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1. Show that {A(t —n)}>2 _ are linearly independent.

—00
2. Determine the periodic autocorrelation of the function f(x) = cos2nzx.

oo
3. Let a > 0 and derive the Fourier transform of Z San-

n—=—oo

4. Assume that ¢ is the scaling function in an orthogonal multi-resolution anlysis (OG-MRA).
Show that the support of ¢ measures at least 27.

5. Assume that ¢ and 1) are the scaling function and the wavelet of an MRA, respectively. Assume
further that ¢ has vanishing moments of order < L, i.e.

/t%(t)dt:a 1<k<L.
Show that ¢ has vanishing moments of order < L/2:
/tk’zp(t) dt =0, 1<k<L/2

Note that zero moments are not included.
MA



void!



TMA462/MMAA410: Fourier and Wavelet Analysis, 2012-12—20; kl 14:00-18:00..
Lésningar/Solutions.

1. Show that {A(t —n)}52 _ are linearly independent.
Solution: We have that

_ ) 1—z], lz| <1
Aw) = { 0, o > 1
1
A(z)
xr
-1 0 1

ZC’nA(t—n)zo, = t=k, gives Cp,=0, —-M<k<N.

In other words {A(t —n)}2__,, is linearly independent for all M and N. Hence, {A(t —n)}2 _
is linearly independent.

2. Determine the periodic autocorrelation of the function f(x) = cos27z.

Solution: The function f(x) = cos 2wz is periodic with period 1. Its periodic autocorrelation is
then defined as

fxflz /f (u—z)du=[u—z=y]
:/ —xf(z +y)f(y) dy = [the integrand is 1-periodic]
1
/f (u—2x du—/ = cos 2mu - cos 2m(u — x) du
0

= /0 5 —[cos(2mu — 27 (u — x)) + cos(2mu + 2w (u — x))] du

e 1 11
=— / [cos 21 + cos(27u + 27 (2u — z))] du = = cos 27z + — —[sin 27(2u — )]}
2 /s 2 24

- O 27 ( i l27((1 ) .l l27( ) == 271
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o
3. Let a > 0 and derive the Fourier transform of Z Oan-

n=—oo

Solution: We have that

<6an7 30> = <57 Sp—an> = @(an)a ZBS S.
Hence

(Fban, ¢) = (Gans ) = plan) = = Flo())(n) = 0, ~Flp()]) = = (Fonol(2).

Using this identity we can write

‘7:[2 6an]a¢>:% Z <-7:5na Z f(sna
- F Y an,so<§>>=§< > an,so<§>>=§ > a2
I = n 1S 1 —
= > pl) =" > (Onsar ) = > Gujar)

Thus

-7:[ Z 6an]:2 Z 6n/a-

n=—oo n=—oo

4. Assume that ¢ is the scaling function in an orthogonal multi-resolution anlysis (OG-MRA).
Show that the support of ¢ measures at least 2.

Solution: We have using Plancherel relation that

5k=/ o)t — k) dt — 7/ )R dow
1 oo ) n+l)7r
=0/ (W) 2™ dw = 2/2 w)|2e™ dw = [w — 2N — W]

2
Z/ @(w + 2nm) [2eF @t g, = — / Z |p(w + 2n7) |2 dw.

This yields
Z |p(w 4 2nm) | =1, Vw (or for a.e.).

Let now S = suppp = {4(w) # 0}. Then |p(w)|? < 1 for all w gives the measure of

15| = /dw>/|¢ Pdw—/ |<w>|2dw=2w/ o(@)|? de = 2,

where we have assumed that ||¢||r2 = 1.



5. Assume that ¢ and 1 are the scaling function and the wavelet of an MRA, respectively. Assume
further that ¢ has vanishing moments of order < L, i.e.

/tkgo(t)dt:O, 1<k<L.
Show that v has vanishing moments of order < L/2:
/tkw(t) dt =0, 1<k<L/2

Note that zero moments are not included.

Solution: We have that
Flt*o(t))(w) = i*D*¢(w).
The assumption

yields
which together with

and the trivial expansion

k
2FDFp(2w) = ) ( Z )Dk—aH(w)D%(w), implies that 2¥D*3(0) = D¥H(0) - 1
a=0

Thus

D*H(0)=0, 1<k<L.
Further, for the orthogonal system we have that

[HW)]* +Gw)]* =1,

which together with Binomial expansions and properties of H (H(0) =1, D*H(0) =0, 1 <k < L)
gives that

H(w)—1=wH (Q).
Thus for sufficiently small |w| with |H(w)| < 1 we have that

G =1~ [H(w)* = (1 [Hw))(1 + [H(w)])
<201 [H(w)]) < 2[1 = Hw)| = 2|w| " H(Q)] < Crlw|* .

Hence

G(w)| < Clw|F,
which implies that
DFG(0) =0, k=0,1,...,]

Consequently, using
[ o =#Di0),  and () = Gw)iE)

we may use Binomisal polynomial again and write
k

2k Dkp(2w) = > < ’; ) D Q(w)D*@(w),

a=0

where D*$(0) = 0 for k = 1,..., L implies that

2k DF4)(0) = DFG(0) =0, = /tkw(t) dt = 0.



