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£/U:cHv#[ydLr3g/Z7��riUPY�Ze[Q\q[QÀ3WhZe[QUPc)Y�g7UPV�TQr \µZ7Uf¤HcHd
f∗ := infimum

x

f(x), � NPOQN3W��
subject to x ∈ X, � NPOQN V��

gi(x) ≤ 0, i = 1, . . . , m, � N:O]Nx`��
) ��r3ger

f : R
n 7→ R

WhcHd
gi : R

n 7→ R � i = 1, 2, . . . , m
� WPger�` UPc�Ze[Qc���UP�-v �=��cH`bZe[QUPcHv!�

WPcHd
X ⊆ R

n [yv `bTQU:ver3dXO
'�U:g Whc«Whg7V�[]ZegIWhg7_^�Pr3`bZeU:g

µ ∈ R
m � )�ridLrb¤HcHrjZe��r�� �"!$#%�'&(!*),+.-/&10�24365'&

L(x, µ) := f(x) +

m
∑

i=1

µigi(x) = f(x) + µTg(x). � NPOml/�
�zr Z

q(µ) := infimum
x∈X

L(x, µ) � NPO k$�
V~r�Z7��r7�8�'!$#%�'&*!�39�:&<;=-$�'>?+.-:&@0�2A3B5"& ��dLrb¤HcHr3d V�_fZ7��rj[]c�¤H\°��\ ��WPT]�Hr¶UP��Ze�HrB��Wh�PgIWhcH�Pr
�=��c-` Ze[QUPc UE�Pr3g

X
) �Hr c )/r¶�HW��PrB��Wh�:g7WPc��P[yWhc^g7r TyWEpLrxdfZe��rBrbpLY�TQ[y`b[]Z ` UPcHv#ZegIWh[Qc�Z7v�) [ Z7�

\¬��T Z7[]YHT][Qr g �EWhTQ��rxv
µ
��Ze��r�� �"!$#%�'&(!$36�'&C;=-��'>=D?#E5*F'>B)HG [Qv�Z7U

maximize
µ

q(µ), � NPO t:W��
subject to µ ≥ 0

m. � NPO tPVI�
J�K�J LNMEO7P<Q�MRO7S�T8UWVXQYMEUHT�Z�[\O�]_^_UHT8UEO�]`U�V	S_M%ZaS_bcUWVXQ�MRO�Sed

T8UWVXQYMEUHT�Z
£/U:cHv#[ydLr3g�Ze�Hr �=UPTQTQU*) []c��°Z )/UP� v#Zer3Y^Y�g7U�` r3dL�Hger �=U:g�veUPTQ��[]cH�iZe��rBY�g7[]\^WPTHY�g7UPV�TQr \ � NPOQNf� O»¼rq¤Hg7v#Z�v#U:T]�:r�Z7��r���WP�PgIWhc��:[QWPcsdL�HWhT�YHgeU:V�T]r3\ � N:O tg� Of�zrbZ µ∗ dLr3c�UhZ7rfW)dL�HWPT�UPYLZ7[ �

k
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\°��\«O�����r3gerxWE� Zer3g!��[]��Y-U�veve[QV�T]r���)/r¶�Pr cHr gIWEZer¶Whc

x∗ ∈ R
n ) ��[y`I� v7WEZ7[Qv#¤Hrxv�Z7��r !�>65(F/�'>5EDc243 Ge�:> 3 2$# 0%5'&1;/3 2A3B5"&&%!��Ze�-WEZ [yv��

µ∗ ≥ 0
m, � �¶�HWPTX�=r3W:v#[QV�[QT][]Z�_(� � NPOm³hW$�

x∗ ∈ arg min
x∈X

L(x, µ∗), � ��Wh�:g7WPc��P[yWhc�U:YLZe[Q\^WhTQ[ Z�_(� � NPOm³EV��
x∗ ∈ X, g(x∗) ≤ 0

m, � ´�ge[Q\^WhTX�=rxWPve[]V�[QTQ[ Z�_(� � NPOm³h`��
(µ∗)Tg(x∗) = 0. � £/U:\qYHT]r3\qr3c�Z7Whg7_aveTQW:`I½�c�r3v7v � � N:O ³Pd=�

¿���U*)¨Ze�-WEZ v#�H`I� Whc
x∗ v#U:T]�:r3v�Ze��rBY�g7[]\^WhT-Y�g7UPV�TQr \«O � ��UhZer¶Ze�-WEZ�Z7��r¶¤Hg7v#Z�` UPcHd�[ �Ze[QUPc«[Q\qYHT][Qr3v�Z7�HWEZ

x∗ ∈ X
O �

J�K(' )+*eQYV	S_M-,
� ��Ze��r¶Y�ge[Q\^WhT�YHgeU:V�T]r3\ [yv�` UPc��Pr p �h�HWPv�Whc^UPY�Ze[Q\fWPT-veUPTQ�LZe[QUPc �:Whc-d^WhTyv#U�v7WEZ7[Qv#¤Hr3v�v#U:\qr
`bU:cHv�Z7g7WP[]c�Z/.:�-WhTQ[ ¤-`3WEZ7[]U:c���[]Z)[yv«WhT )�W�_Lv Y-U�veve[QV�T]r ZeU¨veWhZe[yv��=_¨Z7��rF`bU:cHdL[]Ze[QUPcHv � N:O ³$� O0 r3cH`br���Ze�Hr)YHge[Q\^WhT Y�g7UPV�TQr \ `3Whc¨WhT )�W�_Lv°V-rsveUPTQ�PrxdFV�_9�Hve[]c��{Ze�Hr�Y�geUL` r3dL��g7r d�rb�
ve` ge[QV~r3d r3Whg7TQ[]r3g3O1 verjZe��riY�g7UL`brxdL��g7r�Z7U�v#U:T]�:r�Z7��riT][Qc�rxWhg � Z7��r g7rb�=U:geri` UPc��Pr p(��Y�g7UPV�TQr \ ZeU

\f[Qc�[]\f[QÀ r
z =x1 −3x2ve��V32�rx` Z ZeU
−x1 +2x2 ≤ 6,

x1 +x2 ≤ 5,

x1, x2 ≥ 0.

��Wh�:g7WPc��P[yWhcager3TQWhp�Ze��rj¤-g7v#Z `bUPc-v�Z7g7WP[]c�Z�UPc�TQ_PO

J�K54 6 7 S8,
[ UEQ�M [ Q97:,
¿���Y�Y~U:veriZ7�HWEZ¶Ze��rq��Wh�:g7WPc��P[yWhc)g7r TyWEpLr3d)Y�g7UPV�TQr \�[Qc � N:O k����HWPv¶WC-:&(3<;*-�)j\f[Qc�[Q\°��\��WhcHd¶Z7�HWEZ
)/r�dLr3c�UhZ7r�Ze�H[Qv��Pr3`bZeU:g

x(µ)
O 0 U*)¼d�U Ze��r�gerxv#��T]Z7v�WhV~UE�Pr�ve[]\fY�TQ[ �=_>=a´�g7UE��[ydLr

v#�>?^` []r3c�ZB`bU:cHdL[]Ze[QUPcHv¶UPc«Z7��rqY�geU:V�TQr \�d�WEZIW
@ Ze�HWhZB[yv��~UPc
f
�
gi (i = 1, . . . , m)

��WPcHd
X A v#�-`I�°Z7�HWEZ�Z7��r ��Wh�:g7WPc��P[yWhc°ger3TQWhp�rxd�Y�g7UPVHT]r3\w[]c � N:O k��z�-WPv�WB��c�[B.���r�\q[Qc�[Q\°��\ �=UPg
r �:r g7_

µ ≥ 0
m O�����[Qv�Z7��r c)��U:TQd�v�[Qc«YHWhgeZe[y`b�HTQWPg��=U:g Whc � WqY�g7[]U:ge[���c�½�c�U*) cI��U:YLZe[Q\^WhTv#U:T]��Ze[QUPc

µ∗ O@ � 5g2 ) �/� �
µ∗ ≥ 0

m WPcHd
g(x∗) ≤ 0

m Ze�Hr c
(µ∗)Tg(x∗) = 0

[ �jWhcHd5UPc�TQ_F[ �
µ∗

i gi(x
∗) = 0

�=UPg
i = 1, . . . , m

O�����r�` UP\fY�TQr \fr c�ZIWhg7[ Z�_ ` UPcHd�[ Z7[]U:cHv � N:O ³Pd=�B[]c¼Z7��r�PTQUPVHWPT�UPYLZ7[]\^WhTQ[]Z�_a`bU:cHdL[]Ze[QUPcHv `3Whc)Ze��r3ger �=UPg7rBWPTQveUfV-rir pLY�gerxvever3d WPv
µ∗

i gi(x
∗) = 0, i = 1, . . . , m.

� Z�[yvz�Hve�HWPT]TQ_¶UP�HWPdL�EWPc:ZIWh�:r�ZeU �LZ7[]TQ[QÀ r�Z7��[yvz�=U:ge\ ) ��r c¬v#rxWhgI`I��[]cH�/�=U:g�W �:r3`bZeUPg
x∗ ∈ R

nveWhZe[yv��=_�[Qc��)Ze��r^�:T]U:VHWhT�U:YLZe[Q\^WhTQ[ Z�_¼`bU:cHdL[]Ze[QUPcHvj�:[]�:r c§Whc§UPYLZ7[]\^WPT�dL�HWPT�v#U:T]��Ze[QUPc
µ∗ O����rFg7r3WPveUPc [yv�Ze�-WEZsZ7��r5ver YHWPg7WhZerF`bU:\qYHT]r3\qr3c�Z7Whg7[]Z�_�`bU:cHdL[]Ze[QUPcHv

µ∗
i gi(x

∗) = 0
�
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 �>
!� 
 � 	 ����� � ��� 
 	 ³

i = 1, . . . , m
��dL[Qg7r3` Z7T]_ Y�geUE��[ydLrq[]cL�=U:ge\^WhZe[QUPc§WhV~UP�LZ ) ��[y`I�F`bUPc-v�Z7g7WP[]c�Z7v

gi(x) ≤ 0
�

i = 1, . . . , m
��) ��[y`I�qWPc

x∗ veUP���:�:Z�\¬�Hv�Z��=�HT ¤HTQT ) []Ze�^r�.:�-WhTQ[ Z�_��EZ7��r�Wh�:�Pg7r ��WEZerxd�`bU:\q�Y�TQr \fr3c:ZIWhg7[ Z�_�` UPcHd�[ Z7[]U:c
(µ∗)Tg(x∗) = 0

WhTQUPcHr�dLU�rxv�c�UhZ�Y�g7UE��[Qd�r/Z7��[yv�[]c��=UPg7\fWhZe[QUPczO
»¼r�WhTyv#Ufc�UPZerBZe�HWhZ [ ��Ze�HriUPg7[]�:[]cHWPT�Y�geU:V�TQr \ �HW:v�Ze��rj�=U:ge\

f∗ := infimum
x

f(x), � NPO ¹PW��
subject to x ∈ X, � NPO ¹hV��

hj(x) = 0, j = 1, . . . , `, � N:O ¹:`��
) ��r3ger

hj : R
n 7→ R � j = 1, . . . , `

�fWhg7r�`bU:c:Z7[]c���U:�Hv!��Z7��r cKZe�Hrs�PTQUPVHWPT�UPYLZ7[]\^WhT]�
[]Z�_9`bU:cHdL[]Ze[QUPcHv�) []TQT�gerxdL�H` raZ7U Z7��ra�=U:T]TQU*) [Qc��{ve_Lv�Z7r \ [Qc9Zer3ge\^vqUh��Ze��r)\°��T]Ze[QY�TQ[]r3g7v
λj � j = 1, . . . , `

�«WPcHd�Z7��rFWPv7v#UL` [QWhZer3d
��WP�PgIWhc��:rs�=��cH`bZe[QUPc
L(x, λ) := f(x) +

∑`

j=1 λjhj(x) = f(x) + λTh(x) �

x∗ ∈ arg min
x∈X

L(x, λ∗), � ��WP�PgIWhc��:[QWPc�UPYLZ7[]\^WPT][]Z�_(� � NPOÁ�EW��
x∗ ∈ X, h(x∗) = 0

`, � ´�g7[]\^WhTz�=r3WPve[QV�[]TQ[]Z�_*� � NPOÁ��VI�
ve[]c-`brBZe��r�` UP\fY�TQr \fr c�ZIWhg7[ Z�_�` UPcHdL[]Ze[QUPc-v�Ze��r3c«WPT )�W�_Lv�Whg7rBv7WEZ7[Qv#¤Hr3dzO A
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£/U:cHv#[ydLr3g Ze��r¬Y�g7UPV�TQr \ � N:O]N"��) []Ze��Z7��r°Y�g7UPY~r geZe[Qr3v¶v�ZIWEZ7r3d)ZeU:�Pr Ze��r3g�) []Ze�s[]Z7vBdLrb¤-c�[ �Z7[]U:czO

' K�J ��� , Q7S_S8,
Q�b Q�]_[�,�O
	<T�� ,
� Q
�7bcQ�]���UEQ�]`^��_Q�M�	��_]�[ d
T8UEOY]

¿��HY�Y-U�v#r)c�U*)µZ7�HWEZ
X
[yvq¤Hc�[]Zer � �=UPgfrbp�Wh\fY�TQr�� X

`bU:cHve[Qv#Z7v¬Uh�jWs¤HcH[ Z7r)c���\¬V-r3gfUh�
[Qc�Zer �:r g��Prx` Z7UPgIv �bO �¶r cHUhZerBZ7��rir TQr \fr c�ZIv []c

X
V�_

xp � p = 1, . . . , P
O�¿���U*)�Ze�HWhZ Ze��r

dL�-WhT�UPV32�rx` Z7[]�:r��=��c-` Ze[QUPc
q
[yv�Y�[]rx`br � ) [yv#rBTQ[]c�rxWhgxO 0 U*)�\^Whc�_fY�[Qr3` r3v dLU�r3v�[]Z �HW��Pr���WhZ

\fU:v#Z =)»���_ [Qv�[]Z c�UhZ�WPT )�W�_Lv�V���[QT Z ��Y«V�_^Z7��[Qv \fWPc�_�Y�[Qr3`brxv(=
@ � 5g2.) � ����[yv g7r3ve��T]Z��HUPTyd�v�ger3�:WPg7dLTQr3v7v/Uh��Ze��riY�g7UPY~r geZe[Qr3v�UP�

f
WhcHd

g
O A

' K ' )+*eQYV	S<M ,
� TQT]�-v�Z7g7WhZerBZe��r�WPV-UE�:r¶g7r3ve��T]Z��=UPg�Ze�HriT][Qc�r3WPg  ��LN¶Y�g7UPVHT]r3\µZeUq¤HcHd

z∗ = maximum z = 5x1 + 8x2 + 7x3 + 9x4

subject to 3x1 + 2x2 + 2x3 + 4x4 ≤ 5
2x1 + x2 + 2x3 + x4 = 3
x1 , x2 , x3 , x4 ∈ {0, 1},

) ��r3gerfZ7��r�¤-g7v#Z¬`bU:cHv#ZegIWh[Qc:Z�[yv°` UPcHve[ydLr g7r3dF` UP\fY�TQ[Q`3WEZe[Qc��sWPcHd§[Qv°ZeU V-r)��Wh�:g7WPc��P[yWhc
g7r TyWEpLr3dzO

�
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 ��� ��� 	 � � �"����� ����� �!��� � � ��� ��� � 	��
' K54 ��UW]�,
Q7b S_b O
��b QYV`VXUW] �
¿���Y�Y~U:ver�Z7�HWEZ

f
WhcHdiWPT]T:�=��cH`bZe[QUPcHv

gi

WPger�W ?fcHr��EWhcHdiZe�HWhZ
X
[yv�W Y~UPTQ_�ZeU:Y-r � Ze�HWhZ�[yv��hWV-U:��cHdLrxd°Y~UPTQ_���r3d�geU:c�� O�¿���U*)FZ7�HWEZ�Z7��r dL�HWPTLUPV32�rx` Ze[Q�Pr/�=��cH`bZe[QUPcf[yv�Y�[]rx`br � ) [yv#r�TQ[]c�rxWhg

WhTyv#Uq[Qc�Ze�H[Qv `3WPverPO�»��HWEZ [yv�Ze��rj\^WEpL[Q\°��\µc���\¬V-r3g Uh��ver �:\fr c�Z7v�Uh��Ze��ri��Wh�PgIWhcH�P[yWhc
dL�HWPT��=��cH` Z7[]U:c =
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�µ����� � ����� � 	 � � ���

£/U:cHv#[ydLr3g�WP�:Wh[Qc�Z7��r��=g7WP\fr�)�UPg7½¶UP��¿�rx` Ze[QUPc)NPO�����r g7r���)/r�`bU:cH`bTQ�HdLrxdiZe�-WEZ��=UPg�`bU:c��Prbp
Y�g7UPVHT]r3\fvjW)Y�g7[]\^WPT�UPYLZ7[]\^WhT�veUPTQ�LZ7[]U:c

x∗ `3Whc¼V-r^�:r c�r3g7WhZer3dsZe��g7UP�H�P�§W YHgeUL`brxdL��g7r[Qc ) �H[Q`I�a¤Hg7v#Z Whc UPYLZ7[]\^WhTzd��HWhTXveUPTQ�LZe[QUPc
µ∗ [yv��=UP�HcHd ��WE� Z7r g�) ��[y`I� x∗ [yv��Pr3c�r gIWEZ7r3dW:v�W^veUPTQ�LZ7[]U:caZ7U¬Z7��ri�PTQUPV-WhT�UPYLZ7[]\^WPT][]Z�_ ` UPcHdL[]Ze[QUPc-v � NPOm³/�bO

4eK�J � O�] d=[ O�]��9,�* ,�* Q V	S_M ,
'HUPg�c�UPc�� ` UPc��Pr pjYHgeU:V�T]r3\^v�[ Z�[yv�c�UhZ��P�-WhgIWhc�Zer3r3diZ7�HWEZ�Z7��[Qv�Y�geUL` r3dL��g7r�` Whc¬V-r �-v#rxd�Z7U
dLr3ge[Q�Pr W�Y�ge[Q\^WhT�U:YLZe[Q\^WhT~v#U:T]�LZ7[]U:czO � T]TQ�Hv#ZegIWEZ7r�Ze��[yv��+W:` Z�V�_f`bU:cHv#[ydLr3ge[Qc��jZe�Hr Y�g7UPV�TQr \
Z7U

minimize f(x) = −2x1 + x2v#�HV32�r3`bZ ZeU
x1 + x2 ≤ 3,

x ∈ X =

{(

0
0

)

,

(

0
4

)

,

(

4
4

)

,

(

4
0

)

,

(

1
2

)

,

(

2
1

)}

.

»���[y`I��Uh��Ze�Hr°�PTQUPV-WhTzU:YLZe[Q\^WhTQ[ Z�_)`bUPc-dL[ Z7[]U:cHv [Qc � N:O ³$� ` WPc�c�UPZ V-r°�=��T ¤-T]TQr3d&=²£�WhT]�` ��TQWhZerBZe�Hr�v#[QÀ rjUh��Ze�Hr�dL�HWhTQ[]Z�_��:WPY���Ze�HWhZ [Qv!�
Γ = f∗ − q∗

O

4eK ' � O�]��9,�*eU
	/,
^��9,,b�7 UEOY]
£/U:cHv#[ydLr3g/Z7��riY�g7UPV�TQr \ ZeU

minimize f(x) = −2x1 + x2ve��V32�rx` Z ZeU
x1 + x2 ≤ 3,

x ∈ Xc = {x ∈ R
2 | 0 ≤ xj ≤ 4; j = 1, 2 },

¢
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	���� ������� �������
) ��[y`I�)[yv W_0E5"&��")��g3
	I)";q�:r gIv#[QUPc)Uh��Ze��riYHger3��[QUP�-v�Y�geU:V�TQr \«O�¿�U:T]�:rBZe��[yv Y�g7UPVHT]r3\ WhcHd
r �EWhTQ�HWhZer°[]Z7vBU:YLZe[Q\^WhT�UPV32�rx` Z7[]�:r°�EWhTQ��r��

f∗
c

Oi»��HWhZB[yv¶Ze��rqger3TQWhZe[QUPcsV~rbZ )�r r3c
f∗

c

WhcHd
Ze��riU:YLZe[Q\^WhTzdL�-WhTz�EWhTQ��r

q∗
=

@ � 5g2 ) � ����[yv ger3TQWhZe[QUPc)` Whc«V~r�v#�HU*) c�ZeU^V~ri�EWhTQ[Qd �Pr3c�r gIWhTQTQ_PO A
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£/U:cHv#[ydLr3g Ze��r¬UPYLZ7[]\f[QÀ3WhZe[QUPc�Y�g7UPV�TQr \ � N:O]N"� �HZe��rq��Wh�:g7WPc��PrB�=��c-` Ze[QUPc � NPOml/� �-WPcHd«Ze�HrW:veveUL`b[yWEZerxd{��Wh�:g7WPc��P[yWhc§dL�HWPT�Y�g7UPV�TQr \ � N:O k�� ����cHdLr3g°Z7��ra` UPcHdL[]Ze[QUPc-v°v#Z7WEZ7r3d§[QcFZe�HrV~r �:[]c�cH[]c��fUP��¿�rx` Z7[]U:c{N:O
�zr Z

(x∗, µ∗)
V-rsW¼YHWP[]g^UP�¶Y�g7[]\^WPT��LdL�HWhT�U:YLZe[Q\^WhT�veUPTQ�LZe[QUPc-v°Z7U§Ze��r�g7r3veY~r3` Z7[]�:r

Y�g7[Q\fWPT�WPcHd5d��HWhT�Y�g7UPV�TQr \^v3OF»�[ Z7�
f∗ WPcHd q∗

V~r [Qc��{Ze��r3[]gfg7r3veY-rx` Ze[Q�Pr)�EWhTQ��r3v�)�r
dLr ¤Hc�rBZe�Hr ;=-$�'> 3 2$#�!g��DsW:v

Γ := f∗ − q∗
� ) �H[Q`I�«[yv�c�UPcL� c�r3�:WEZ7[]�:r¶V�_ )�r3WP½adL�HWPT][]Z�_PO

� K�J LNMEO7P<Q�MRO7S�T8UWVXQYMEUHT�Z�[\O�]_^_UHT8UEO�]`U�V	S_M%ZaS_bcUWVXQ�MRO�Sed
T8UWVXQYMEUHT�Z

»¼rsrbp�Z7r cHdKZ7��rsY�g7UL`br3d���ger�U:�LZeTQ[Qc�r3dK[Qc
¿�r3`bZe[QUPc NPOQN�� W:vf�=UPTQT]U*) v3O »{r�¤-g7v#Zav#U:T]�:r
Z7��r)��Wh�:g7WPc��P[yWhc9dL�-WhT�Y�g7UPV�TQr \ � N:O tg� O5��rbZ µ∗ d�r c�UPZer«W{dL�-WhT�UPYLZ7[]\¬��\«O5����r3ger �Wh� Zer g �~[ ��Y~U:v7v#[QV�TQr�� )/r°�Pr cHr gIWEZer¬Whc

x∗ ∈ R
n ) �H[Q`I� v7WEZ7[Qv#¤Hrxv Ze�Hr�!$>B5*F$�'> 5WDc2A3 Ge�'> 342$#0E5"&1;/3 2A3B5"& %���Z7�HWEZ [yv��

f(x) + µTg(x) ≤ q(µ) + ε � ��WP�PgIWhc��:[QWPc ε
� U:YLZe[Q\^WhTQ[ Z�_(� � t-O]NxW$�

g(x) ≤ 0
m � ´�ge[Q\^WhTX�=rxWPve[]V�[QTQ[ Z�_(� � tHOQN VI�

µTg(x) ≥ −δ � ��WP�PgIWhc��:[QWPc δ
��`bUP\fY�TQr \fr3c:ZIWhg7[ Z�_(� � t-O]Nx`��

ε + δ ≤ Γ � ´�r geZe��g7VHWhZe[QUPc«`bUPc-dL[ Z7[]U:c�� � � � tHOQN3d=�
ε, δ ≥ 0 � ´�r geZe��g7VHWhZe[QUPc«`bUPc-dL[ Z7[]U:c�� ��� � � t-O]N3rf�

n�v#Z7WPV�T][yve� Z7��rir .���[Q�EWhTQr cH` rjV-r Z )/r3r c Ze��rj�=U:T]TQU*) []cH�¬Z )�U^v�ZIWEZ7r \fr c�Z7v
�

N:O�Ze��r3ger�r pL[Qv#Z7v¶W^YHWh[Qg
(ε, δ)

Uh��Y~r geZe��g7VHWhZe[QUPcHv ve�H`I�«Z7�HWEZ Z7��r°Y-Wh[Qg
(x∗, µ∗)

v7WEZe�
[Qv#¤Hr3v � tHOQNf� �l�O�Ze��riYHWP[]g

(x∗, µ∗)
dLr ¤Hc�rxv WfY�ge[Q\^WhT���dL�-WhT�UPYLZ7[]\^WPTzv#U:T]�LZ7[]U:czO

N:N



Nxl ������� �
	����>

� � ����� � ��� ������� � ����� ����������������� 
 ��������� � 	�� ����� � � ����� �"���
� K(' 6 ] ^_U 7 Q
� �7b�, �YQ T ,
^ �9,,b�7 UEOY] O 	 T ��, ��MEO�P_Q�M O7SRT U d

VXQ�MEUHTIZ [ O�]_^�U%T8UEO�] 7
£/UPcHve[ydLr g�Ze�Hrj�=UPTQT]U*) [Qc��frbp�Zer3cHve[]U:c UP��Ze�Hr�v#_Lv#Zer \ � t-O]N"� �

f(x) + µTg(x) ≤ q(µ) + ε � ��WP�PgIWhc��:[QWPc ε
� U:YLZe[Q\^WhTQ[ Z�_(� � tHOmlhW��

g(x) ≤ 0
m � ´�ge[Q\^WhTX�=rxWPve[]V�[QTQ[ Z�_(� � tHOmlEV��

µigi(x) ≥ −δi, i = 1, . . . , m � ��Wh�PgIWhcH�P[yWhc δ
��`bUP\fY�TQr \fr3c:ZIWhg7[ Z�_(� � t-O lP`��

ε +
m
∑

i=1

δi ≤ Γ � ´�r geZe�HgeVHWhZe[QUPc«`bU:cHdL[]Ze[QUPc�� � � � t-O lPd=�

ε ≥ 0, δ ≥ 0
m � ´�r3g#Z7��geV-WEZe[QUPc«`bU:cHdL[]Ze[QUPc�� ��� � � tHOmlErf�

¿���U*) Ze�HWhZ�Ze��[yv��:r gIv#[QUPc¼Uh��Ze�Hr��PTQUPVHWPT�UPY�Ze[Q\fWPT][]Z�_{` UPcHd�[ Z7[]U:cHvi[yvir .���[Q�EWhTQr c�ZiZeU
Ze��r UPg7[]�:[]c-WhT�U:c�r���[Qc9Z7�HWEZ�)/ra`3Whc5WPTQveU `I�HWPg7W:` Z7r g7[]À3r�W�Y�g7[]\^WhT���d��HWhT/UPYLZ7[]\^WhT�YHWP[]g
) [ Z7�9W�YHWP[]g

(ε, δ)
[Qc§Ze�Hrav#_Lv#Zer3\ � tHOml/� O � 3 &?2 ��� Z°[yviZ7��r�r3W:v#[Qr3v#Z�Z7U�r3v#Z7WhVHT][yv#�§Z7��rr .���[Q�EWhTQr cH` rjd�[]g7r3`bZeTQ_�V-r Z )/r3r c)Ze�HrjZ )/Ufv#_Lv#Zer3\fv3O

@ � 5g2 ) � ����r�WhYHY-rxWhgIWhcH` r Uh��Ze��rBv#_Lv#Zer3\ � tHOml/��[yv�Z7�HWEZ�Uh�zW�dL[yveWP�P�:ger3�:WEZ7r3d¬�Pr3g7ve[]U:cUh�¶Ze��rsve_Lv�Z7r \ � tHOQNf� ��) ��r3ger3[]c#)/r�\frxWPve��ger Ze�Hrs`bUP\fY�TQr \fr3c:ZIWhg7[ Z�_§�=�HT ¤HTQTQ\qr3c�Z��=UPgr3W:`I�)` UPcHv#ZegIWh[Qc�Z�[QcHdL[Q��[Qd��HWhTQT]_ g7WhZe��r3g�Ze�HWPc«T]��\fY~r3d)Z7UP�Pr Ze��r3g []c�Z7U�Wqve��\«O 1 Ze[QT][QÀ [Qc��
Ze��[yv�d�[Qv7Wh�:�Pg7r �:WhZe[QUPc°`3Whc�veUP\fr�Ze[Q\fr3v�V-r UP�zWPdL�EWhc�ZIWh�Pr�) ��r3c�dLr ��[yv#[Qc���Wi��Wh�PgIWhcH�P[yWhc��r �Hge[yv�Z7[Q`°�=UPgBZ7��rfY�geU:V�TQr \ � N:O]N"� �zrxv#Y~r3` [QWPT]TQ_ ) ��r3c []Zj[yvjUh��Ze��r^`bU:T]�H\qc¼�Pr3c�r gIWEZ7[]U:c�EWhg7[]r Z�_PO A
� K54 )+*eQYV	S_M-,
¿�UPTQ�PrBZ7��riY�g7UPV�TQr \µZ7U

minimize f(x) = −2x1 + x2ve��V32�rx` Z ZeU
x1 + x2 ≤ 3,

x ∈ X =

{(

0
0

)

,

(

0
4

)

,

(

4
4

)

,

(

4
0

)

,

(

1
2

)

,

(

2
1

)}

V�_{¤-g7v#ZqveUPTQ��[]c�� Ze��r)��WP�PgIWhc��:[QWPc§d��HWhT�Y�g7UPV�TQr \ WPv7veU�` [QWhZerxd ) [ Z7�9Ze�Hr)��Wh�PgIWhcH�P[yWhc
ger3TQWhp�WEZe[QUPc Uh��Ze��riTQ[Qc�r3WPg `bUPc-v�Z7g7WP[]c�Z!��WPcHdaZe��r3c��Pr cHr gIWEZer¶Ze�Hr°v#r Z Uh��UPYLZ7[]\^WhT�Y�ge[Q\^WhT
v#U:T]��Ze[QUPcHv�Z7��g7UP���:�«Ze��r��-v#r�UP��Ze��r°ve_Lv�Z7r \ � t-O]N"� O�'�U:g�) ��[y`I���EWhTQ��r3v�Uh� ε

WPcHd
δ
` Whc

)/ridLr3ge[Q�PriWqY�g7[]\^WPT��LdL�HWhT�U:YLZe[Q\^WhT�veUPTQ�LZe[QUPc =
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� K�J ��� ,aVXUE]�U�V �_V 7 S_Q�]_]_UE] �	T8b�,", S_b O7P<M , V
'HUPg7\°��TyWEZ7r Ze�HrB\f[Qc�[Q\°��\ veYHWPc�c�[Qc���Z7ger3r¶Y�g7UPVHT]r3\ ��� ¿L� ��W:v�W°c�rbZ )�UPg7½
	HU*)�Y�g7UPV��TQr \«O�@ � 3 &?2

�
` UPcHve[ydLr g�c�ULdLr

1
W:v�W ve[]cH½BWPcHd�WhTQTPUPZe��r3g�c�ULdLrxv�W:v�veUP��gI`brxv ) [ Z7�°v�Z7ger3c��hZ7�

1
O A '�U:ge\¬��TyWEZer WPTQveU�Z7��r � ¿L�²Y�g7UPV�TQr \ W:v�W¶VH[]cHWPge_��h[Qc:Z7r �:r g�Y�g7UP�PgIWh\f\f[Qc���Y�g7UPVHT]r3\)O

� K ' � �_V ,,bcUE[ Q�M!,�*eQYV	S<M ,
£/U:cHv#[ydLr3g/Z7��ri�PgIWhYH�aV~r TQU*)iO

1

2

(3, 2)
3

(1, 2)
4

(5, 3)

5

(19, 1)
6

(cij , aij)

i

k

j

(5, 3)

(1, 1)

(3, 5)

(8, 2)

(2, 1)

´�g7UE��[QdLr7�'> >�Ze�Hr�v#YHWPc�c�[Qc��¬Zeg7r r3v�UP��Z7��[Qv��:g7WPY��ar pLY�T][y`b[]ZeTQ_PO/£�WPTQ` ��TyWEZer¶Ze�Hr�v#��\ Uh�
cij

WhcHd
aij

�=U:g�r3W:`I�{Z7ger3rPO�»��H[Q`I�FU:c�r3v�WPgerq�=rxWPve[]V�TQr ) []Ze�Fg7r3veY-rx` ZiZeU«Z7��r F*-(;:!*)'2
Nxk



N t ������� �
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 � ��� ��� ��� � 	��
0%5'&&%W24#H�:3 &?2

∑

(i,j)∈T

aij ≤ 10

� ) ��r3ger T
dLr3c�UhZ7r3viW�` UPTQT]rx` Ze[QUPc¼Uh��TQ[]c�½Lvj�=U:ge\f[Qc���W�v#Y-Whc�c�[Qc��)Zeg7r r"�5= »���[Q`I�§U:c�r3v

Whg7r¶U:YLZe[Q\^WhT � \f[]c�[Q\^WhT6� ) [ Z7�«gerxv#Y~r3`bZ�Z7UfZe��riTQ[Qc�½ ` U:v#Z7v cij

=
����r � ¿�� Y�geU:V�TQr \ ��cHdLr3g)WFVH�HdL�Pr Z)` UPcHv#ZegIWh[Qc�Z�[Qv Uh� Z7r c�g7rb�=r3geg7r3d²ZeUKWPv�Ze��r&I)"2�� 5"#	�<;g) % 3 !$& D?#E5*F'>B)HG � ���¶´\� O

� K54 
�b UWVXQYM ��, ��bcU 71T8UW[ 7
´�g7UE��[ydLr�W�>65(0H�:> %%)E�:#W0��f��r3��ge[yv#Ze[y` �=UPg�Ze��rB���¶´ ) ��[y`I��[Q\fY�geUE�:r3v�Wi�=r3WPve[QV�T]rBv#U:T]��Ze[QUPczO

u Y�Y�TQ_a[]Z ZeUfZ7��r�WhV~UE�PrBrbp�WP\qYHT]r:O

� K � ��Q �7b QY] ��UWQ�] � , �RbcU 7@T8UE[�7
´�g7UE��[ydLraW��8�'!$#%�'&*!�39�:&�#E)H>6� �=�(2A3B5"&§VHWPver3d5WhTQ�PUPg7[]Ze��\ �=UPg¬Ze��r)���¶´�O � c5YHWPg#Z7[Q` ��TQWPg!�
`I��U�U:verBWfve��[]Z7WhVHT]r���Wh�PgIWhcH�P[yWhc�g7r TyWEp�WEZ7[]U:c��LWfdLr3v7`bg7[]Y�Ze[QUPc)Uh���HU*)�ZeU�veUPTQ�PrBr3W:`I�)��WE�
�PgIWhc��:[QWPcave��V�Y�g7UPV�TQr \��LWqY�g7[]\^WhT~�=rxWPve[]V�[QTQ[ Z�_��Hr ��g7[Qv#Ze[y` ��WPcHd)W¬` UP\fY�TQrbZeri��Wh�PgIWhcH�P[yWhc
ve`I�Hr \frj[]cH` T]�-dL[]cH��Wqve��[]Z7WPV�T]riv#Zer3Y)TQr cH�hZe�)�=U:ge\¬��TQWHO

u Y�Y�TQ_a[]Z ZeUfZ7��r�WhV~UE�PrBrbp�WP\qYHT]r:O
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£/U:cHv#[ydLr3g/Z7��riTQ[]c�rxWhg  ��NBY�geU:V�TQr \µZ7U¬¤-cHd

z∗ = maximum z = 5x1 + 8x2 + 7x3 + 9x4

subject to 3x1 + 2x2 + 3x3 + 3x4 ≤ 6 (1)
2x1 + 3x2 + 3x3 + 4x4 ≤ 5 (2)
x1 + x3 = 1

x2 + x4 = 1
x1 , x2 , x3 , x4 ∈ {0, 1}.

�eK�J � Q
�7bcQ�]���UEQ�] b�,
MEQ *eQ T UEO�]
��Wh�PgIWhcH�P[yWhc«ger3TQWhp«Ze��rf`bU:cHv�Z7g7WP[]c�ZIv � Nf�¶WhcHd � l/��) []Ze�¼\°��T]Ze[QY�TQ[]r3g7v µ1, µ2 ≥ 0

O '�U:g#�
\¬��TQWhZer^Z7��r�g7r TyWEpLr3d¼Y�g7UPVHT]r3\�WPcHd¼Ze��r)`bU:geg7r3veY-U:cHdL[Qc�����WP�PgIWhc��:[QWPc{dL�HWPT�Y�g7UPVHT]r3\)O
u�cHWhTQ_�À rj[ ZIv�Y�g7UPY~r geZe[Qr3v3O
�eK ' � ,
Q�� ^ �_Q�MEU%T�Z
n��EWPT]�HWhZer Ze��r«��WP�PgIWhc��:[QWPcFdL�HWhT�U:V32�r3`bZe[Q�Pr��=�HcH` Z7[]U:c²WEZ

µ = (1, 1)T
O � r TyWEZ7raZ7��[Qv

�EWhTQ��rBZeU
z∗
O

�eK 4 � �RP �7bcQ�^�U-,
]YT�7
£�WPTQ` ��TQWhZerFW�ve��V��:g7W:dL[]r3c�Z)Z7U¨Ze��r²��Wh�:g7WPc��P[yWhc dL�HWPT°UPV>2�r3` Z7[]�:r¼�=��cH` Z7[]U:c WEZ

µ =
(1, 1)T

O
�eK � 
�bcUWVXQ�M 	 ,
Q978U%P_UWMEUHT�Z ��, ��b U-71T8UE[
'�[QcHd W°�=r3W:v#[QV�TQrBveUPTQ�LZ7[]U:c�ZeUqZ7��rjUPg7[]�:[]cHWPT-YHgeU:V�T]r3\µV�_�v#��[]Z7WPV�TQ_^\qULdL[]�=_�[]cH�¬Z7��riv#U:T]���
Z7[]U:caZ7UfZe��r���Wh�PgIWhcH�P[yWhc�ve��V�Y�g7UPV�TQr \¡WEZ

µ = (1, 1)T
O�� r3TQWhZerjZe�H[Qv �EWPT]��rBZ7U

z∗
O

N�³
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 � � � �"����� ����� � � 	 � �"��
������
�eK � � ��P���b Q�^_U ,
] T O7S�T8UWVXU��\Q T UEO�]
0 U*)�Whg7r�Ze�Hr�\°�HT Z7[]Y�TQ[Qr gIv�[QcfZe��rBv#��VH�PgIWPdL[Qr c�Z�UPY�Ze[Q\q[QÀ3WhZe[QUPc^\frbZ7��ULdf��Y�d�WEZ7r3d&= 0 U*)
` WPc5Z7��r«gerxv#��T]Z7vf[Qc²Ze��r�Y�g7r ��[QUP�HvfW:veve[]�:c�\fr c�Z^Wh[yd9[Qc²Z7��r�` WPTQ` ��TQWhZe[QUPcKUh�¶Ze��r�v#Zer Y
T]r3c��hZ7�zO

�eK � � T bcO�]��`^ �_Q�MEU%T�Z
»��HWEZ�[Qv�Ze�Hr�g7r TyWEZe[QUPc^V~rbZ )�r r3cfZe��rB�EWhTQ��r UP�XZe��rB��Wh�:g7WPc��P[yWhcfdL�HWPTH�=�HcH` Z7[]U:caWhcHd^Ze��r�EWhTQ��rjUh�

z∗
= � v []Z T][Q½Pr3T]_^Z7�HWEZ�WqY~U:ve[ Z7[]�:ridL�HWhTQ[]Z�_��:WPY [yv�Y�g7r3ver c�Z =«»���_ � ) ��_^c�UPZ =

�eK�� � O�] T8UE] ��O ��7 b�,
MEQ * Q7T8UEO�]
»��HWEZ«[yv�Z7��r{g7r TyWEZ7[]U:cHve��[]Y�V~rbZ )�r r3c�Ze�Hr{U:YLZe[Q\^WhTB��WPT]�Hr{UP�iZe��r§��WP�PgIWhc��:[QWPcKdL�-WhT
Y�g7UPV�TQr \ Whc-d§Ze�HWhZ¬UP� Ze��r«`bU:c:Z7[]c���U:�Hv � �z´\�¬g7r TyWEp�WEZ7[]U:c§Uh� Ze�Hr U:ge[Q�P[QcHWhT/Y�g7UPV�TQr \ =
� UhZ7[]�EWhZer��
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£/U:cHv#[ydLr3g/Z7��riY�g7[]\^WPTXY�geU:V�TQr \
f∗ := infimum

x
f(x), � ��OQN3W��

subject to x ∈ X, � ��OQN V��
hj(x) = 0, j = 1, . . . , `, � �LO]Nx`��

) ��r3ger
f : R

n 7→ R
WPcHd

hj : R
n 7→ R � j = 1, 2, . . . , `

� Whg7r°` UPc�Ze[Qc���UP�Hv �=��cH`bZe[QUPcHv!�
WPcHd

X ⊆ R
n [yv `bTQU:ver3dXO

'�U:g Whc«Whg7V�[]ZegIWhg7_^�Pr3`bZeU:g
λ ∈ R

` � )�ridLrb¤-c�rjZe��r�� �"!�#H�:&*!*)
+.-:&10�24365'&

L(x, λ) := f(x) +
∑̀

j=1

λjhj(x) = f(x) + λTh(x). � ��Oml/�

�zr Z
q(λ) := infimum

x∈X
L(x, λ) � ��O k$�

V~r�Z7��r7�8�'!$#%�'&*!�39�:&<;=-$�'>?+.-:&@0�2A3B5"& ��dLrb¤HcHr3d V�_fZ7��rj[]c�¤H\°��\ ��WPT]�Hr¶UP��Ze�HrB��Wh�PgIWhcH�Pr
�=��c-` Ze[QUPc UE�Pr3g

X
) �Hr c )/r¶�HW��PrB��Wh�:g7WPc��P[yWhc^g7r TyWEpLrxdfZe��rBrbpLY�TQ[y`b[]Z ` UPcHv#ZegIWh[Qc�Z7v�) [ Z7�

\¬��T Z7[]YHT][Qr g �EWhTQ��rxv
λ
�LZe�Hr��8�"!�#H�:&*!$36�'& ;=-$�'>=D1#%5(F'>6)%G [yv�ZeU

maximize
λ

q(λ), � ��O t:W��
subject to λ ∈ R

`. � ��O tPVI�
»¼r�v#�HY�Y-U�v#r Ze�HWhZ

X
[Qv�c�UPc�� r3\qY�Z�_��:` T]U�v#rxdfWhcHdfV~UP��c-dLr3d^veUiZe�-WEZ�Z7��r��#[]cL¤-\°��\��

`3WhcFV~r g7r Y�TyWP` r3d§V�_���\f[Qc�[Q\°��\��a[Qc � �LO]N"� � � �LO k�� ��WPcHdFV~UhZe�9Ze��r)Y�g7[]\^WhT�WhcHd5dL�HWhT
NE�
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�������� ��	�� � � �"��� � ������� � �
UPV32�rx` Z7[]�:ra�=��c-` Ze[QUPc-vf[]c � �LO]N"�¬WPcHd � ��O t��¬WEZeZ7WP[]c²Ze��r3[]g^U:YLZe[Q\^WhT �EWhTQ��rxv O � UPg7r UE�:r g �Ze��r3c

q
[yv�¤HcH[ Z7r��-` UPc�Ze[Qc���UP�-v��HWPcHd«`bU:cH` W��:r¶U:c Z7��r ) ��U:T]r�verbZ

R
` �HveUfZe�HWhZ � �LO tg��[yv�W� )�r TQT]� V~r �HW��:r3d �¶` UPc��Pr p�Y�g7UPV�TQr \«O

� KWJ � ��P���b Q�^_U ,
] T 7 O
	 [\O�]_[ Q �9, 	��_]�[ T8UEO�] 7����
�zr Z

λ̄ ∈ R
` O ��r ¤Hc�rfWave��V��PgIWPd�[]r3c:Z � γ̄ �~ZeU q

WEZ
λ̄
Oiu Tyv#U)dLrb¤-c�r°Z7��rqr c�Ze[Qgerqv#�HV~dL[]� �

�=r g7r c�Ze[yWhT �
∂q(λ̄)

Z7U
q
WEZ

λ̄
O

� K(' � ��P���b Q�^_U ,
] T 7 O
	 [\O�]_[ Q �9, 	��_]�[ T8UEO�] 7������
�zr Z

x(λ̄)
V~rsWhc¨UPYLZ7[]\^WPT v#U:T]�LZ7[]U:c5Z7U¼Ze��rs��Wh�PgIWhcH�P[QWPc5ve��V�Y�g7UPV�TQr \ dLrb¤HcH[]c��§Z7��r

�EWhTQ��r^Uh�
q(λ̄)

O)¿��HU*) Z7�HWEZiZ7��r^�Prx` ZeU:g
h(x(λ̄)) ∈ ∂q(λ̄)

��Z7�HWEZ¬[Qv!��ve��U*) Z7�HWEZ°Ze��r
�Prx` ZeU:g

h(x(λ̄))
Uh��` UPcHv#ZegIWh[Qc�Z��=��cH`bZe[QUPc��EWhTQ��rxv/WhZ�Ze�Hr¶ve��V�Y�g7UPV�TQr \ veUPTQ�LZe[QUPc

x(λ̄)
[yv

Wfv#��VH�PgIWPdL[Qr c�Z�Uh�
q
WhZ

λ̄
O

� K54 � S�T8UWVXQYMEUHT�Z
¿���U*)wZ7�HWEZi[]� �z�=U:gjveUP\fr

λ∗ ∈ R
` �z[]Zi��UPTyd�v¶Ze�-WEZ 0` ∈ ∂q(λ∗)

Ze��r3c
λ∗ [yvj�PTQUPV-WhTQT]_UPYLZ7[]\^WPTX[]c)Ze�Hr���Wh�:g7WPc��P[yWhc dL�HWhTXYHgeU:V�T]r3\ � �LO tg� O

� K � � S�T8UWVXQYMEUHT�Z�� ] �<V ,,b UW[\Q�M ,�*eQYV	S_M-,
� T]TQ�Hv#ZegIWEZ7r¶Z7��r�WhV~UE�PrBg7r3ve��T Z U:c Z7��r��z´¨Y�g7UPVHT]r3\µZeU

minimize z = x1 − 3x2

subject to −x1 + 2x2 = 6
x1 + x2 ≤ 5
x1 , x2 ≥ 0,

) ��r g7r/Ze��r�¤HgIv�Z�`bU:cHv#ZegIWh[Qc:Z�[yv�` UPcHve[ydLr g7r3d¬`bUP\fY�TQ[y` WEZ7[]cH�¶Whc-d°[yv�Ze��r3ger �=UPg7r���Wh�PgIWhcH�P[yWhc
ger3TQWhpLr3dXO�u�Z

λ∗ = 4/3
Ze��r3ger°WPger�WPT Z7r g7cHWEZ7[]�:ri��Wh�:g7WPc��P[yWhc)v#�HV�Y�g7UPV�TQr \�UPYLZ7[]\^WPT�v#UP�

T]��Ze[QUPcHv!� ) �H[Q`I�§_�[]r3TQdFWPT Z7r g7cHWEZ7[]�:r^v#��VH�PgIWPdL[Qr c�Z7vjUP��Ze��r���Wh�PgIWhcH�P[yWhc{d��HWhT��=��cH` Z7[]U:czO
����r g7r�WPger��Pr3veY~r3`b[yWhTQTQ_��Pr p�WP` Z7T]__2�� 5¶rbp�Zeg7r \fr�veUPTQ�LZe[QUPc-v�ZeU�Ze��rB��Wh�:g7WPc��P[yWhcqv#�HV�Y�g7UPVL�
T]r3\�� ) ��[y`I�9V-UPZe�²_�[Qr Tyd9r p�Zeg7r \fr ve��V��:g7W:dL[]r3c�Z7v � Ze�HWhZq[yv!��v#��VH�PgIWPdL[Qr c�Z7v°Uh� q

WhZ
λ∗Ze�HWhZ¶Whg7rjc�UhZ¶c�UPcL� Zeg7[Q��[yWhTz` UPc��Pr p `bU:\°V�[QcHWhZe[QUPcHv UP��UPZe��r3g�ve��V��PgIWPd�[]r3c:ZIv�Uh�

q
WEZ

λ∗ � O
'�[]cHdsZe��rxv#r¬Z )�Uarbp�Z7ger3\qrfve��V��PgIWPd�[]r3c:ZIv O�£/�HWPg7W:` Zer3ge[QÀ r�Ze��rfv#�HV~dL[
	�r g7r c�Ze[yWhT

∂q(λ∗)
OÃ r g7[ �=_aZe�HWhZ

λ∗ [Qv��:T]U:VHWhTQT]_^U:YLZe[Q\^WhTz[Qc)Ze��ri��Wh�PgIWhcH�P[yWhcadL�-WhTzY�g7UPVHT]r3\)O
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��� 	 � 	

£/U:cHv#[ydLr3g¶Z7��r^[Qc�r .��HWPT][]Z�_s`bU:cHv�Z7g7WP[]cHr3dsYHgeU:V�T]r3\ � N"� ��Ze��r���Wh�PgIWhcH�Pri�=��c-` Ze[QUPc � NPOml/� �WPcHdi��WP�PgIWhc��:[QWPcjd��HWhT�Y�g7UPV�TQr \ � N:O tg� � ) ��r g7r�)�r/W:veve��\fr�Z7�HWEZ�Ze��r/�=��cH`bZe[QUPcHv f
WhcHd

gi� i = 1, . . . , m
��WPger ` UPc�Ze[Qc���UP�-v�Whc-d

X
c�UPcL� r \fYLZ�_���` T]U�v#rxd^WhcHdfV~UP�HcHdLr3dzO � Z/�=UPTQT]U*) v

Z7�HWEZBZe��rf��WP�PgIWhc��:[QWPc�dL�HWhT��=��c-` Ze[QUPc
q
[yv¶¤Hc�[]Zer��z` UPc�Ze[Qc���UP�-v��XWhc-d `bU:cH` W��:r�UPc

R
m �WPcHd Ze�HWhZ � NPO t��/Z7��r g7rb�=U:gerj[yv W ��)/r3T]T]� V~r �-W��Pr3d �¶`bUPc��:rbpaY�g7UPVHT]r3\)O&'���geZe��r3g!�HV-UPZe�«Ze�HrY�g7[Q\fWPTLWhcHd¬dL�HWhT�Y�g7UPVHT]r3\fv��HW��:r/cHUPcL� r \fYLZ�_��h`bTQU:ver3d°WPcHd�V~UP�HcHdLr3d¬UPY�Ze[Q\fWPTLv#U:T]�LZ7[]U:c

verbZIv O

�eK�J � SRT UWVXQ�MEUHTIZ
��rbZ

µ∗ ≥ 0
m O�¿��HU*)9Ze�-WEZ�[]�-Z7��r g7r�rbpL[Qv#Z7v�Wjve��V��:g7W:dL[]r3c�Z γ∗ Z7U q

WhZ
µ∗ Z7�HWEZ�v7WEZ7[Qv#¤Hrxv

γ∗ ≤ 0
m,

WPcHd
(µ∗)Tγ∗ = 0

� )/r�Z7��r cav7W�_iZ7�HWEZ�Z7��r��:r3`bZeUPgIv µ∗ WPcHd γ∗ Whg7r 0%5'G�D?>6)%GR)H&?2 �:#�#°Z7U�r3W:`I�fUhZe�Hr g%��Ze��r3c
µ∗ [yv Whc)UPYLZ7[]\^WPTzv#U:T]�LZ7[]U:caZ7UfZe��r���Wh�:g7WPc��P[yWhcad��HWhTXY�g7UPVHT]r3\ � N:O tg� O

�eK ' � �_V ,,bcUE[ Q�M!,�*eQYV	S<M ,
£/U:cHv#[ydLr3g/Z7��r��z´¨Y�g7UPVHT]r3\µZeU

minimize z = x1 − 3x2

subject to −x1 + 2x2 ≤ 6 (1)
−x1 − 2x2 ≤ −7 (2)

x1 + x2 ≤ 5
x1 , x2 ≥ 0,

Nx¢
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9����� ��� ������� � ����� � ���(����� 
�������� � 	�� � � �"��� � ����� �!� ��� �
) ��r g7r«Ze�Hr `bU:cHv�Z7g7WP[]c�ZIv � N"�^WhcHd � l/�^WPgers` UPcHve[ydLr g7r3dK`bU:\qYHT][y` WhZe[Qc��5Whc-d5Z7��r g7rb�=U:gerWhg7r���Wh�:g7WPc��P[yWhc²ger3TQWhpLr3dXO�u�Z

µ∗ = (4/3, 0)T
Ze�Hr g7r�rbpL[Qv#Z�rbp�W:` ZeTQ_ 2�� 5{rbp�Z7ger3\qr

v#�HV��PgIWPdL[Qr c�ZIv¶UP�
q
��¤HcHd{Ze��r3\«O�£/�-WhgIWP` Z7r g7[]À3r�Z7��r�v#�HV~dL[
	�r g7r c�Ze[yWhT

∂q(µ∗)
O '�[]c-d¼W

v#�HV��PgIWPdL[Qr c�Z �
γ∗ ∈ ∂q(µ∗)

�HZeU
q
WEZ

µ∗ ) �H[Q`I�«�Pr3ge[]¤Hrxv�Ze�HWhZ µ∗ = (4/3, 0)T
[]cHd�r r3d

[Qv ��Wh�:g7WPc��P[yWhcad��HWhTzU:YLZe[Q\^WhT O
RBg7WPY���[y` WhTQTQ_ [QT]TQ�Hv#ZegIWEZerf[Qc

R
2 Ze�Hr^ger3TQWhZe[QUPcHviV~rbZ )�r r3c¼Ze��r^�:r3` Z7UPgIv µ∗ � γ∗ ��WhcHdZe��rjZ )�Ufrbp�Zeg7r \frive��V��PgIWPd�[]r3c:ZIv O
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 ��	 � 
���	 � � ��� 	 � 	 � � � � 	 ���
�µ����� � ����� � 	 � � ���

£/U:cHv#[ydLr3g/Z7��riY�g7[]\^WPTXY�geU:V�TQr \µZ7U
minimize

x

cTx, � ¢�OQN3W��
subject to x ∈ X, � ¢�OQN V��

Ax ≥ b, � ¢�OQN3`��
) ��r3ger

X ⊆ R
n
+

��WPcHd¶Ze��r/T][Qc�rxWhg�` UPcHv#ZegIWh[Qc�Z7vXWhg7r�`bU:cHve[QdLr3gerxdj`bUP\fY�TQ[y` WEZ7[]cH�HO�£/U:cHv#[ydLr3g
Z7��r���WP�PgIWhc��:[QWPc�dL�HWhT�Y�geU:V�TQr \µZ7U¬¤-cHd

q∗ = maximum
µ≥0m

q(µ), � ¢�Oml/�
) ��r3ger

q(µ) = minimum
x∈X

cTx + µT(b − Ax). � ¢�O k$�
¿���YHY-U�v#r�Z7�HWEZ�Ze��r/v#r Z

X
[Qvz¤Hc�[]Zer:O � '�UPg�rbp�Wh\fY�TQr��x[]Z�\^W�_¶` UPc�Z7WP[]c�W�¤HcH[ Z7r�c���\°V~r gUP��[Qc:Z7r �:r g �Prx` Z7UPgIv/[Qc

R
n O � �¶r c�UPZerjZ7��ri�Prx` ZeU:g7v�[Qc X

V�_
xi � i = 1, . . . , P

O

�eK�J � Q
�7bcQ�]���UEQ�] ^��_Q�M S_b O7P<M , V � �

¿��HU*)�Z7�HWEZ¶Ze��r°��Wh�:g7WPc��P[yWhc)dL�HWhT�Y�g7UPV�TQr \ ` WPc�r .���[Q��WPT]r3c�ZeTQ_aV~r��=UPg7\°�HTQWhZer3d«W:v Ze�Hr
Y�g7UPVHT]r3\µZeUq¤HcHd

q∗ = maximum z,

subject to z ≤ (b − Axi)Tµ + cTxi, i = 1, . . . , P,

u ≥ 0
m.

l�N
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 � � �"����� ����� � ��	 � ��� � ������� ����� �������
	���� ������� �������
�eK(' ��Q �7b QY] ��UWQ�] ^���QYM S�bcO7P<M , V � ���

"�_¶�Hve[Qc�� Ze�Hr�Y�g7r ��[]U:�HvX�=U:ge\¬��TyWEZe[QUPc �xve��U*){Ze�HWhZzZe��r��=UPg7\°��TyWEZ7[]U:ciWhTyv#U�`3WhcjV~r�) g7[ ZeZer c
WPv��=U:T]TQU*) v

�

q∗ = minimum

P
∑

i=1

(cTxi)µi,

subject to

P
∑

i=1

(Axi)λi ≥ b,

P
∑

i=1

µi = 1,

µ ≥ 0
m.

�eK54 ��Q �7b QY] ��UWQ�] ^���QYM S�bcO7P<M , V � ��� �

"�_¶�Hve[Qc�� Ze�Hr�Y�g7r ��[]U:�HvX�=U:ge\¬��TyWEZe[QUPc �xve��U*){Ze�HWhZzZe��r��=UPg7\°��TyWEZ7[]U:ciWhTyv#U�`3WhcjV~r�) g7[ ZeZer c
WPv��=U:T]TQU*) v

�

q∗ = minimum
x

cTx,

subject to x ∈ conv X,

Ax ≥ b.

�eK � � T b�,
]�� T�� O 	 � Q
��b Q�]���UEQY] b�,
MEQ *eQ T8UEOY] � �
»���[y`I��ger3TQWhZe[QUPc��HUPTyd�v�V~rbZ )�r r3c

X
WPcHd

conv X
=)»���[y`I��g7r TyWEZ7[]U:c���UPTyd�v�V-r Z )/r3r c

z∗WhcHd
q∗
=

�eK � � �<V ,,b UW[\Q�M ,�* Q V	S_M ,
£/UPcHve[ydLr g�Ze�HriT][Qc�r3WPg  ��LN¶Y�g7UPVHT]r3\µZeUf¤Hc-d

z∗ = maximum z = 5x1 + 8x2 + 7x3 + 9x4

subject to 3x1 + 2x2 + 2x3 + 4x4 ≤ 5
2x1 + x2 + 2x3 + x4 = 3
x1 , x2 , x3 , x4 ∈ {0, 1},

) ��r g7r Z7��r ¤-g7v#Z�` UPcHv#ZegIWh[Qc�Z�[Qv�` UPcHve[Qd�r g7r3d^`bU:\fY�T][y` WhZe[Qc��°WPcHd�[yv/��Wh�:g7WPc��P[yWhcqger3TQWhpLr3dXO1 Z7[]TQ[]À3r3d Ze�Hrigerxv#��T]Z []cs¿�rx` Z7[]U:c«¢HO l�ZeUf¤-cHd Ze��r���Wh�PgIWhcH�P[yWhcadL�-WhTXUPY�Ze[Q\fWPTX�EWhTQ��rPO
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�����	�� � ��� ��� � � �"����� ������� ��	 � ��� � ��������� �5� lPk
�eK � � T b�,
]�� T�� O
	 � Q
�7bcQ�] �YUEQ�] b�,
MEQ *eQ T8UWO�] � ���
� WP½Pr Z7��r¶WPT Z7r g7cHWEZ7[]�:r�WPv7ve��\fYLZe[QUPcfZ7�HWEZ�Ze��rBv#r Z X

[yv/W°Y-U:T]_�Z7UPY~r � W°V-U:��cHdLrxd^Y~UPTQ_:���rxdLg7UPc�� � ) []Ze�{rbp�Zeg7r \fr°Y~UP[Qc�Z7v
xi � i = 1, . . . , P

O � ����r¬U:ge[Q�P[QcHWPTzY�g7UPV�TQr \ ��r3cH`br¬[Qv
WqTQ[]c�rxWhg Y�g7UP�:g7WP\«O � � UhZ7[]�EWEZ7r ) ��_�Ze��r�WPV-UE�:rBg7rb�=U:ge\¬��TyWEZe[QUPc-v/WPgerj�EWhTQ[Qd«WPTQveU¬�HcHdLr gZ7��[Qv¶WPv7v#�H\qY�Ze[QUPczO�»��HWEZBger3TQWhZe[QUPc)��UPTyd�v�V-r Z )/r3r c

X
WhcHd

conv X
=¼»���[Q`I��g7r TyWEZ7[]U:c

��U:TQdHv�V-r Z )/r3r c
z∗
WPcHd

q∗
=«»��-WEZ Ze�Hr c«[Qv�Z7��riY�g7UPV�TQr \ []cs¿�rx` Ze[QUPc�¢HO l�=

@ � 5g2.) � ���Hr{`bU:cH`bTQ�Hve[]U:cHv�[Qc ¿Lr3` Z7[]U:c�¢�O t9[yv �=��cHd�WP\qr3c�Z7WhT¶�=UPg Ze�Hr �Hver{UP�°��Wh�
�:g7WPc��P[yWhcBger3TQWhp�WEZe[QUPcj[Qc°[Qc�Zer �:r gzYHgeU:�PgIWh\f\f[]c��-O � Z�[yvz�-v#�HWPT]TQ_iv#�H\q\^WPge[QÀ rxdiWPvX�=U:T]TQU*) v

���Wh�PgIWhcH�P[yWhc^g7r TyWEpL[]cH�¬Wq�Pg7UP��YaUh��` UPcHv#ZegIWh[Qc�Z7v/[Qv�r�.���[]�EWPT]r3c:Z�Z7Uq` UPc��Pr p�[]�=_�[]cH�°Z7��riv#r Z
dLr ¤Hc�rxd§V�_ Ze��r `bUPc-v�Z7g7WP[]c�Z7vBZ7�HWEZqWhg7r &I5g2���Wh�:g7WPc��P[yWhc{ger3TQWhp�rxdXO ���Hr�Y�g7UPV�TQr \^vi[Qc
¿�rx` Z7[]U:cHv�¢HO]N�WPcHd�¢HO lj`3Whc�c�U:ge\^WPT]TQ_°c�UPZ/V~r �=U:ge\¬��TQWhZerxd^WhcHd�veUPTQ�Prxd �:ve[QcH`br�Ze��r¶c��H\¬�
V~r g

P
[Qvj�Hve�HWPT]TQ_srbp�Z7ger3\qr3T]_�TyWhg7�Pr:Oq���HrqYHgeU:V�T]r3\ [Qc§¿�rx` Z7[]U:c¼¢HO l)` WPc ��U*)�r �:r gjV~r

WhZ#Z7W:`I½Prxd��Hve[]cH��0E5"> -:G &_!*)H&?)H#%�*2A3B5"&�O A
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�µ����� � � � �X�º	 � ��� 	���	 � � ���

¿��HY�Y-U�v#rBZ7�HWEZ Z7��riT][Qc�rxWhg [Qc:Z7r �:r g�Y�g7UP�PgIWh\
z∗ = minimum z = cTx,

subject to Ax = b,
Dx ≤ e

x ≥ 0
n

x
[]c�Zer3�Pr3g

[yv�WEZeZ7W:`I½Pr3d¬V�_°\fr3WPcHv�UP�X��Wh�:g7WPc��P[yWhc¬ger3TQWhpLWhZe[QUPc¬Uh��Ze��r�T][Qc�r3WPg�r .��HWPT][]Z�_°` UPcHv#ZegIWh[Qc�Z7v3O
����rjg7r TyWEpLr3d Y�g7UPV�TQr \�� v�UPYLZ7[]\^WhT���WPT]�HrB[yv�Z7��r c«�P[Q�Pr3caV�_

q(λ) = minimum cTx + λT(Ax − b)
subject to Dx ≤ e

x ≥ 0
n

x
[Qc�Zer �:r g

,

WPcHd�Z7��r���WP�PgIWhc��:[QWPcadL�HWPTXY�g7UPV�TQr \ [yv�Z7U¬¤-cHd

q∗ = maximum
λ

q(λ).

J��RKWJ �?] T , �7bcQ�MEUHTIZ S�bcO7S8,,b8T�Z
»��HWhZ�dLU�r3vf[]Z�\qrxWhc²Ze�HWhZ^Ze��rs��Wh�:g7WPc��P[yWhc9g7r TyWEpLrxd9Y�g7UPV�TQr \ �HWPvqZ7��r<3 &?2 )H!$#%�'> 342$#D?#E5EDc)H#f2$# =�RB[]�:r r p�Wh\fY�TQr3vqUh�¶��Wh�:g7WPc��P[yWhc§g7r TyWEpLr3d5Y�geU:V�TQr \^v�Z7�HWEZ^�HW��:r � gerxv#Y~r3`b�Z7[]�:r TQ_��HdLU^cHUhZ �HW��:rf�/Ze�Hri[]c�Zer3�PgIWhTQ[ Z�_aY�geU:Y-r3g#Z�_:O�»��HWhZ�\frbZe�HU�dHv�Whg7rjc�UPg7\^WhTQT]_a�Hv#rxd
Z7U�v#U:T]�:rj��Wh�:g7WPc��P[yWhc�g7r TyWEpLrxdaY�g7UPVHT]r3\fv�Z7�HWEZ¶�HW��Pr � g7r3veY~r3` Z7[]�:r TQ_���dLU^cHUhZ �HW��:rf�/Ze�Hr[Qc�Zer �:g7WPT][]Z�_)Y�geU:Y-r3g#Z�_>=¨»��H[Q`I�¼UPc�r¬Uh�/Ze��r¬Z )/U Z�_�Y-rxvBUh��Y�g7UPVHT]r3\fv¶c�U:ge\^WhTQTQ_)[yvBZe�Hr
\fU:v#Z dL[ ?^` ��T]Z ZeU�veUPTQ�Pr�=

l:³
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 ��	 � ��� � �������
J��eK ' � O ��]_^�7 O�] T�� , O7SRT UWVXQ�M � Q�M � ,
£/UPcHve[ydLr g�Ze�Hr�`bUPc�Z7[]c���U:�Hv�ger3TQWhp�WEZe[QUPc Uh��Ze��riU:ge[Q�P[QcHWhT�[Qc�Zer �:r g Y�g7UP�:g7WP\

�

z∗LP = minimum z = cTx,
subject to Ax = b,

Dx ≤ e,
x ≥ 0

n,WhcHd TQrbZ
(λ∗, µ∗)

dLr3c�UhZ7r�Wqd��HWhTXU:YLZe[Q\°��\«O
¿���U*)�Z7�HWEZ)Ze��r¼TQU*)/r3gaV~UP��cHd�UPc

z∗
Ze�HWhZ)[yv)�P[Q�Pr3c�V�_²Z7��r§��Wh�:g7WPc��P[yWhc�dL�-WhT

�=��cH`bZe[QUPci[yv�WhT )�W�_�vXWhZ�TQr3WPv#Z�WPvz�PU�ULdBW:vXZ7�HWEZ�YHgeULdL�H` r3dBV�_�Z7��r�` UPc�Ze[Qc���UP�Hvzger3TQWhpLWhZe[QUPczO
� � c«UhZ7��r g�)�UPgId�v!�Lv#��U*)�Ze�HWhZ z∗ ≥ q∗ ≥ z∗LP

O �
J��eK 4 � OYV	S<Q7b Q7T8U
�9, 71T b�,
]�� T�� O 	 b�,
MEQ *eQ T UEO�]
¿���U*)
Ze�HWhZ [ ��Z7��r°��WP�PgIWhc��:[QWPcag7r TyWEpLr3d Y�g7UPV�TQr \¡�HWPv Ze��r�[Qc�Zer3�PgIWhTQ[ Z�_�YHgeU:Y-r3g#Z�_^Z7��r c
Ze��rsZ )/UFV~UP��c-d�vaWPger«r .��HWPT>O '��Hg#Z7��r g � v#��U*)¡Ze�-WEZ�Z7��rsYHWPg#Z7[QWPT��z´ dL�-WhT¶veUPTQ�LZ7[]U:c
λ∗ [yviW)��Wh�:g7WPc��P[yWhcsdL�-WhT�UPY�Ze[Q\fWPT�v#U:T]��Ze[QUPczO � UhZ7[]�EWhZer ) ��_«Ze��r���Wh�:g7WPc��P[yWhcsdL�-WhTY�g7UPV�TQr \ `3Whc°V~r�rbpLY-rx` Z7r3d°ZeUB�P[Q�Pr�v�Z7geU:c��Pr3g�V~UP��cHdHv�Ze�HWPc�Ze�Hr�` UPc�Ze[Qc���UP�-v�g7r TyWEp�WEZ7[]U:c
) ��r cHr �Pr3g�Ze��rig7r TyWEpLr3d Y�g7UPV�TQr \¡dLU�r3v�c�UPZ �HW��Pr¶Ze��ri[Qc�Zer3�PgIWhTQ[ Z�_^Y�g7UPY~r geZ�_PO

@ � 5g2 ) � "�_iZ7��r WhV~UE�Pr�g7r3ve��T]Z��=U:T]TQU*) v�Ze�-WEZ���WP�PgIWhc��:[QWPc�g7r TyWEp�WEZ7[]U:c���ZeU:�PrbZ7��r g�) []Ze�
Whc9WPT]�:UPg7[ Z7��\ �=U:g�Ze�Hr � WPY�Y�g7U�p�[Q\^WEZ7rf�jveUPTQ�LZe[QUPcFUP��Z7��r ��Wh�:g7WPc��P[yWhc§dL�HWPT�Y�g7UPV�TQr \��` WPc²V~r��Hver3d²ZeU§¤Hc-dKWPc � WhY�YHgeU�pL[Q\fWhZer"�°U:YLZe[Q\^WhT veUPTQ�LZe[QUPc²ZeU§Z7��rs�z´ g7r TyWEp�WEZ7[]U:c
Uh� W�TQ[]cHr3Whg°[]c�Zer3�Pr3g�Y�g7UP�PgIWh\«O)n�veY-rx`b[yWhTQT]_{�=UPgqv#U:\qr  ���NfY�g7UPVHT]r3\fv�Ze��[yv�[yv°Ws\qU:ger
r 	�r3`bZe[Q�Pra\frxWhcHv�ZeU{WhZ#ZIWP`I½{Ze��r)Y�g7UPV�TQr \ Ze�HWPcFZeU{�Hver�ZegIWPd�[ Z7[]U:cHWhT��z´ Z7r3`I��cH[$.���rxv O����rsg7r3W:v#U:cK[yv)WEZaTQr3W:v�Z�Z )�Uh� �=UPTyd

� � N"� � r Ze��ULd�v�Ze�HWhZ)Whg7rsVHW:v#rxd¨UPc���Wh�PgIWhcH�P[yWhcger3TQWhp�WEZe[QUPc^`3Whc�UP� Zer ca�LZe[QT][QÀ r¶Y�g7UPV�TQr \ v�Z7ge�-` Ze�Hger¶V-r Z#Zer3g�Z7�HWhc �z´FZ7r3`I��c�[B.���r3v3O � ����[yv[QvBZ7��r^` W:v#r¬�=UPgic�r Z )/U:ge½�� Z�_�Y-r¬Y�geU:V�TQr \^v�� ) �Hr g7rfW)��WP�PgIWhc��:[QWPcsg7r TyWEp�WEZ7[]U:cs\frbZe�HU�d
Z�_�Y�[Q`3WhTQT]_¨U:c�T]_�g7r TQ[Qr3v UPc�Z7��r{U:ge[Q�P[QcHWPTBd�WhZ7W � ) ��[y`I�
WhTyveU²` WPc�V~r¼�:r g7_²r-?�`b[Qr c�ZeTQ_
v�Z7UPg7r3d WhcHda\fWPc�[QY���TyWEZerxdXO � � l/� £/UPc�Z7[]c���U:�Hv�g7r TyWEp�WhZe[QUPcHv/Uh�  ��NBY�g7UPV�TQr \^v�Whg7r¶UP� Zer c� ��rxW���[]TQ_(��dLr3�Pr cHr gIWEZerxd � ) ��[y`I���-Wh\fY-r3g7vaZe�Hr{r-?^` []r3cH`b_¨UP��Ze��r§ve[]\fY�TQrbp�\frbZ7��ULdXO� u¶v�W�ve[Qd�r�c�UhZ7r )�r°WhTyv#U^g7r \^WPge½^Z7�HWEZ¶[ ZB�HWPv V~r r3csUPV-v#r3ge�:r3d r \fY�[Qge[y` WPT]TQ_aZ7�HWEZ¶[ Z�[yvUh� Z7r cFV~r3v#Z�ZeUs�-v#r^Z7��rC;=-��'>/ve[Q\qYHT]r p¼\frbZ7��ULd¼�=UPg°veUPTQ��[]cH�«Ze��ra��´ g7r TyWEp�WEZ7[]U:c{UP� W
 ��LNiY�geU:V�TQr \��HV~r3`3Wh�Hver�[]Z�Zer3cHd�v ZeU^�+WP[]g¶V-r Z#Zer3g¶�HcHdLr gBdLr �:r c�r3g7W:`b_aZe�HWPc«Ze��r¬Y�ge[Q\^WhT
v#[Q\fY�TQrbpa\frbZ7��ULdXO � A
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����r � r3Y�gerxv#r3c�Z7WEZ7[]U:cs����r U:ger3\�` Whc¼v#U:\fr�Ze[Q\fr3vBV~r¬�Hver3dsZeU«`bU:cHv�Z7ge�-` ZBWPT Z7r g7cHWEZ7[]�:r
�=U:ge\¬��TQWhZe[QUPcHv�UP��dL[yve` ger ZerjUPY�Ze[Q\q[QÀ3WhZe[QUPc«Y�g7UPV�TQr \^v3O

£/UPc-v#[ydLr g�Z7��riY�g7UPV�TQr \ ZeU

(P) minimize cTx,
subject to Ax ≥ b,

x ∈ X ⊆ {0, 1}n,

WPcHd9ve��Y�Y~U:veraZ7��r)verbZ
X
` UPc�Z7WP[]cHv

P
[Qc�Zer �:r gq�Prx` ZeU:g7v!��veW�_

xi � i = 1, . . . , P
O "�_

�LZ7[]TQ[QÀ [Qc��qZe�HWhZ

X =

{

x ∈ R
n | x =

P
∑

i=1

λix
i;

P
∑

i=1

λi = 1; λi ∈ {0, 1}, i = 1, . . . , P

}

)�ri` Whc ) g7[ Z7r¶Z7��riY�g7UPV�TQr \ r .���[Q��WPT]r3c�ZeTQ_aWPv�Z7�HWEZ Z7U

minimize
P
∑

i=1

(

cTxi
)

λi,

(IMP) subject to

P
∑

i=1

(

Axi
)

λi ≥ b,

P
∑

i=1

λi = 1,

λi ∈ {0, 1}, i = 1, . . . , P.

l��
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J�J�K�J � �<V ,,bcUE[\QYM!,�*eQYV	S_M-,
£/UPcHve[ydLr g�Ze�HriY�geU:V�TQr \µZ7U

minimize 3x1 + 2x2 + 4x3 + 2x4

subject to 2x1 + 3x2 + 4x3 + 5x4 ≥ 7 (1)
x1 + x2 + x3 + 2x4 ≤ 3 (2)
x1 + x2 = 1 (3)

x3 + x4 = 1 (4)
x1 , x2 , x3 , x4 ∈ {0/1}. (5)

�zrbZ Ze��r{`bUPc-v�Z7g7WP[]c�Z7v � Nf� � � l$� � Whc-d � ³/�adLrb¤HcHr�Ze��r �Pg7UP��cHd¨verbZaU:c ) ��[y`I�¨Ze��r� r YHgerxv#r3c:ZIWEZ7[]U:c�����r U:ger3\ [yva�-v#rxd � Z7�HWEZ)[Qv!� Ze�Hr{verbZ X
WhV~UE�Prf�bO '�U:ge\¬��TyWEZersZe��r

r .���[Q�EWhTQr c�Z�Y�g7UPV�TQr \«O�¿�U:T]�:r)[]Z�V�_5[QcHveY-rx` Ze[QUPc�O � � 3 &?2 � ����rsv#r Z X
`bUPc�ZIWh[QcHvq¤H�Pr

[]c�Z7r �Pr3g��Pr3`bZeU:g7v3O �
J�J�K ' � O�M �<VX] �9,
] ,,bcQ T8UEO�]
£/UPcHve[ydLr g�Wh�:WP[]cjZ7��r�UPg7[]�:[]cHWPThY�g7UPV�TQr \ � ´\� O �¶r3v7`bg7[]V~r/�HU*){Z7��r�`bUPc�Z7[]c���U:�Hvzg7r TyWEp�WEZ7[]U:cUh��Ze��riY�g7UPVHT]r3\ � � � ´ � ��Z7�HWEZ [yv!�LZe��riYHgeU:V�T]r3\µZeU

minimize

P
∑

i=1

(

cTxi
)

λi,

(MP) subject to

P
∑

i=1

(

Axi
)

λi ≥ b,

P
∑

i=1

λi = 1,

λi ≥ 0, i = 1, . . . , P,` WPc^V-rjv#U:T]�:r3dqV�_qZe��r¶�Hv#r¶Uh��` UPTQ��\fc��Pr3c�r gIWEZ7[]U:czO�¿��HU*)��Pr cHr gIWhTQT]_°Ze�HWhZ�Ze�Hr¶`bU:T]�H\qc
�Pr3c�r gIWEZ7[]U:cFY�geU:V�TQr \ [yvqW¼��WP�PgIWhc��:[QWPc§ger3TQWhpLWhZe[QUPcFUP� Ze��r«Y�g7UPVHT]r3\ � ´\��) ��r g7r Ze��rT][Qc�rxWhg `bU:cHv#ZegIWh[Qc:ZIv�Whg7rB��Wh�PgIWhcH�P[yWhc�g7r TyWEpLr3dzO
J�J�K 4 � O�]��9,�*eU
	_[ Q T8UWO�]
��U v#U:T]�:riZe��rq`bU:c:Z7[]c���U:�Hv g7r TyWEp�WhZe[QUPc ��� ´ � [yv�U:V���[QUP�-v#TQ_ar�.:�H[]�EWhTQr c�Z¶ZeUaveUPTQ��[]c���Ze��r`bU:c��:rbpL[]¤Hr3daY�geU:V�TQr \µZ7U

(CP) minimize cTx,
subject to Ax ≥ b,

x ∈ conv X,
) ��r g7r

conv X =

{

x | x =

P
∑

i=1

λix
i;

P
∑

i=1

λi = 1; λi ≥ 0, i = 1, . . . , P

}

.



��� 
 �>
 ��� ��
������ ����� 
 lP¢
� ��Ze��r�verbZ

X
�-WPv�Ze�Hrjd�r3v7`bg7[]YLZ7[]U:c

X = {x ∈ {0, 1}n | Bx ≥ d }
Ze�Hr c)Ze��riU:ge[Q�P[QcHWPT

Y�g7UPVHT]r3\ �HWPv�Z7��r�`bU:c�Ze[Qc��HUP�Hv�g7r TyWEp�WEZ7[]U:c�ZeU
minimize cTx,

subject to Ax ≥ b,
(LP) Bx ≥ d,

1 ≥ xj ≥ 0, j = 1, . . . , n.

»���r3cadLUiZ7��r Z )�U�`bU:c�Ze[Qc��HUP�Hv�ger3TQWhpLWhZe[QUPcHv � �z´\�/Whc-d ��� ´\���HW��:r�Ze��rBveWP\qr�UPYLZ7[]\^WhTU:V32�r3`bZe[Q�Pr^�EWhTQ��r���WPcHd ) ��r3c5dLU�Z7��r _¼c�UPg7\^WhTQT]_§dL[
	~r3g = � cFZe�Hr�TQWhZ#Z7r gf` WPver��
) ��[y`I�
U:c�r�Uh��Z7��r�Z )�Uag7r TyWEp�WhZe[QUPcHv [yv�Ze��rqv�Z7geU:c��Prxv�Z = � cs�:r c�r3g7WPT �HZe��r3c�� ) ��[Q`I� UPc�r¬Uh��Ze�Hr
Z )�U«�=UPg7\°��TyWEZ7[]U:cHviUP��Z7��raYHgeU:V�T]r3\�� � ´\��U:g � � � ´\� ��[yv�[Qc§Ze��[yv¬ver c-v#r^Z7��rav#Zeg7UPc��:r3v#Z�=U:ge\¬��TQWhZe[QUPc =

@ � 3 &I2 � £/U:cHv�Z7ge�-` Z�Z7��r�`bUPc�Z7[]c���U:�Hvzg7r TyWEp�WEZ7[]U:cHv � �z´\��Whc-d � £/´\���=U:g�Z7��r/c���\fr3ge[y` WPTr pLWP\fY�T]r
minimize 2x1 + x2

subject to −x1 + x2 ≥ 0
2x1 + 2x2 ≥ 1
x1 , x2 ∈ {0, 1}

) []Ze�
X = { (x1, x2) ∈ {0, 1}2 | 2x1 + 2x2 ≥ 1 }

O A@ � 5g2.) �
� � ��� ´\���HW:v/W���[]�:��r g/UPYLZ7[]\^WPTH�EWhTQ��r Z7�HWhc � �z´\��)�r Ze��r3cav7W�_°Z7�HWEZ ��� ´\�[yv�W %�2A#E5"&(! > 3 &I)W�'# D?#E5f!�#H�:G G 3 &*! +45'# G�-:>6�*2A3B5"& Uh� � ´\�bO-¿�Zeg7UPcH�q��´5�=U:ge\¬��TQWhZe[QUPcHv�` WPcV~r{U:VLZ7WP[]cHr3d�V�_�UPZe��r3g)\frxWhcHv)WPv )�r TQT>O u¸`bU:\f\qU:c )�W�_K[yv)ZeUKrbp�Z7r cHd
W5�:[]�:r c
�=U:ge\¬��TQWhZe[QUPc() []Ze��`bU:cHv#ZegIWh[Qc:ZIvfZe�-WEZ WPgersg7r3d���cHd�WPc:Z�[Qc�Z7��rs[Qc:Z7r �:r g�Y�g7UP�:g7WP\ V��LZ
) ��[y`I�«Whg7r &I5*2�gerxdL��cHd�WPc�Z�[Qc Ze��r�` UPc�Ze[Qc���UP�Hv�g7r TyWEp�WEZ7[]U:czO�uw`bTyWPv7v#[y`�r p�Wh\fY�TQr¶[yv�Ze�Hr� 5'Ge5'#�# 0f-(2#O A
J�JYK � 
�bcO97 Q�]_^ [ O�] 7
»���[y`I�°WPger�Z7��r�YHgeU�v�Whc-di`bUPc-vzUh�HveUPTQ��[]cH� ��� ´ � @ ) ��[y`I��Y�g7UE��[ydLrxvzWhc�U:YLZe[Q\^WhT�v#U:T]�LZ7[]U:cZ7U � £/´\� A WhcHd � ��´\�5=
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 � ��� ��� �

£/U:cHv#[ydLr3giZe��r 0H�WD �g0 3 2 �(2 )"; >65(0H�:> 3��f�(2A3B5"& D?#E5*F'>B)HG����=UPg7\°��TyWEZ7r3d§WPv¬W�\f[ pLrxd§[]c�Zer3�Pr3g
Y�g7UPVHT]r3\

�

minimize

m
∑

i=1

fiyi +

m
∑

i=1

n
∑

j=1

cijxij

�

subject to

n
∑

j=1

xij ≤ Siyi, i = 1, . . . , m,

m
∑

i=1

xij = Dj , j = 1, . . . , n, (∗)

yi = 0/1, i = 1, . . . , m,
xij ≥ 0, i = 1, . . . , m, j = 1, . . . , n,

) ��r3ger°Ze��rq�EWhg7[QWPV�TQr3v
yi

�
i = 1, . . . , m

��d�r3v7`bg7[]V~r3v¶T]U:�P[y` WPT�dLrx`b[yv#[QUPcHvB`bU:cH`br3gecH[]c��aZe��r
TQUL` WEZ7[]U:c{UP��veUP�Hg7` r3v!��WhcHd

xij

�
i = 1, . . . , m

�
j = 1, . . . , n

��dLrxve` ge[QV-r .��HWPc:Z7[ Z7[]rxviUh�
[]Zer3\fv�Z7g7WPcHveY-U:g#Z7r3dXO

J�' KWJ 6 b�,
^��_]�^_Q�] T [\OY]�7@T b QYUE] T
¿��HU*)�Ze�-WEZ�Ze��r�` UPcHv#ZegIWh[Qc�Z

m
∑

i=1

Siyi ≥

n
∑

j=1

Dj

[yv W^`bU:cHv#r�.���r cH` r¶UP��Z7��r�U:ge[Q�P[QcHWhTX` UPcHv#ZegIWh[Qc�Z7v � Z7�HWEZ [yv��Hr �Pr3ge_��=r3WPve[QV�T]riveUPTQ�LZe[QUPc�v7WEZe�[yv�¤-r3vBZe�H[Qv¬`bUPc-v�Z7g7WP[]c�ZH� ��) ��r3cH`br^[]Z¬` WPc§V-r�W:d�dLr3d{Z7U«Ze��r^\fULdLr T&) [ Z7��UP��Z°W 	�r3` Z7[]cH�
[]Z7v veUPTQ�LZe[QUPc�O

kHN
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	 � � � ��� � � ��� ������� ��� ���
J�' K ' � Q
�7bcQ�] �YUEQ�] b�,
MEQ *eQ T UEO�]
¿���Y�Y~U:ver )�r¬W:d�d«Z7��[QvBg7r3dL�HcHd�Whc�Zj`bUPc-v�Z7g7WP[]c�Z Z7U�Ze�Hr¬U:ge[Q�P[QcHWhT�\qULdLr3T�WhcHdsveUPTQ�Pr�Ze��r
gerxv#�HT Z7[]c�� Y�g7UPV�TQr \���r3��g7[Qv#Ze[y` WPT]TQ_«V�_s��Wh�:g7WPc��P[yWhc«g7r TyWEpL[]cH�^Ze��r^` UPcHv#ZegIWh[Qc�Z7v

(∗)
WhcHd

�LZe[QTQ[]À3r3dqv#��VH�PgIWPdL[Qr c�Z�U:YLZe[Q\f[]ÀxWEZ7[]U:c°UPc°Ze��r ��Wh�PgIWhcH�P[yWhcidL�HWPT�YHgeU:V�T]r3\«O �¶r3v7`bg7[]V~r/Ze��r
v#U:T]��Ze[QUPc¼Y�geUL` r3v7v��^»���[y`I�FWhg7rqZe��r�\^WP[]c¼Y�g7UPY~r geZe[Qr3vjUh��Ze�HradL�HWPT�Y�geU:V�TQr \ =w»���_>=
£�Whc Ze��r3gerjV~r�WfY-U�v#[]Ze[Q�PridL�-WhTQ[ Z�_���WhY =

J�' K 4 � ,
Q978U%P<UEMEUHTIZ ��, ��b U-71T8UE[�7
'�U:g Ze��[yv Y�g7UPVHT]r3\ []Z [Qv�r3WPve_^Z7U�`bUPc-v�Z7ge�H`bZ �=r3W:v#[QV�TQr�v#U:T]�LZ7[]U:cHv�VHW:v#rxd U:c)Ze��riU:YLZe[Q\^WhT
v#U:T]��Ze[QUPc ZeUfr3W:`I�)��Wh�PgIWhcH�P[yWhcave��V�Y�g7UPVHT]r3\)O�n�pLY�TyWh[Qc«��U*) �

J�' K � � O�� ,,b P�O
�_]�^ 7
£/UP\fYHWPger¬Ze��r�v#Zeg7r cH�hZe�¼Uh��Ze�Hr^T]U*)�r gjV~UP��cHd¼U:VLZ7WP[]c�rxds�=g7UP\ Ze��r���Wh�PgIWhcH�P[yWhc dL�-WhT
�=UPg7\°��TyWEZ7[]U:c ` UP\fYHWhg7r3d/) [ Z7�aZ7�HWEZ UP��Z7��ri`bUPc�Z7[]c���U:�Hv � �z´ ��ger3TQWhpLWhZe[QUPc Uh��Z7��rjY�g7UPVL�T]r3\«O 0 U*)²[yv�Z7��r�v#Zeg7r c��PZe�fUh��Z7��r TQU*)/r3g�V-U:��cHd^W 	�r3`bZerxdf[ � )�r�dLU7&I5*2�WPd�dqZ7��r�WPV-UE�:r
gerxdL��cHdHWhc�Z `bUPc-v�Z7g7WP[]c�Z = � UhZe[Q�EWEZ7r��@ � 5g2 ) � � UPZerqZe�-WEZiZe�Hr�WPd�dLrxd§`bUPc-v�Z7g7WP[]c�Zj[Qvig7r3d���cHd�WPc:Zi[Qc¼Ze��r^U:ge[Q�P[QcHWhT�\fULdLr T �
V��LZ�Z7�HWEZ¬[ Z°[yv�cHUhZ�g7r3dL��c-d�Whc�Z°[Qc§Ze��r ��Wh�:g7WPc��P[yWhc{ger3TQWhpLr3d{Y�geU:V�TQr \«O »¼r^Z7��r g7r V�_
[]TQTQ�Hv�Z7g7WhZer¶Ze��r¶�+WP`bZ�Ze�HWhZ�[]Z [Qv�Uh� Z7r c V-UPZe�)Y-U�veve[]VHT]rjWhcHd WPdL�EWPc:ZIWh�:r UP�-v�ZeUfv#Zeg7r c��PZe��r3c
Wfger3TQWhp�WEZe[QUPc«V�_a\frxWhcHv�Uh��WPd�d�[]c���` UPcHv#ZegIWh[Qc�Z7v�Z7�HWEZBWhg7rigerxdL��cHd�WPc�Z []c�Z7��r�U:ge[Q�P[QcHWhT
�=UPg7\°��TyWEZ7[]U:czO A
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'HUPg�Ze�HrBYHgeU:V�T]r3\
minimize f(x)
subject to g(x) ≤ 0

m (P )
x ∈ X,

) ��r3ger
X ⊆ R

n [Qv�` T]U�v#rxd ��WPcHd
f : R

n → R
WhcHd

g : R
n → R

m Whg7r^`bU:c:Z7[]c���U:�Hv!�
[]ZB�HUPTyd�v Z7�HWEZj[]�

x∗ ∈ R
n WPcHd µ∗ ∈ R

m
+

veWhZe[yv��=_)Z7��r������
	��
����������������������������������� ���"! �
Z7�HWEZ [yv����-W��Pr¶Ze��riY�g7UPY~r geZe[Qr3v�Z7�HWEZ















x∗ ∈ argminimum
x∈X

f(x) + (µ∗)Tg(x),

u∗
i gi(x

∗) = 0, i = 1, . . . , m,

g(x∗) ≤ 0
m,

Z7��r c
x∗ [yv/WPc�UPYLZ7[]\^WPT~veUPTQ�LZe[QUPcfZ7U � ´\� O � � c)WPd�d�[ Z7[]U:c�� µ∗ [Qv�WhcaUPYLZ7[]\^WhT�veUPTQ�LZe[QUPcfZ7UZ7��r���WP�PgIWhc��:[QWPc�dL�HWhT�Y�geU:V�TQr \«O �

J�4RKWJ ��� , ��� ,
O7b�, V
��rbZ

µ̄ ≥ 0
m O 1 v#r¶Ze�HrBg7r3ve��T]Z�WPV-UE�:r ZeUqY�g7UE�Pr Z7�HWEZ�[]� x̄ ∈ X

veUPTQ�Prxv�Ze�Hrj��Wh�:g7WPc��P[yWhc
g7r TyWEp�WEZ7[]U:c^ZeU

minimize
x∈X

f(x) + µ̄Tg(x),

Z7��r c
x̄
[yv Whc«U:YLZe[Q\^WhTzveUPTQ�LZe[QUPc ZeUfZ7��riY�g7UPV�TQr \µZ7U

minimize f(x),
subject to gi(x) ≤ ȳi, i = 1, . . . , m,

x ∈ X,
) ��r3gerBZ7��riUPg7[]�:[]c-WhT�`bUPc-v�Z7g7WP[]c�Z ge[Q�P��Ze� �HWPcHdave[ydLr3v��HW��:rjV-r3r c«Y-r3g#Z7��g7V-rxd [Qc�ZeU

ȳi







= gi(x̄)
�=U:g

µ̄i > 0
i = 1, . . . , m.

≥ gi(x̄)
�=U:g

µ̄i = 0

k:k
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� ����[yv g7r3ve��T Z [yv ½�c�U*) c«WPv 	 �')H#E)"2 2 � % � �?)W5"#E)HG«O �
J�4eK ' � �<V ,,bcUE[\QYM!,�*eQYV	S_M-,
£/UPcHve[ydLr g�Ze�Hri[]c�Zer3�Pr3g Y�geU:�PgIWh\ ZeU
maximize z = 11x1 + 6x2 + 5x3 + 15x4 + 5x5 + 4x6

subject to 5x1 + 3x2 + 4x3 + 6x4 + 3x5 + 4x6 ≤ b
x1 + x2 + x3 = 1

x4 + x5 + x6 = 1
x1 , x2 , x3 , x4 , x5 , x6 = 0/1,

) ��r g7r
b
[Qv WfYHWPg7WP\frbZer3g�Ze�HWhZ�` Whc)ZIWh½PrjU:c c�U:cL� c�r ��WEZe[Q�PrB�EWhTQ��r3v3O���WP�PgIWhc��:[QWPc�g7r TyWEp

Ze��r/½�cHWhYHv7WP`I½B`bU:cHv�Z7g7WP[]c�Z�) []Ze�iZ7��r�\¬��T]Ze[QY�T][Qr g
µ ≥ 0

��Whc-di�LZe[QTQ[]À3r�n��:r g7rbZ#Z � v�����r U:ger3\
ZeUa¤HcHd WPcsUPY�Ze[Q\fWPT�veUPTQ�LZ7[]U:c«�=UPgjWPv¶\fWPc�_ �EWhTQ��rxv�UP�

b
WPv�[Qv¶Y~U:v7v#[QV�TQrPO�£�Whcs_:UP���~[]c

Ze��[yv�YHWPg#Z7[Q` ��TQWPg )�W�_���¤-cHd�Z7��r�UPYLZ7[]\^WPT�v#U:T]�LZ7[]U:c��=U:g
b = 10

= � � 3 &?2 � ����r ��WP�PgIWhc��:[QWPcdL�HWPTXUPV32�rx` Ze[Q�PrB�=��c-` Ze[QUPc«�HW:v�V�g7r3Wh½aY-U:[]c�Z7v WhZ
µ = 5/2

Whc-d
µ = 10/3

O �
J�4eK 4 6 S�S<MEUE[ Q T8UEOY]
£/UPcHve[ydLr g°Ze��r«WhV~UE�Pr^[Qc�Zer �:r gqY�g7UP�PgIWh\ ) [ Z7�

b = 8
O§¿��HY�Y-U�v#raZe�HWhZ°Z7��r ½�cHWPYHv7WP`I½

`bU:cHv�Z7g7WP[]c�Z�[yvjW %%5"+.2/gerxv#U:��g7` r°`bU:cHv#ZegIWh[Qc:Z �HZ7�HWEZj[yv���[]ZjdLU�rxv�c�UPZ¶c�r3r3dsZeUaV~r¬�=��T ¤-T]TQr3d
rbp�WP`bZeTQ_{VH�LZ¬\^W�_¼V-r ��[QUPTyWEZ7r3dFveUP\fr�) �-WEZ3O � ����[yv�Z�_�Y~raUP� ` UPcHv#ZegIWh[Qc�Z°[yv°UP� Zer cFr3cL�`bU:��c�Zer g7r3d�) ��r3c^Ze�Hr g7r�Whg7r ��cH` r geZ7Wh[Qc�Ze[Qr3v�[]c^Z7��r�d�WhZ7W ��WPcHd ) ��r ca[ Z�[Qv�Ze��r3ger �=UPg7r c�UhZ
\fr3WhcH[]c��P�=��T�ZeU«g7r .���[Qger¬rbp�WP`bZj` UP\fY�TQ[QWPcH`br�) [ Z7� Z7��r^`bU:cHv�Z7g7WP[]c�ZxO � Zj[yviWhTyveUacHWhZe��gIWhT
ZeU \qULdLr3T�g7r3veUP�Hg7` r°`bU:cHv�Z7g7WP[]c�ZIv [Qc�Ze��[yv )�W�_ ) ��r3cs[ Zj[yv�Y~U:v7v#[QV�TQr�Z7Ua[Qc:Z7r g7Y�g7rbZBWa��[ �
UPTyWEZ7[]U:c)W:v Wfger�.:�H[]g7r \fr c�Z��=UPg�W:d�dL[]Ze[QUPcHWPTXgerxv#U:��gI`br ��Z7��r���WP�PgIWhc��:[QWPc�Zer3ge\ Ze��r3c��HWPv
Ze��rf[Qc�Zer g7Y�g7rbZIWEZe[QUPc{Uh��Whc§WPd�dL[]Ze[QUPc-WhT�`bU�v�Zj�=UPgBZ7��[QviW:d�dL[]Ze[QUPcHWPT�gerxv#U:��gI`brPO �F¿���YHY-U�v#r
Ze�HWhZ&)�r ��r3ger�WPT]TQU*)²�=UPg�Z7��r¶` UPcHv#ZegIWh[Qc�Z�ZeU�V~r���[QUPTyWEZ7r3dfV�_qWi�=r�)���c�[]Z7v/UPcHT]_:O 1 v#r�Ze��r
WhV~UE�Pr�g7r3ve��T Z�Z7Uj¤HcHd^Wjg7r3W:v#U:cHWhV�TQr�v#U:T]�LZ7[]U:cqZeUjZe�H[Qv�YHgeU:V�T]r3\«O � � Whc�_°g7r3WPT � )�UPg7TQd°UPYL�Ze[Q\f[]ÀxWEZe[QUPcfY�g7UPVHT]r3\fv�[]cH` T]�-dLr�`bU:cHv#ZegIWh[Qc:ZIv�Ze�HWhZ�[]c^c-WEZe�Hger WPger veUh� Z ��ve�H`I�^`bUPc-v�Z7g7WP[]c�Z7v
Uh� Z7r cs\fULdLr Tyv¶�PU:WPTQv�UPg¶gerxv#U:��g7` r�TQ[]\f[]Z7v3OB����r¬UPY�Y~U:ve[]Zer�Z7U ve�H`I� ` UPcHv#ZegIWh[Qc�Z7v WPger��-UP�
`bU:��g7ver�� ���:#W;�`bU:cHv#ZegIWh[Qc:ZIv Oq¿��H`I�{` UPcHv#ZegIWh[Qc�Z7vB\°�-v�ZjV-rf�=�HT ¤HTQTQr3d{rbp�WP`bZeTQ_��zWhc-d UP� Zer c
dLr3v7`bg7[QV-ri`bU:cHv#Ze[]Ze�LZ7[]U:cHWhTXU:g T]U:�P[y` WhTX` UPcHdL[]Ze[QUPc-v O �

@ � 5g2 ) � u ` `bU:g7d�[]c���ZeU°n��Pr g7rbZeZ � v�����r3UPg7r \ Whc�U:YLZe[Q\^WhT�v#U:T]��Ze[QUPcfZeUqW°��Wh�PgIWhcH�P[yWhc
ger3TQWhp�WEZe[QUPc¼Uh� veUP\fr^Y�g7UPV�TQr \ [Qv¬WhTyv#U�W��:T]U:VHWhTQTQ_sUPYLZ7[]\^WPT/veUPTQ�LZe[QUPc¼ZeU{W«�Pr gIve[]U:c{UP�
Ze��rsv7Wh[yd²Y�geU:V�TQr \ [Qc ) ��[y`I�5Z7��r�ge[Q�P��Ze� �HWPcHdKv#[ydLr3vfUP�¶Z7��rs`bU:cHv#ZegIWh[Qc:ZIvq�HW��Pr«V~r r c
Y-r3g#Z7��g7V-rxdXO "�_²��WPge_�[Qc��¼Ze��r ��WPT]�Hr3v^UP�¶Z7��rs\°�HT Z7[]Y�TQ[Qr gIv^�Hver3dK[]c¨Z7��r ��Wh�PgIWhcH�P[yWhc
ger3TQWhp�WEZe[QUPcFU:c�r«` Whc � c�U:ge\^WPT]TQ_(��[Qc²W:d�dL[]Ze[QUPc5U:VLZ7WP[]c²UPYLZ7[]\^WPT�veUPTQ�LZ7[]U:cHv¬ZeU¼Y�ge[Q\^WhTY�g7UPV�TQr \ ) []Ze�«W�TyWhg7�Pr��EWPge[QrbZ�_fUh��Y-r3g#Z7��geV-WEZe[QUPc-v�UP�zZe��rBg7[]�:�:Ze� �-WhcHd�ve[ydLr3v3O 0 U*)�r �Pr3g!�
[ Z�[yv/cHUPg7\fWPT]TQ_ &I5g2�Y-U�veve[QV�T]r¶ZeU¬UPVLZIWh[Qc<) �")H#5#^Y-U�veve[]VHT]rBY-r3g#Z7��g7VHWEZ7[]U:c���WPcHd�rxv#Y~r3` [QWPT]TQ_
Ze��r3gericHUPg7\fWPT]TQ_adLU^cHUhZ rbpL[yv�Z \¬��T]Ze[QY�T][Qr gIv�Z7�HWEZ g7r3ve��T]Z []c�WfÀ r3geUfY~r geZe��g7VHWhZe[QUPc � Z7�HWEZ[Qv!�

ȳ = 0
m � � ) ��[y`I� )/U:��Tyd^�HW��Pr�\qrxWhc�Z�Z7�HWEZ�)�r��HW��:r�v#U:T]�:r3dqZ7��r¶U:ge[Q�P[QcHWPTHY�g7UPV�TQr \«O

� u�c¼r p�`br Y�Ze[QUPc§[QvBZ7��r�` W:v#rfUP��`bU:c��PrbpsYHgeU:V�T]r3\^v ) [ Z7�§W�v#Zeg7[y` ZeTQ_ ` UPc��Pr psUPV32�rx` Ze[Q�Pr�=��cH`bZe[QUPc
�
�=U:g�ve�H`I��YHgeU:V�T]r3\^v�)�r�WhT )�W�_LvXU:VLZ7WP[]c�Ze��r/UPYLZ7[]\^WhT�veUPTQ�LZe[QUPciZ7U Ze�Hr/U:ge[Q�P[QcHWhT
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!��� � � ����� ������� k�³
Y�g7UPVHT]r3\ ) ��r3c )�ri�Hver�UPY�Ze[Q\fWPTz\°�HT Z7[]Y�TQ[Qr gIv []c«Z7��r°��Wh�PgIWhcH�P[yWhc ve��V�YHgeU:V�T]r3\«O �^���Hr
Y~r geZe��g7VHWhZe[QUPcHv�dLU ����U*)�r �:r g � [Qc°v#U:\fr�v#r3cHver�V~r3`bU:\fr�v#\^WPT]TQr g�WPvXZ7��r�\¬��T]Ze[QY�T][Qr g��EWhTQ��r3v
�:rbZ7v ` T]U�v#r3g�ZeUqZe��riU:YLZe[Q\^WhTzU:c�r3v3O
� c9ve��\f\fWPge_���Z7��r c ��V�_§v#U:T]��[Qc��s��WP�PgIWhc��:[QWPc{ve��V�Y�g7UPVHT]r3\fv � ) ��[y`I�Fc�UPg7\^WhTQT]_{[Qv\¬�H`I��T]rxvev dLr \^WPcHdL[Qc��9Z7�HWhc�Z7U5veUPTQ�Pr�Z7��r U:ge[Q�P[QcHWhT�Y�geU:V�TQr \e� )�r�¤HcHd�Ze��r{rbp�WP`bZ

U:YLZe[Q\^WhT/veUPTQ�LZ7[]U:c§ZeU�%%5"GR)¬Y~r geZe��g7V-rxdFY�g7[]\^WPT�Y�g7UPV�TQr \^v!��VH�LZ¬�Hve�HWPT]TQ_�&?5g2 Z7�HWEZqUh�
Z7��riUPg7[]�:[]c-WhT~Y�geU:V�TQr \«O
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£/U:cHv#[ydLr3g�WqY�g7UPVHT]r3\ Uh��Ze��rj�=U:ge\
z∗ = minimum f(x),

subject to gi(x) ≤ 0, i = 1, . . . , m, (P )
x ∈ X,

) ��r3ger
X ⊆ R

n [yv¬` T]U�v#rxdFWhcHd§V~UP�HcHdLr3d���WhcHd¼Z7��r��=��c-` Ze[QUPc-v
f, gi : R

n → R
Whg7r

` UPc�Ze[Qc���UP�Hv3O����Hr Y�geU:V�TQr \ [yv�WPv7ve��\fr3d°ZeUi�HW��:r�WPc¬U:YLZe[Q\^WhTHveUPTQ�LZ7[]U:c��
x∗ O � c�Zeg7ULdL�H` rYHWPg7WP\frbZer3g7v

µi ≥ 0
�
i = 1, . . . , m

�-WhcHd)dLrb¤-c�r
s(µ) = minimum f(x),

subject to

m
∑

i=1

µigi(x) ≤ 0 (S)

x ∈ X.����[yv Y�g7UPV�TQr \ �HWPv�U:c�T]_<5"&I)�rbpLY�TQ[y`b[]Z�`bUPc-v�Z7g7WP[]c�Z3O
J � KWJ � ,
Q�� ^ �_Q�MEU%T�Z
¿��HU*)9Ze�-WEZ

x∗ [yv�WB�=rxWPve[]V�TQr veUPTQ�LZe[QUPcqZeUjZ7��r Y�g7UPV�TQr \ � ¿(��WhcHd¬Ze�-WEZ�Z7��r g7rb�=U:ger s(µ) ≤
z∗
WhT )�W�_Lv¶��UPTyd�v!�XZe�HWhZi[Qv!� � ¿=�B[QvjW_#%)%>9� �=�*2A3B5"& Uh��Z7��rfUPg7[]�:[]c-WhT�Y�g7UPV�TQr \«O � UhZe[Q�EWEZ7r) ��_

maximumµ≥0m s(µ) ≤ z∗ ��UPTyd�v3O�n�pLY�TQWP[]c)Z7��riY-UPZer3c:Z7[QWPTz�HverjUh��Z7��[yv gerxv#�HT Z �
J � K(' � �_V ,,bcUE[ Q�M ,�*eQYV	S<M ,
£/U:cHv#[ydLr3g/Z7��riTQ[]c�rxWhg  ��NBY�geU:V�TQr \µZ7U¬¤-cHd
z∗ = maximum z = 5x1 + 8x2 + 7x3 + 9x4

subject to 3x1 + 2x2 + 3x3 + 3x4 ≤ 6 (1)
2x1 + 3x2 + 3x3 + 4x4 ≤ 5 (2)
2x1 + x2 + 2x3 + x4 = 3
x1 , x2 , x3 , x4 ∈ {0, 1}.

k��
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 -:# #%5"!g�*2.) #E)H>6� �aZ7��rf`bUPc-v�Z7g7WP[]c�Z7v � Nf�¶Whc-d � l$��) []Ze�s\¬��T Z7[]YHT][Qr gIv µ1, µ2 ≥ 0

WhcHd
v�ZIWEZ7r¶Z7��riY�g7UPV�TQr \ � ¿(�bO-�zr Z µ̄ = (1, 2)T

O�n��EWhTQ�HWEZ7r
s(µ̄)

O
£/UPcHve[Qd�r g�Wh��Wh[QcsZ7��rfUPg7[]�:[]cHWPT�Y�geU:V�TQr \���Whc-d{��Wh�PgIWhcH�P[yWhc�g7r TyWEp�Ze�Hr�`bUPc-v�Z7g7WP[]c�Z7v

� N"��WhcHd � l$� ) [ Z7�«\°��T]Ze[QY�TQ[]r3g7v µ1, µ2 ≥ 0
O�n��EWPT]�HWhZeriZ7��r���WP�PgIWhc��:[QWPcadL�HWPTX�=��cH`bZe[QUPc

�EWhTQ��riWEZ
µ = µ̄

O/£/UP\fYHWhg7r¶Ze��rjZ )�Ufgerxv#��T]Z7v3O

J � K 4 � OYV	S<Q7b U-7 O�] ��U%T�� � Q
��b Q�]���UEQY] ^ �_Q�MEU%T�Z
�zr Z

µ ≥ 0
m WPcHd

q(µ) := minimum
x∈X

f(x) +

m
∑

i=1

µigi(x).

¿���U*)�Z7�HWEZ
q(µ) ≤ s(µ)

�HWPcHd Ze�HWhZ
maximum

µ≥0m

q(µ) ≤ maximum
µ≥0m

s(µ) ≤ z∗.
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£/U:cHv#[ydLr3g/Z7��r�v#Z7Whc-d�WhgId ��´¨Y�geU:V�TQr \µZ7U¬¤-cHd
vLP = minimum cTx,

subject to Ax ≤ b,
Dx ≤ d,
x ∈ R

n
+.

»¼r�v#�HY�Y-U�v#rB�=U:g c�U*)�Z7�HWEZ
X
[Qv V~UP�HcHdLr3dzO

�zr Z
PX := {x1, x2, . . . , xK}

V~riZe��r¬v#r Z Uh��rbp�Zeg7r \friY~UP[Qc�Z7v [Qc«Ze�Hr�Y-U:T]_���rxdLg7UPc
X := {x ∈ R

n
+ | Ax ≤ b }

O

J � KWJ � , 	'O7b V ��MWQ T8UEO�] 7
� ZIv���Wh�:g7WPc��P[yWhcidL�HWPT�) [ Z7�°g7r3veY-rx` Z�ZeUj��Wh�:g7WPc��P[yWhcjg7r TyWEpL[Qc�� Ze�Hr�` UPcHv#ZegIWh[Qc�Z7v

Dx ≤ d[yv�ZeUq¤HcHd
vLP = vL := maximum q(µ),

subject to µ ≥ 0,

) ��r3ger
q(µ) := minimum

x∈X

{

cTx + µT(Dx − d)
}

= minimum
i∈PX

{

cTxi + µT(Dxi − d)
}

.

¿���U*)�Ze�HWhZ Ze��[yv `3Whc)r .���[Q��WPT]r3c�ZeTQ_�V-r ) g7[]Z#Zer3c�WPv
q(µ) ≤ cTxi + µT(Dxi − d), i ∈ PX , µ ≥ 0

t-N



t�l ������� �
	��	� � 
 � � � ����� � � � � ����	�� 	 ������� �&��� � � � 	���� ��� � �"����� 

Ze�HWhZ [Qv!�

vL := maximum z,

subject to z ≤ cTxi + µT(Dxi − d), i ∈ PX ,

µ ≥ 0.

J � K ' 6 b�,"71T8b UE[ T8UEOY]�� O7SRT UWVXQ�MEUHTIZ
¿���Y�Y~U:verBUPc�TQ_�W¬ve��VHverbZ�Uh�

PX

[yv�½�cHU*) c���WPcHda` UPcHve[ydLr g�Ze�Hr��=U:T]TQU*) []cH�°g7r3v#Zeg7[Q`bZe[QUPc�UP�
Ze��r���Wh�:g7WPc��P[yWhcad��HWhTXY�g7UPVHT]r3\

�

zk+1 := max z, � Nx³�O]NxW$�
s.t. z ≤ cTxi + µT(Dxi − d), i = 1, . . . , k, � Nx³�O]N3V��

µ ≥ 0. � Nx³�O]Nx`��
0 U*)FdLU )�r�dLr Zer g7\f[]cHr�[ � )�r��HW��:r��=UP��cHdBZ7��r�U:YLZe[Q\^WhT�v#U:T]�LZ7[]U:cBZeU Z7��r/��Wh�PgIWhcH�P[yWhc

dL�HWPT�Y�g7UPV�TQr \ =��¶r g7[Q�PriZ7��r°U:YLZe[Q\^WhTQ[ Z�_ Zerxv�Z �¶¿���Y�Y~U:veriZ7�HWEZ )/ri�=U:��cHd«Z7��r�U:YLZe[Q\^WhT
v#U:T]��Ze[QUPczO�n�pLY�TyWh[Qc«��U*) )�rjUPVLZIWh[QcaZ7��riY�g7[]\^WhTXU:YLZe[Q\^WhT�veUPTQ�LZ7[]U:czO

J � K 4 
�b O �7b�,"7 7
¿���Y�Y~U:ver�Ze�HWhZ�)/r��HW��:r/c�UPZ�_PrbZ��=U:��cHd°Ze��r U:YLZe[Q\^WhT�veUPTQ�LZe[QUPc°ZeUBZe��r ��Wh�:g7WPc��P[yWhc�dL�-WhT
Y�g7UPV�TQr \«O�n�pLY�TQWP[]c^�HU*)²Y�g7UP�:gerxvev�`3WhcfV-r�\fW:dLr VHW:v#rxdqUPcqZe��r�c�r�)¨[QcL�=UPg7\^WEZe[QUPcqZ7�HWEZ
)�W:v�UPVLZIWh[Qc�r3d �=g7UP\µZ7��riUPYLZ7[]\^WPT][]Z�_^Zerxv�ZxO
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����r«`b��Z#Ze[Qc��FY�TyWhcHr)dLr3�Pr3T]U:Y-rxd²WPV-UE�:ra�HW:vqv#Zeg7UPcH�¼dL�-WhTQ[ Z�_9g7r TyWEZ7[]U:cHve��[]Y-v ) []Ze�KZe�Hr
` TQW:veve[Q` �BWhc�Z7À [Q� ��»¼UPT]�=r�dLrx`bU:\qY~U:ve[]Ze[QUPc^\frbZ7��ULdf�=UPg/T][Qc�r3WPg�Y�g7UP�:g7WP\f\q[Qc��-O�����r YH��g#�
Y~U:verjUh��Z7��[yv rbpLr gI`b[yverB[yv�ZeU^dLr Zer3ge\f[Qc�rirbp�WP`bZeTQ_ ) ��[y`I� U:c�r3v3O

»¼riger!) ge[]ZerBZe�HriY�geU:V�TQr \ � Nx³LOQNf��W:v��=U:T]TQU*) v �

maximize
(z,µ)

z,

subject to z − µT(Dxi − d) ≤ cTxi, i = 1, . . . , k,

µ ≥ 0.

»�[]Ze� ��´�dL�HWPT��EWhg7[QWPV�TQr3v
λi ≥ 0

�=UPg Z7��r�TQ[]cHr3WhgB`bU:cHv�Z7g7WP[]c�ZIv�� )�r�U:VLZ7WP[]c«Z7��r°�z´
dL�-WhT�ZeUq¤Hc-d

vk+1 = minimum

k
∑

i=1

(cTxi)λi,

subject to

k
∑

i=1

λi = 1,

−

k
∑

i=1

(Dxi − d)λi ≥ 0,

λi ≥ 0, i = 1, . . . , k,

Ze�-WEZ [yv��
t�k
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vk+1 = minimum cT

(

k
∑

i=1

λix
i

)

, � N3¹�OQNf�

subject to

k
∑

i=1

λi = 1,

λi ≥ 0, i = 1, . . . , k,

D

(

k
∑

i=1

λix
i

)

≤ d.

J �eK�J �I] T ,,b S_b�, T8Q7T8UEO�] 7
� c�Zer g7Y�g7rbZ�Ze�Hr�WhV~UE�PrBY�geU:V�TQr \ [Qc)Zer g7\^v�Uh��Ze��riU:ge[Q�P[QcHWPT ��Y�g7[]\^WPTXY�geU:V�TQr \«O

J �eK ' � �_Q�MEUHTIZ b�,
MEQ T UEO�] 7 �_U%S 7
����r�Y�g7UPVHT]r3\ � Nx¹�OQNf�B[yv�½�c�U*) cFWPv�Ze��rR#%) %W24# 340�2.)f;CGe� %�2 )H# D?#%5(F'>B)HG � � � ´\�°[Qc§Ze��r�¶WPc�ZeÀ [Q� ��»{U:T �=rfWhTQ�PU:ge[]Ze�H\)Oin�p�YHTQWP[]c{Ze��rfY�g7UP�:gerxvev�Uh�/Ze��[yviWhTQ�PU:ge[]Ze��\«O 0 U*) dLU�)/r
dLrbZ7r g7\f[]c�r ) ��rbZ7��r g�)�r��HW��Pr��=UP��cHd5Whc9U:YLZe[Q\^WhT�v#U:T]�LZ7[]U:c = 0 U*) dLU,)�raU:VLZ7WP[]c5W
Y�g7[]\^WhT�UPYLZ7[]\^WhT/v#U:T]�LZ7[]U:c =wn�p�YHTQWP[]c§Z7��r^rbp�WP`bZ°dL�HWPT][]Z�_ g7r TyWEZ7[]U:cHv#�H[]YHvjV~rbZ )�r r3c¼Ze��r
v#�HVL��WhcHd)\^WPv#Zer3g�Y�geU:V�TQr \^v�[]c)Z7��r�`b�LZeZe[Qc��^Y�TyWhc�riWPcHd��¶WPc:Z7À [Q� ��»{U:T �=rjWhTQ�PU:ge[]Ze��\^v3O
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£/U:cHv#[ydLr3g/Z7��rj�=UPTQTQU*) []c��fY�g7UPVHT]r3\µZeU
minimize cTx + f(y),

subject to Ax + F (y) ≥ b,

x ≥ 0
n, y ∈ S.»¼r^`bUPc-v#[ydLr g¶Ze�Hrq�EWPge[yWhV�TQr3v

y
ZeU)V~r�;$3��_0�-/>42 [Qc Z7��r^v#r3cHver°Z7�HWEZjZe�HrqYHgeU:V�T]r3\�[]c

x[yv°TQ[Qc�r3WPg3O9����r)[ydLr3W V-r3��[]c-d "�r c-dLr gIv¬d�r3`bU:\fY-U�v#[]Ze[QUPc²[Qv°ZeU¼�LZe[QTQ[]À3r Z7��[yv¬YHgeU:Y-r3g#Z�_��
Z7��geU:���P� gerxv�Z7ge[y` Z7[]cH�¬Z7��riY�g7UPV�TQr \ V�_�¤�pL[]c��qZ7��ri�Prx` ZeU:g

y
ZeU�W¬�=r3W:v#[QV�TQrB�EWPT]��r:O

J � KWJ 6 S_S_MEUW[\Q T UEO�] 7
´�g7UE��[Qd�rBWPc«WPY�Y�TQ[Q`3WEZ7[]U:caUh��Ze�Hr�WhV~UE�PrBY�geU:V�TQr \µ�=U:ge\¬��TQWhZe[QUPczO
J � K(' � ,,bcU
� Q T8UEO�] 7���7 ��P�S_b O�P_M , V
»¼ri[]c�Z7geULdL�H` rBZe��r�verbZ

R := {y ∈ S | ∃x ≥ 0
n ) []Ze� Ax ≥ b − F (y) }»��HWhZ [Qv�Z7��rig7UPTQr¶UP��Z7��[Qv�v#r Z =

'��Hg#Z7��r g � )�rB[Qc�Zeg7ULdL�H`brBZ7��r�dL�HWPTzv#r Z
D = {u ∈ R

m
+ | ATu ≤ c }

Z7UP�Pr Ze��r3g�) [ Z7� Z7��rj�=UPTQTQU*) []c��fr3c:Z7[ Z7[]rxv
�

u
p
i , i = 1, . . . , npWPcHd

ur
i , i = 1, . . . , nrdLr3c�UhZ7r3v�Z7��rirbp�Zeg7r \frjY~UP[Qc:ZIv WhcHd)r p�Z7ger3\frBgIW�_Lv�Uh�

D
��gerxv#Y~r3`bZe[Q�Pr3T]_:O

�¶r g7[]�:r¶Z7��r "�r cHd�r gIv v#��VHY�geU:V�TQr \ V�_��Hve[Qc��^�z´�dL�HWPT][]Z�_ �
t�³
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��r3ge[Q�PrBZ7��rigerxv�Z7ge[y` Z7r3d \^WPv#Zer g�Y�g7UPVHT]r3\ �

J � K � 6 M ��O7bcUHT��<V ^�,"78[ bcU%S�T8UEO�]
��rxve` ge[QV~r¶Z7��r )�UPg7½�[Qc���v/UP��Z7��r�`bU:\qYHT]r Zer�WhTQ�PU:ge[]Ze�H\)O � c«YHWhgeZe[y`b�HTQWPg

�

�
0 U*) dLU )�rjUPVLZIWh[Qc)W¬�=r3W:v#[QV�TQr�v#U:T]��Ze[QUPc ZeUqZe��riYHgeU:V�T]r3\ =

�
»���r3csdLU )/rj½�c�U*)�Ze�HWhZ )/rj�HW��:r��=U:��cHd«Whc)UPYLZ7[]\^WPT�v#U:T]��Ze[QUPc =

�
»���[y`I� WPger�Ze��rBg7r .���[Qger3\qr3c�Z7v/UPc^Z7��r¶U:ge[Q�P[QcHWPT-Y�g7UPVHT]r3\ dHWEZ7W�Ze�HWhZ ) [QTQT~r3cHve��ger
` UPc��Pr3ge�:r cH` r�=

�
� cqZe�Hr�` W:v#r�) ��r3ger�Ze�Hr UPg7[]�:[]cHWPT�Y�geU:V�TQr \ [yv�TQ[]cHr3Whg � ) �HWhZ�Whg7r/Z7��r g7r TyWEZe[QUPc-v#��[QYHvV~rbZ )�r r3c "/r3cHdLr3g7v�d�r3`bU:\fY-U�v#[]Ze[QUPc^Whc-dqZe��r�` �LZ#Z7[]cH��Y�TyWhc�r WPcHd �¶WPc�ZeÀ [Q� ��»{U:T �=r
WPT]�:UPg7[ Z7��\^v(=�»��HWEZ�Whg7r�_PU:��g�` UPcH` T]�Hve[QUPcHvXg7r ��WhgIdL[Qc���Ze��r�WhY�YHT][y` WPV�[]TQ[]Z�_¶UP�LZe��rxv#r
Z7��ger3ri\frbZe�HU�dHv(=

�
n�pLY�TyWh[Qc���U*)
Ze��rxv#r°\qr Ze��ULd�v¶Whg7rjV-rxv�Z�[Q\fY�TQr \fr c�Zerxd«[]c�YHg7W:` Ze[y`brj�=U:g�WfTQ[]c�rxWhg
Y�g7UP�:g7WP\«O


