′ − y′ − 2y = sin t.

��_:X�m~� e ��\`X�e��
sin t

\h¡%d
cos t

�`_:XÏWojoj/do\ � �[mngng½a�Ó�eHWh�[�[X�Óh¡%V m
sin t

\h¡%d
cos t

�7Ý	e`a'V ewaJfo�wX[���`X�do\^joj/e^Y�j/l�ew����_:a
ewa]Y[ew��Y�e����´Ó�j]_ba

y = a sin t + b cos t
Y[V�e`g~g½V�Woa/a/e��`_�\^Y�YÏ_:a¥j/e`X���m~V�Wogi�wX�g~��Y�a/m~ao�]����_:aoa]e ewa/Y�e �%Y�g~_�fh_:X���m~gng

y = a sin t + b cos t
y′ = a cos t − b sin t
y′′ = −a sin t − b cos t

��m~gnV`_:��m~aoa/_:Z/�`X�e ���
y′′ − y′ − 2y = (−3a + b) sin t + (−3b − a) cos t.

��mEd/ewX�fo�`X����^X�_:a¥g~��Y�a/m~ao�£�[mngng
y′′ − y − 2y = sin t

\`�
−3a + b = 1
−a − 3b = 0

��_<���%e Y�ÓhY��[_b�Ôd/ewX�gn�^Y[aomnao�`_ba
a = − 3

10

\h¡%d
b = 1

10 Õ
Y�l£_ba¥j/ewX[�[mnV�Wogn�`X[gn�^Y[aomnao�H��m~gngEfhm �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:a¥�wX

y = − 3

10
sin t +

1

10
cos t.

Î ��_<¾h_:��jogn_:a¥V ewaJ��mEfhX%eH���^g Û�e`a/fh_HY[g~Wo��Y�e ��Y[_:X�\^�¤d�WoX�� ewaJV ewaJ���`X%Y��^V e�dom~���%e�j/ewX[�[mnV�Wogi�wX�g~��Y�aomnao��ewX��

h(t)
jc\`gnÓ�ao\`� ewa]Y[�w���

y
jc\`gnÓ�ao\`�¤e��'Y[e`�q� e£�`X%e`f½�

h(t) = cekt e`a/Y[�w���
y = aekt

h(t) = c sin kt + d cos kt
e`a/Y[�w���

h(t) = a sin kt + b cos kt

��_bY�Y�Wh��\`� Y[l`� ��m>e �[��� ewa¥V ewa�Zognm�e��'�q_�f¥_:a¥�{e`V^��\`X
ekt m�do�`�^_:X�g~_�fh_<� Õ �`_bao\`� e ����m~ah���^X�e�_ba�a�Ó���WoaoV���m~\^a

u
�`_bao\`�

y = ektu
�

��§�� � °�°�¬�© �[³h»9²
Þ � �9�^Y¢���^g Û�e`a/fh_Hfhm �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:X��

� e�� ty′ + y = t2

� Z � ty′ + 3y = t2

� ¡ � ty′ − y = t2

� f � (t2 + 4)y′ + 4ty = t

so��
¢_�Y´�%�w�Ô_baP��W/aoV��[mn\`a
f(x)

Y[lqe �[�
f ′(x) + 2xf(x) = xe−x2

\�¡%d
f(0) = 1

�
p/� �9�^Y¢���^g Û�e`a/fh_Hfhm �c_bX[_ba��[miewgn_:V�� e �[mn\`a/_:X��

� e�� yy′ = 1
��_bf

y(0) = 1
�

� Z � yy′ = t
�q_�f

y(0) = 1
�

� ¡ � y′ = y2 ��_bf
y(0) = 1

�
r]��
¢_�Y´�%�w�¤fo_:aJg~��Y�aomnao�q�[mngngEfhm �c_bX[_ba^��mne`g~_bV���ew�[mn\`ao_ba

ty′ + y2 = 1

Y�\^�ÔWojojh��Ó�gng~_bX

� e�� y(1) = 0 � Z � y(1) = 1 � ¡ � y(1) = −1

Þ �



� � �9�^Y�fhm �Ë_:X�_:a��[miewgn_:V�� e ��m~\^ao_:X�a/e

� e�� ty′ = y

� Z � (2t + 1)y′ = 3y

� ¡ � y′ = ey−t

� f � y′ = y+t
2

� _ � y′ + et = et−y

�/�
P

�`X�_ba �`\hf��´Óh¡%V�g~mn�#joWoaoV��Ïj/lH_ba V�W/X[� e Õ N �wXÏY�V �`X[aomnao��Y�joW/aoV��[_:a ��_bg~giewa
x
� ew¾�_bg~a \h¡%d V�WoX�� ewa/Y�ao\`X�� ewgom

P Õ \h¡%d O
�`X¢\^X[mn�`\]� 
Ï_�Y´�%�w� V�WoX[� e`a�\`� � ewa'�`_<��e �[�Ïfh_baP��lwXÏ�`_:a/\`� joWoaoV���_:a � Þ Õ s ��\�¡%dJe �[�Ïdo_bgneH�[mifh_:a

Y´��X��^¡%V�e`a
OP

�wX�g~mnV e�gnl`ao� Y�\^�
PN

�
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� e�� y′′ − 3y′ + 2y = 0

� Z � y′′ + 4y′ + 4y = 0

� ¡ � 2y′′ − 2y′ + y = 0

� f � 3y′′ − 2y′ = 0
� ��
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� e�� y′′ − 8y′ − 9y = 0 Õ y(0) = 0 Õ y′(0) = 1
�

� Z � y′′ − 4y = 0 Õ y(0) = 0 Õ y(π) = 0
�

� ¡ � y′′ + 4y = 0 Õ y(0) = 0 Õ y(π) = 0
�

�/� ���^X���mngnV�e�� �`X�fh_ba'j]l��%ewgn_<�
k
Ñ/aoa/Y�fh_<��e`a/fhX%e�gn�^Y[aomnao�^e`X¢��m~gng9joX�\`Z/g~_b�q_:�

y′′ + k2y = 0, y(0) = y(π) = 0
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y(t) = 0
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� e�� y′′ − 4y′ + 4y = 2t + 8

� Z � 0.5y′′ + y = t2 − 7t + 10

� ¡ � y′′ − 7y′ + 10y = t3

� f � y′′ + y = et

� _ � y′′ + y = sin 2t

� � � y′′ − 2y′ + y = tet

� � � y′′ + y = e−t sin 2t
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y′′ − y = et, y(0) = 2
\�¡%d

y′(0) = 1
2 .
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Þ � A
x+3 + B

x−1 + C
(x−1)2 + Dx+E

x2+x+1

so�
ln 3

2p/� 1
6 ln 27

16r]�
ln 2 − π

3
√

3

� � � e�� 2 arctan |1 + x| + ln |x − 1| − 1
2 ln (x2 + 2x + 2) � Z � π − 2 arctan3 + 1

2 ln 10
�/� 1

2 ln 2
� � �

�
c > 0 : 1√

c

(

π
2 − arctan 1√

c

)�
�

c > 0 : 1
�
� − 1 < c < 0 : 1

2b
1+b
1−b
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b =

√
−c
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so� sin 5x−5 sin 3x+10 sin x
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Þ � � e�� y = t2

3 + Ct−1 � Z � y = t2

5 + Ct−3

� ¡ � y = t2 + Ct � f � y = 1
4 + C(t2 + 4)−2

so�
f(x) = (1 + x2/2)e−x2

p/� � e�� y =
√

2t + 1 � Z � y =
√

t2 + 1 � ¡ � y = (1 − t)−1

r]� � e�� y = t2−1
t2+1 � Z � y(t) = 1 � ¡ � y(t) = −1

� � � e�� y = Ct � Z � y = C(2t + 1)3/2 � ¡ � y = − ln (C + e−t)

� f � y = Cet/2 − t − 2 � _ � ln |1 − ey| + et = C
_bg~gn_:X

y(t) = 0

�/�
y2 − x2 = 3

_:gng~_bX
x2 + y2 = 5

� � � e�� y = Aet + Be2t � Z � y = (A + Bt)e−2t

� ¡ � y = et/2(A sin t
2 + B cos t

2 ) � f � y = Ae2t/3 + B

� � � e�� y = 1
10 · (e9t − e−t) � Z � y(t) = 0 � ¡ � y = A sin 2t

�/�
k
�^\�fh�´Ó�¡%V�gnm~�`�Ïd/_:g~��ewg 6= 0

� �E�^Y[aom~a/�^ewX�a/e£�wX
y = A sin kt
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Þ
	 � � e�� y = t+5

2 + (A + Bt)e2t � Z � y = t2 − 7t + 9 + A sin t
√

2 + B cos t
√

2

� ¡ � y = 0.1t3 + 0.21t2 + 0.234t + 0.1218 + Ae5t + Be2t

� f � y = 0.5et + A sin t + B cos t

� _ � y = − sin 2t
3 + A sin t + B cos t � � � y = (A + Bt + t3

6 )et

� � � y = e−t(0.2 cos 2t − 0.1 sin2t) + A sin t + B cos t

Þ`Þ �
y = (1 + 0.5t)et + e−t
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