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Areminderofnicepropertiesintheconvexcase

�ExampleI(explicitdual)(x
∗

=(2,2),µ
∗

=4,f
∗

=8)

f
∗

=minimumf(x)=x
2
1+x

2
2,

subjecttog(x)=−x1−x2+4≤0,

x1,x2≥0

�LetX:={x∈R
2
|x1,x2≥0}=R

2
+.
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q(µ)=minimum
x∈X

{
x

2
1+x

2
2+µ·(−x1−x2+4)

}

=4µ+minimum
x∈X

{
x

2
1+x

2
2−µx1−µx2

}

=4µ+minimum
x1≥0

{
x

2
1−µx1

}
+minimum

x2≥0

{
x

2
2−µx2

}
.

�Forafixedvalueofµ≥0,theminimumofL(x,µ)over

x∈Xisattainedatx1(µ)=
µ

2,x2(µ)=
µ

2.

�Thisimpliesthatq(µ)=L(x(µ),µ)=...=4µ−
µ

2

2for

allµ≥0.Thedualfunctionqisconcaveand

differentiable.

�f
∗

=f(x
∗
)=8=q

∗
.

�x(µ
∗
)=x

∗
.
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Weakduality!Strongduality?

�Weknowthattheprimaloptimalsolutionisobtained

fromtheLagrangiandualoptimalsolutionunder

convexityandCQ.Whathappensotherwise?

6

f
∗

=f(�

∗

)

q
∗

=q(�

∗

)

q(�)[�≥0
m

]

f(�)[�∈X,�(�)≤0
m

]

=0?

�Howdowegenerateoptimalsolutionsinthecaseofa

positivedualitygap?
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Afirstexamplewherethedualitygapisnon-zero

�ExampleII(x
∗

=(0,1,1)
T
,f

∗
=17)

f
∗

=minimumf(x)=3x1+7x2+10x3,

subjecttox1+3x2+5x3≥7,

xj∈{0,1},j=1,2,3.

�LetX:={x∈R
3
|xj∈{0,1},j=1,2,3}=B

3
.

�Letg(x):=7−x1−3x2−5x3.
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q(µ)=7µ+minimum
x∈X

{(3−µ)x1+(7−3µ)x2+(10−5µ)x3}

=7µ+minimum
x1∈{0,1}

{(3−µ)x1}+minimum
x2∈{0,1}

{(7−3µ)x2}

+minimum
x3∈{0,1}

{(10−5µ)x3}

�X(µ)isobtainedbysettingxj(µ)=1(0)whenthe

objectivecoefficientis<(≥)0.
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Subproblemsolutionsandthedualfunction

µ∈x1(µ)x2(µ)x3(µ)

[−∞,2]000

[2,
7
3]001

[
7
3,3]011

[3,∞]111

q(µ)=











7µ,µ∈[−∞,2]

2µ+10,µ∈[2,
7
3]

−µ+17,µ∈[
7
3,3]

−2µ+20,µ∈[3,∞]
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�qconcave;non-differentiableatbreakpoints

µ∈{2,
7
3,3}.

�Totheleft(right)oftheoptimalsolutionthederivative

ofqisnon-negative(non-positive).Totheleft(right)

oftheoptimalsolutionthesubproblemsolutionsx(µ)

areinfeasible(feasible).(Checkthatthederivative

equalsthevalueoftheconstraintfunction!)

�Theone-variablefunctionqhasa“derivative”whichis

anti-monotone(decreasing);thisisapropertyofevery

concavefunctionofonevariable.

�µ
∗

=
7
3,q

∗
=q(µ

∗
)=

44
3=14

2
3.Positivedualitygap!

�X(µ
∗
)={(0,0,1)

T
,(0,1,1)

T
}3x

∗
.
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Asecondexamplewherethedualitygapis

non-zero

�ExampleIII(x
∗

=(2,1)
T
,f

∗
=−3)

f
∗

=minimumf(x)=−2x1+x2,

subjecttox1+x2−3=0,

x∈X=
{
(0,0)

T
,(0,4)

T
,(4,4)

T
,(4,0)

T
,

(1,2)
T
,(2,1)

T
}

.

�L(x,µ)=−3µ+(−2+µ)x1+(1+µ)x2.

�Observe!µ∈R!
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X(µ)=















{(4,4)
T
},µ<−1

{(4,4)
T
,(4,0)

T
},µ=−1

{(4,0)
T
},µ∈(−1,2)

{(4,0)
T
,(0,0)

T
},µ=2

{(0,0)
T
},µ>2

q(µ)=









−4+5µ,µ≤−1

−8+µ,µ∈[−1,2]

−3µ,µ≥2

�µ
∗

=2;q
∗

=q(µ
∗
)=−6;q

∗
<f

∗
,x

∗
6∈X(µ

∗
).

�ThesetX(µ
∗
)doesnotevencontainafeasiblesolution!
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Strongduality—repetition

Thefollowingthreestatementsareequivalent:

(a)(x
∗
,µ

∗
)isasaddlepointtoL

(b)i.f(x
∗
)+(µ

∗
)
T
g(x

∗
)=

minimumx∈X{f(x)+(µ
∗
)
T
g(x)}[⇐⇒x

∗
∈X(µ

∗
)]

ii.(µ
∗
)
T
g(x

∗
)=0

iii.g(x
∗
)≤0

m

(c)f
∗

=f(x
∗
)=q(µ

∗
)=q

∗
.
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=⇒Methodforfindinganoptimalsolution:

1)SolvetheLagrangiandualproblem=⇒µ
∗
;

2)Findavectorx
∗
∈Xwhichsatisfies(b).

�Whendoesthiswork?Whattodoifitdoesn’t?

�Let’sstudytheconvexcasefirst.

�Clearly,itonlyworksiftheproblemhasazeroduality

gap.Eveninthecaseofazerodualitygap,itisnot

alwaystrivialtofindanoptimalprimalsolutioninthis

way,becausethesetX(µ
∗
)isnormallynotexplicitly

givenoravailable—givenavalueofµwenormallyget

oneelementofthesetX(µ).
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�AgoodexamplewasgiveninLecture3—ExampleII

(the2-variableLPproblem).Imagineusingthesimplex

methodforsolvingeachLPsubproblem.Then,weonly

getextremepointsofX,andx
∗

was,inthiscase,an

extremepointofX∩{x∈R
2
|g(x)≤0}(sinceitis

anLP!)butnotanextremepointofX!

�Severalwaysoutfromthisnon-coordinability:

�(1)Rememberallthepointsx(µk)∈X(µk)visited,

andattheendsolvetheLPproblemwhichfindsthe

bestpointintheirconvexhullwhichisalsofeasiblein

theoriginalproblem.ThisistheDantzig–Wolfe(DW)

decompositionmethod.
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�(2)Constructaprimalsequenceasasimpleconvex

combinationofthepointsx(µk)∈X(µk)visited.

ComparedtoDW,wedonotsolveanyextra

optimizationproblems,andvirtuallynoextramemory

isneeded.Ontheotherhand,DWconvergesfinitelyfor

LPproblems,whichthistechniquedoesnot.Readthe

paperbyLarsson,Patriksson,andStrömberg(1999).

�(3)Introducenon-linearpricefunctionsforthe

constraints,insteadofthelinearonegivenby

Lagrangianrelaxation.=⇒AugmentedLagrangian

methods.
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Linearintegeroptimization:Thestrengthofthe

Lagrangianrelaxation

�Comparisonwithacontinuous(LP)relaxation:

vLP=minc
T
x≤v

∗
=minc

T
x

s.t.Ax≤bs.t.Ax≤b

Dx≤dDx≤d

x∈R
n
+x∈Z

n
+

�LetX={x
1
,x

2
,...,x

K
}bethesetofpointsin

X={x∈Z
n
+|Ax≤b}.
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vL=max
�≥0

(

min
x∈X

[
c

T
x+µ

T
(Dx−d)

]
)

=max

�≥0

(

min
k=1,...,K

[
c

T
x

k
+µ

T
(Dx

k
−d)

]
)

=max

�≥0,θ∈�

{
θ
∣
∣θ−(Dx

k
−d)

T
µ≤c

T
x

k
,k=1,...,K

}

�Introducedualvariablesyk.Continuing,
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vL=min
K∑

k=1

(c
T
x

k
)yk

s.t.
K∑

k=1

yk=1

K∑

k=1

(Dx
k
−d)yk≤0⇐⇒D

K∑

k=1

x
k
yk

︸︷︷︸

∈convX

≤d

K∑

k=1

yk

︸︷︷︸

=1
yk≥0,k=1,...,K

=vC:=minc
T
x

s.t.Dx≤d,

x∈convX
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�Hence,Lagrangianrelaxationisaconvexification!

�Generatingprimalsolutionsthrough,forexample,

Dantzig–Wolfedecomposition,ortheergodicsequence

method(Larsson,Patriksson,andStrömberg,1999),

yieldsasolutiontoaprimalLPproblemwhichisthe

sameastheoriginalIPproblemwhere,however,Xis

replaceditsconvexhullconvX.

�v
∗
≥vC=vL≥vLP.
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ThestrengthofaLagrangiandualproblem

SinceX⊆convX⊆XLP={x∈R
n
+|Ax≤b}wehave

thatv
∗
≥vL≥vLP.
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Ax≤b

Dx≤d

IfconvX=XLP=⇒vL=vLP
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Integralityproperty

�Ifmin
x∈XLP

p
T
x=min

x∈convX
p

T
x,forallp∈R

n
,thatis,if

theLagrangiansubproblemhastheintegrality

property,thenvL=vLP.

�Otherwise,vLisabetterboundonv
∗

thanisvLPis.

[vL≥vLP.]

�Integralityproperty⇐⇒︸︷︷︸

often

easyproblem.

�Easysubproblem“=⇒”Badbounds.

�Difficultsubproblem“=⇒”Betterbounds.

=⇒Thesubproblemshouldnotbesuchthatitistooeasy

tosolve!
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ThestrengthoftheLagrangianrelaxation—An

example

�Considerthegeneralizedassignmentproblem(GAP)to

minimize
m∑

i=1

n∑

j=1

cijxij

subjectto
m∑

i=1

xij=1,j=1,...,n,(1)

n∑

j=1

aijxij≤bi,i=1,...,m,(2)

xij∈{0,1},∀i,j.
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�(1):Everyjobjmustbeperformedonexactlyone

machine.

�(2):Thetotalworkdoneonmachineimustnotexceed

thecapacityofthemachine.

�Lagrangianrelax(1)=⇒binaryknapsackproblem!

(Difficult)=⇒v
1
L.

�Lagrangianrelax(2)=⇒Semi-assignmentproblem!

(Easy!)=⇒v
2
L≤v

1
L.

�WeprefertheLagrangianrelaxationof(1),becausewe

getmuchbetterboundsfromtheLagrangiandual

problem,andknapsackproblemsarerelativelyeasy(as

farasNP-completeproblemsgo...)
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Questionsonthenetworkdesignproblem

1.Formulatetheminimumspanningtreeproblem(MST)

asanetworkflowproblem.[Hint:considernode1asa

sinkandallothernodesassourceswithstrength1.]

2.Considerthegraphbelow.
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PSfragreplacements

1

2

(3,2)
3

(1,2) 4

(5,3)

5

(19,1)
6

(cij,aij)
i

k

j

(5,3)

(1,1)

(3,5)

(8,2)

(2,1)

(a)Provideallthespanningtreesofthisgraphexplicitly.

Calculatethesumofcijandaijforeachtree.Which
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onesarefeasiblewithrespecttothebudgetconstraint
∑

(i,j)∈T

aij≤10

(whereTdenotesacollectionoflinksforminga

spanningtree)?Whichonesareoptimal(minimal)

withrespecttothelinkcostscij?

(b)Utilizethesolutionin(a)toformulatethisproblemfor

ageneralgraph.

(c)FormulatetheMSTproblemasabinary,integer

programmingproblem.

(d)Isthereapolynomialalgorithmfortheproblemin(b)?

[Hint:utilizethatthebinaryknapsackproblemis
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hard.]

3.Provideapolynomialheuristicfortheproblemwhich

givesafeasiblesolution.

4.Providealocalsearchheuristicwhichimprovesa

feasiblesolution.

5.ProvideaLagrangianrelaxationalgorithm.

(a)Suggestasuitablerelaxation.

(b)Howarethesubproblemssolved?

(c)Suggestaprimalfeasibilityheuristic.

(d)ProvideacompleteLagrangianrelaxationscheme.

6.SuggestaBranch&Boundalgorithm.
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(a)SuggestasuitableLagrangianrelaxation.

(b)Suggestaproperbranchingrule.

(c)ProvideacompleteB&Balgorithm.

7.Applysomeofthesealgorithmsontheaboveexample.


