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�

R
elax

ation
T

h
eorem

:
(a)

[relaxation
]
f
∗R
≤

f
∗.

(b
)

[in
feasib

ility]
If

(2)
is

in
feasib

le,
th

en
so

is
(1).

(c)
[op

tim
al

relaxation
]
If

th
e

p
rob

lem
(2)

h
as

an

op
tim

al
solu

tion
,
x
∗R
,
for

w
h
ich

it
h
old

s
th

at

x
∗R
∈

S
an

d
f

R
(x

∗R
)

=
f
(x

∗R
),

(3)

th
en

x
∗R

is
an

op
tim

al
solu

tion
to

(1)
as

w
ell.

�

P
ro

of
p
ortion

.
F
or

(c),
n
ote

th
at

f
(x

∗R
)

=
f

R
(x

∗R
)
≤

f
R
(x

)
≤

f
(x

),
x
∈

S
.

�

A
p
p
lication

s:
ex

terior
p
en

alty
m

eth
o
d
s

y
ield

low
er

b
ou

n
d
s

on
f
∗;

L
agran

gian
relax

ation
y
ield

s
low

er

b
ou

n
d

on
f
∗.

3

'&

$%

L
a
g
r
a
n
g
ia

n
r
e
la

x
a
tio

n

�

C
on

sid
er

th
e

op
tim

ization
p
rob

lem
to

fi
n
d

f
∗

:=
in

fi
m

u
m

x

f
(x

),
(4a)

su
b
ject

to
x
∈

X
,

(4b
)

g
i (x

)
≤

0,
i
=

1,...,m
,

(4c)

w
h
ere

f
:
R

n
7→

R
an

d
g

i
:
R

n
7→

R
(i

=
1,2,...,m

)
are

given
fu

n
ction

s,
an

d
X

⊆
R

n.

�

F
or

th
is

p
rob

lem
,
w

e
assu

m
e

th
at

−
∞

<
f
∗

<
∞

,
(5)

th
at

is,
th

at
f

is
b
ou

n
d
ed

from
b
elow

an
d

th
at

th
e

p
rob

lem
h
as

at
least

on
e

feasib
le

solu
tion

.

L
e
c
tu

r
e

3
:

L
a
g
r
a
n
g
ia

n
d
u
a
lity

a
n
d

a
lg

o
r
ith

m
s

fo
r

th
e

L
a
g
r
a
n
g
ia

n
d
u
a
l

p
r
o
b
le

m

M
ich

ael
P
atrik

sson

19
M
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2004

0
-0

1

'&

$%

T
h
e

R
e
la

x
a
tio

n
T

h
e
o
r
e
m

�

P
rob

lem
:

fi
n
d

f
∗

:=
in

fi
m

u
m

x

f
(x

),
(1a)

su
b
ject

to
x
∈

S
,

(1b
)

w
h
ere

f
:
R

n
7→

R
given

fu
n
ction

,
S
⊆

R
n.

�

A
relax

ation
to

(1)
h
as

th
e

follow
in

g
form

:
fi
n
d

f
∗R

:=
in

fi
m

u
m

x

f
R
(x

),
(2a)

su
b
ject

to
x
∈

S
R
,

(2b
)

w
h
ere

f
R

:
R

n
7→

R
is

a
fu

n
ction

w
ith

f
R
≤

f
on

S
,
an

d

S
R
⊇

S
.



6

'&

$%

�

S
eem

s
to

im
p
ly

th
at

th
ere

is
a

h
id

d
en

con
vex

ity

assu
m

p
tion

h
ere.

Y
es,

th
ere

is.
W

e
sh

ow
a

S
tron

g

D
u
ality

T
h
eorem

later.
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T
h
e

L
a
g
r
a
n
g
ia

n
d
u
a
l
p
r
o
b
le

m
a
sso

c
ia

te
d

w
ith

th
e

L
a
g
r
a
n
g
ia

n
r
e
la

x
a
tio

n

q(µ
)

:=
in

fi
m

u
m

x
∈

X
L

(x
,µ

)
(8)

is
th

e
L
agran

gian
d
u
al

fu
n
ction

.
T

h
e

L
agran

gian
d
u
al

p
rob

lem
is

to

m
ax

im
ize

�

q(µ
),

(9a)

su
b
ject

to
µ
≥

0
m

.
(9b

)

F
or

som
e

µ
,
q(µ

)
=

−
∞

is
p
ossib

le;
if

th
is

is
tru

e
for

all

µ
≥

0
m

,

q
∗

:=
su

p
rem

u
m

�

≥
0

m

q(µ
)

=
−
∞

.
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F
or

a
vector

µ
∈

R
m

,
w

e
d
efi

n
e

th
e

L
agran

ge
fu

n
ction

L
(x

,µ
)

:=
f
(x

)
+

m
∑i=

1

µ
i g

i (x
)

=
f
(x

)
+

µ
T
g
(x

).
(6)

�

W
e

call
th

e
vector

µ
∗
∈

R
m

a
L
agran

ge
m

u
ltip

lier
if

it

is
n
on

-n
egative

an
d

if
f
∗

=
in

f
x
∈

X
L

(x
,µ

∗)
h
old

s.
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L
a
g
r
a
n
g
e

m
u
ltip

lie
r
s

a
n
d

g
lo

b
a
l
o
p
tim

a

�

L
et

µ
∗

b
e

a
L
agran

ge
m

u
ltip

lier.
T

h
en

,
x

∗
is

an

op
tim

al
solu

tion
to

(4)
if

an
d

on
ly

if
x

∗
is

feasib
le

in

(4)
an

d

x
∗
∈

arg
m

in
x
∈

X
L

(x
,µ

∗),
an

d
µ
∗i g

i (x
∗)

=
0,

i
=

1,...,m
.

(7)

�

N
otice

th
e

resem
b
lan

ce
to

th
e

K
K

T
con

d
ition

s!
If

X
=

R
n

an
d

all
fu

n
ction

s
are

in
C

1
th

en

“
x
∗
∈

arg
m

in
x
∈

X
L

(x
,µ

∗)”
is

th
e

sam
e

as
th

e
force

eq
u
ilib

riu
m

con
d
ition

,
th

e
fi
rst

row
of

th
e

K
K

T

con
d
ition

s.
T

h
e

secon
d

item
,
“µ

∗i g
i (x

∗)
=

0
for

all
i”

is

th
e

com
p
lem

en
tarity

con
d
ition

s.
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W
eak

d
u
ality

is
also

a
con

seq
u
en

ce
of

th
e

R
elax

ation

T
h
eorem

:
F
or

an
y

µ
≥

0
m

,
let

S
:=

X
∩
{
x
∈

R
n
|
g
(x

)
≤

0
m
},

(10a)

S
R

:=
X

,
(10b

)

f
R

:=
L

(µ
,·).

(10c)

A
p
p
ly

th
e

R
elax

ation
T

h
eorem

.

�

If
q
∗

=
f
∗,

th
ere

is
n
o

d
u
ality

gap
.

If
th

ere
ex

ists
a

L
agran

ge
m

u
ltip

lier
vector,

th
en

b
y

th
e

w
eak

d
u
ality

th
eorem

,
th

ere
is

n
o

d
u
ality

gap
.

T
h
ere

m
ay

b
e

cases

w
h
ere

n
o

L
agran

ge
m

u
ltip

lier
ex

ists
even

w
h
en

th
ere

is

n
o

d
u
ality

gap
;
in

th
at

case,
th

e
L
agran

gian
d
u
al

p
rob

lem
can

n
ot

h
ave

an
op

tim
al

solu
tion

.

1
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G
lo

b
a
l
o
p
tim

a
lity

c
o
n
d
itio

n
s

�

T
h
e

vector
(x

∗,µ
∗)

is
a

p
air

of
op

tim
al

p
rim

al
solu

tion

an
d

L
agran

ge
m

u
ltip

lier
if

an
d

on
ly

if

µ
∗
≥

0
m

,
(D

u
al

feasib
ility

)
(11a)

x
∗
∈

arg
m

in
x
∈

X
L

(x
,µ

∗),
(L

agran
gian

op
tim

ality
)(11b

)

x
∗
∈

X
,

g
(x

∗)
≤

0
m

,
(P

rim
al

feasib
ility

)
(11c)

µ
∗i g

i (x
∗)

=
0,

i
=

1,...,m
.

(C
om

p
lem

en
tary

slack
n
ess)

(11d
)

�

If
∃
(x

∗,µ
∗),

eq
u
ivalen

t
to

zero
d
u
ality

gap
an

d

ex
isten

ce
of

L
agran

ge
m

u
ltip

liers.
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�

T
h
e

eff
ective

d
om

ain
of

q
is

D
q

:=
{

µ
∈

R
m
|
q(µ

)
>

−
∞

}.

�

T
h
e

eff
ective

d
om

ain
D

q
of

q
is

con
vex

,
an

d
q

is

con
cave

on
D

q .

�

T
h
at

th
e

L
agran

gian
d
u
al

p
rob

lem
alw

ay
s

is
con

vex

(w
e

in
d
eed

m
ax

im
ize

a
con

cave
fu

n
ction

!)
is

very
go

o
d

n
ew

s!

�

B
u
t

w
e

n
eed

still
to

sh
ow

h
ow

a
L
agran

gian
d
u
al

op
tim

al
solu

tion
can

b
e

u
sed

to
gen

erate
a

p
rim

al

op
tim

al
solu

tion
.
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W
e
a
k

D
u
a
lity

T
h
e
o
r
e
m

�

L
et

x
an

d
µ

b
e

feasib
le

in
(4)

an
d

(9),
resp

ectively.

T
h
en

,

q(µ
)
≤

f
(x

).

In
p
articu

lar,

q
∗
≤

f
∗.

If
q(µ

)
=

f
(x

),
th

en
th

e
p
air

(x
,µ

)
is

op
tim

al
in

its

resp
ective

p
rob

lem
.
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S
tr

o
n
g

d
u
a
lity

T
h
e
o
r
e
m

�

C
on

sid
er

p
rob

lem
(4),

w
h
ere

f
:
R

n
7→

R
an

d
g

i

(i
=

1,...,m
)

are
con

vex
an

d
X

⊆
R

n
is

a
con

vex
set.

�

In
tro

d
u
ce

th
e

follow
in

g
S
later

con
d
ition

:

∃
x
∈

X
w

ith
g
(x

)
<

0
m

.
(13)

�

S
u
p
p
ose

th
at

(5)
an

d
S
later’s

C
Q

(13)
h
old

for
th

e

(con
vex

)
p
rob

lem
(4).

�

(a)
T

h
ere

is
n
o

d
u
ality

gap
an

d
th

ere
ex

ists
at

least
on

e

L
agran

ge
m

u
ltip

lier
µ

∗.
M

oreover,
th

e
set

of
L
agran

ge

m
u
ltip

liers
is

b
ou

n
d
ed

an
d

con
vex

.
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(b
)

If
th

e
in

fi
m

u
m

in
(4)

is
attain

ed
at

som
e

x
∗,

th
en

th
e

p
air

(x
∗,µ

∗)
satisfi

es
th

e
glob

al
op

tim
ality

con
d
ition

s
(11).

�

(c)
If

th
e

fu
n
ction

s
f

an
d

g
i
are

in
C

1
th

en
th

e

con
d
ition

(11b
)

can
b
e

w
ritten

as
a

variation
al

in
eq

u
ality.

If
fu

rth
er

X
is

op
en

(for
ex

am
p
le,

X
=

R
n)

th
en

th
e

con
d
ition

s
(11)

are
th

e
sam

e
as

th
e

K
K

T

con
d
ition

s.

�

S
im

ilar
statem

en
ts

for
th

e
case

of
also

h
av

in
g

lin
ear

eq
u
ality

con
strain

ts.

�

If
all

con
strain

ts
are

lin
ear

w
e

can
rem

ove
th

e
S
later

con
d
ition

.

1
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S
a
d
d
le

p
o
in

ts

�

T
h
e

vector
(x

∗,µ
∗)

is
a

p
air

of
op

tim
al

p
rim

al
solu

tion

an
d

L
agran

ge
m

u
ltip

lier
if

an
d

on
ly

if
x

∗
∈

X
,

µ
∗
≥

0
m

,
an

d
(x

∗,µ
∗)

is
a

sad
d
le

p
oin

t
of

th
e

L
agran

gian
fu

n
ction

on
X

×
R

m+
,
th

at
is,

L
(x

∗,µ
)
≤

L
(x

∗,µ
∗)

≤
L

(x
,µ

∗),
(x

,µ
)
∈

X
×

R
m+

,

(12)

h
old

s.

�

If
∃
(x

∗,µ
∗),

eq
u
ivalen

t
to

th
e

glob
al

op
tim

ality

con
d
ition

s,
th

e
ex

isten
ce

of
L
agran

ge
m

u
ltip

liers,
an

d
a

zero
d
u
ality

gap
.

1
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S
tr

o
n
g

d
u
a
lity

fo
r

c
o
n
v
e
x

p
r
o
g
r
a
m

s,
in

tr
o
d
u
c
tio

n

�

R
esu

lts
so

far
h
ave

b
een

rath
er

n
on

-tech
n
ical

to

ach
ieve:

con
vex

ity
of

th
e

d
u
al

p
rob

lem
com

es
w

ith
very

few
assu

m
p
tion

s
on

th
e

origin
al,

p
rim

al
p
rob

lem
,
an

d

th
e

ch
aracterization

of
th

e
p
rim

al–d
u
al

set
of

op
tim

al

solu
tion

s
is

sim
p
le

an
d

also
q
u
ite

easily
estab

lish
ed

.

�

In
ord

er
to

estab
lish

stron
g

d
u
ality

,
th

at
is,

to
estab

lish

su
ffi

cien
t

con
d
ition

s
u
n
d
er

w
h
ich

th
ere

is
n
o

d
u
ality

gap
,
h
ow

ever
takes

m
u
ch

m
ore.

�

In
p
articu

lar,
as

is
th

e
case

w
ith

th
e

K
K

T
con

d
ition

s

w
e

n
eed

regu
larity

con
d
ition

s
(th

at
is,

con
strain

t

q
u
alifi

cation
s),

an
d

w
e

also
n
eed

to
u
tilize

sep
aration

th
eorem

s.
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W
e

th
en

h
ave

th
at

q
′(µ

)
=

4
−

µ
=

0
⇐
⇒

µ
=

4.
A

s

µ
=

4
≥

0,
it

is
th

e
op

tim
u
m

in
th

e
d
u
al

p
rob

lem
!

µ
∗

=
4;x

∗
=

(x
1 (µ

∗),x
2 (µ

∗))
T

=
(2,2)

T
.

�

A
lso:

f
(x

∗)
=

q(µ
∗)

=
8.

�

T
h
is

is
an

ex
am

p
le

w
h
ere

th
e

d
u
al

fu
n
ction

is

d
iff

eren
tiab

le.
In

th
is

p
articu

lar
case,

th
e

op
tim

u
m

x
∗

is
also

u
n
iq

u
e,

an
d

is
au

tom
atically

given
b
y

x
∗

=
x

(µ
).

1
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E
x
a
m

p
le

s,
I
I:

A
n

im
p
lic

it,
n
o
n
-d

iff
e
r
e
n
tia

b
le

d
u
a
l

p
r
o
b
le

m

�

C
on

sid
er

th
e

lin
ear

p
rogram

m
in

g
p
rob

lem
to

m
in

im
ize

x

f
(x

)
:=

−
x

1
−

x
2 ,

su
b
ject

to
2x

1
+

4x
2
≤

3,

0
≤

x
1
≤

2,

0
≤

x
2
≤

1.

�

T
h
e

op
tim

al
solu

tion
is

x
∗

=
(3/2,0)

T
,f

(x
∗)

=
−

3/2.

�

C
on

sid
er

L
agran

gian
relax

in
g

th
e

fi
rst

con
strain

t,

1
6
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E
x
a
m

p
le

s,
I:

A
n

e
x
p
lic

it,
d
iff

e
r
e
n
tia

b
le

d
u
a
l

p
r
o
b
le

m

�

C
on

sid
er

th
e

p
rob

lem
to

m
in

im
ize

x

f
(x

)
:=

x
21
+

x
22 ,

su
b
ject

to
x

1
+

x
2
≥

4,

x
j
≥

0,
j

=
1,2.

�

L
et

g
(x

)
:=

−
x

1
−

x
2
+

4
an

d

X
:=

{
(x

1 ,x
2 )

|
x

j
≥

0,
j

=
1,2

}.
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T
h
e

L
agran

gian
d
u
al

fu
n
ction

is

q(µ
)

=
m

in
x
∈

X
L

(x
,µ

)
:=

f
(x

)
−

µ
(x

1
+

x
2
−

4)

=
4µ

+
m

in
x
∈

X
{x

21
+

x
22
−

µ
x

1
−

µ
x

2 }

=
4µ

+
m

in
x
1
≥

0
{x

21
−

µ
x

1 }
+

m
in

x
2
≥

0
{x

22
−

µ
x

2 },
µ
≥

0.

�

F
or

a
fi
x
ed

µ
≥

0,
th

e
m

in
im

u
m

is
attain

ed
at

x
1 (µ

)
=

µ2 ,x
2 (µ

)
=

µ2 .

�

S
u
b
stitu

tin
g

th
is

ex
p
ression

in
to

q(µ
),

w
e

ob
tain

th
at

q(µ
)

=
f
(x

(µ
))
−

µ
(x

1 (µ
)
+

x
2 (µ

)
−

4)
=

4µ
−

µ
2

2
.

�

N
ote

th
at

q
is

strictly
con

cave,
an

d
it

is
d
iff

eren
tiab

le

every
w

h
ere

(d
u
e

to
th

e
fact

th
at

f
,g

are
d
iff

eren
tiab

le

an
d

x
(µ

)
is

u
n
iq

u
e).



2
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'&

$%

�

W
h
y

m
u
st

µ
∗

=
1/2?

A
ccord

in
g

to
th

e
glob

al

op
tim

ality
con

d
ition

s,
th

e
op

tim
al

solu
tion

m
u
st

in
th

is

con
vex

case
b
e

am
on

g
th

e
su

b
p
rob

lem
solu

tion
s.

S
in

ce

x
∗1

is
n
ot

in
on

e
of

th
e

“corn
ers”

(it
is

b
etw

een
0

an
d

2),

th
e

valu
e

of
µ
∗

h
as

to
b
e

su
ch

th
at

th
e

cost
term

for
x

1

in
L

(x
,µ

∗)
is

id
en

tically
zero!

T
h
at

is,
−

1
+

µ
∗
·2

=
0

im
p
lies

th
at

µ
∗

=
1/2!

2
3

'&

$%

�

A
n
on

-co
ord

in
ab

ility
p
h
en

om
en

on
(n

on
-u

n
iq

u
e

su
b
p
rob

lem
solu

tion
m

ean
s

th
at

th
e

op
tim

al
solu

tion
is

n
ot

ob
tain

ed
au

tom
atically

).

�

In
n
on

-con
vex

cases,
th

e
op

tim
al

solu
tion

m
ay

n
ot

b
e

am
on

g
th

e
p
oin

ts
in

X
(µ

∗).
W

h
at

d
o

w
e

d
o

th
en

??

2
0

'&

$%

ob
tain

in
g

L
(x

,µ
)

=
−

x
1
−

x
2
+

µ
(2x

1
+

4x
2
−

3);

q(µ
)

=
−

3µ
+

m
in

0
≤

x
1
≤

2
{(−

1
+

2µ
)x

1 }
+

m
in

0
≤

x
2
≤

1
{(−

1
+

4µ
)x

2 }

=



−
3

+
5µ

,
0
≤

µ
≤

1/4,

−
2

+
µ
,

1/4
≤

µ
≤

1/2,

−
3µ

,
1/2

≤
µ
.

�

W
e

h
ave

th
at

µ
∗

=
1/2,

an
d

h
en

ce
q(µ

∗)
=

−
3/2.

F
or

lin
ear

p
rogram

s,
w

e
h
ave

stron
g

d
u
ality,

b
u
t

h
ow

d
o

w
e

ob
tain

th
e

op
tim

al
p
rim

al
solu

tion
from

µ
∗?

q
is

n
on

-d
iff

eren
tiab

le
at

µ
∗.

W
e

u
tilize

th
e

ch
aracterization

given
in

(11).

2
1

'&

$%

�

F
irst,

at
µ
∗,

it
is

clear
th

at
X

(µ
∗)

is
th

e
set

{
(

2
α0

)

|
0
≤

α
≤

1
}.

A
m

on
g

th
e

su
b
p
rob

lem
solu

tion
s,

w
e

n
ex

t
h
ave

to
fi
n
d

on
e

th
at

is
p
rim

al
feasib

le
as

w
ell

as
com

p
lem

en
tary.

�

P
rim

al
feasib

ility
m

ean
s

th
at

2
·2α

+
2
·0

≤
3
⇐
⇒

α
≤

3/4.

�

F
u
rth

er,
com

p
lem

en
tarity

m
ean

s
th

at

µ
∗
·
(2x

∗1
+

4x
∗2
−

3)
=

0
⇐
⇒

α
=

3/4,
sin

ce
µ
∗
6=

0.
W

e

con
clu

d
e

th
at

th
e

on
ly

p
rim

al
vector

x
th

at
satisfi

es

th
e

sy
stem

(11)
togeth

er
w

ith
th

e
d
u
al

op
tim

al
solu

tion

µ
∗

=
1/2

is
x
∗

=
(3/2,0)

T
.

�

O
b
serve

fi
n
ally

th
at

f
∗

=
q
∗.
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'&

$%

P
S
frag

rep
lacem

en
ts

1

2

3

4

5

f

x

∂
f
(x

)

F
ig

u
re

2
:

T
h
e

su
b
d
iff

eren
tia

l
o
f
a

co
n
v
ex

fu
n
ctio

n
f

a
t

x
.

2
7

'&

$%

�

T
h
e

con
vex

fu
n
ction

f
is

d
iff

eren
tiab

le
at

x
ex

actly

w
h
en

th
ere

ex
ists

on
e

an
d

on
ly

on
e

su
b
grad

ien
t

of
f

at

x
,
w

h
ich

th
en

is
th

e
grad

ien
t

of
f

at
x

,
∇

f
(x

).

2
4

'&

$%

S
u
b
g
r
a
d
ie

n
ts

o
f
c
o
n
v
e
x

fu
n
c
tio

n
s

�

L
et

f
:
R

n
7→

R
b
e

a
con

vex
fu

n
ction

.
W

e
say

th
at

a

vector
p
∈

R
n

is
a

su
b
grad

ien
t

of
f

at
x
∈

R
n

if

f
(y

)
≥

f
(x

)
+

p
T
(y

−
x

),
y
∈

R
n.

(14)

�

T
h
e

set
of

su
ch

vectors
p

d
efi

n
es

th
e

su
b
d
iff

eren
tial

of

f
at

x
,
an

d
is

d
en

oted
∂
f
(x

).

�

T
h
is

set
is

th
e

collection
of

“slop
es”

of
th

e
fu

n
ction

f

at
x

.

�

F
or

every
x
∈

R
n,

∂
f
(x

)
is

a
n
on

-em
p
ty,

con
vex

,
an

d

com
p
act

set.

2
5

'&

$%

P
S
frag

rep
lacem

en
ts

f

x

F
ig

u
re

1
:

F
o
u
r

p
o
ssib

le
slo

p
es

o
f
th

e
co

n
v
ex

fu
n
ctio

n
f

a
t

x
.



3
0

'&

$%

E
x
a
m

p
le

�

L
et

h
(x

)
=

m
in
{h

1 (x
),h

2 (x
)},

w
h
ere

h
1 (x

)
=

4
−
|x
|

an
d

h
2 (x

)
=

4
−

(x
−

2)
2.

�

T
h
en

,
h
(x

)
=

{

4
−

x
,

1
≤

x
≤

4,

4
−

(x
−

2)
2,

x
≤

1,
x
≥

4.

3
1

'&

$%

�

T
h
e

fu
n
ction

h
is

n
on

-d
iff

eren
tiab

le
at

x
=

1
an

d
x

=
4,

sin
ce

its
grap

h
h
as

n
on

-u
n
iq

u
e

su
p
p
ortin

g
h
y
p
erp

lan
es

th
ere.

∂
h
(x

)
=



{−
1},

1
<

x
<

4

{4
−

2x
},

x
<

1,
x

>
4

[−
1,2],

x
=

1

[−
4,−

1],
x

=
4

�

T
h
e

su
b
d
iff

eren
tial

is
h
ere

eith
er

a
sin

gleton
(at

d
iff

eren
tiab

le
p
oin

ts)
or

an
in

terval
(at

n
on

-d
iff

eren
tiab

le
p
oin

ts).

2
8

'&

$%

D
iff

e
r
e
n
tia

b
ility

o
f
th

e
L
a
g
r
a
n
g
ia

n
d
u
a
l
fu

n
c
tio

n
:

In
tr

o
d
u
c
tio

n

�

C
on

sid
er

th
e

p
rob

lem
(4),

u
n
d
er

th
e

assu
m

p
tion

th
at

f
,g

i (i
=

1,...,m
)

con
tin

u
ou

s;
X

n
on

em
p
ty

an
d

com
p
act.

(15)

�

T
h
en

,
th

e
set

of
solu

tion
s

to
th

e
L
agran

gian

su
b
p
rob

lem
,

X
(µ

)
:=

arg
m

in
im

u
m

x
∈

X
L

(x
,µ

),
µ
∈

R
m

,
(16)

is
n
on

-em
p
ty

an
d

com
p
act

for
every

µ
.

�

W
e

d
evelop

th
e

su
b
-d

iff
eren

tiab
ility

p
rop

erties
of

th
e

fu
n
ction

q.

2
9

'&

$%

S
u
b
g
r
a
d
ie

n
ts

a
n
d

g
r
a
d
ie

n
ts

o
f

q

�

S
u
p
p
ose

th
at,

in
th

e
p
rob

lem
(4),

(15)
h
old

s.

�

T
h
e

d
u
al

fu
n
ction

q
is

fi
n
ite,

con
tin

u
ou

s
an

d
con

cave
on

R
m

.
If

its
su

p
rem

u
m

over
R

m+
is

attain
ed

,
th

en
th

e

op
tim

al
solu

tion
set

th
erefore

is
closed

an
d

con
vex

.

�

L
et

µ
∈

R
m

.
If

x
∈

X
(µ

),
th

en
g
(x

)
is

a
su

b
grad

ien
t

to
q

at
µ

,
th

at
is,

g
(x

)
∈

∂
q(µ

).

�

P
ro

of.
L
et

µ̄
∈

R
m

b
e

arb
itrary.

W
e

h
ave

th
at

q(µ̄
)

=
in

fi
m

u
m

y
∈

X
L

(y
,µ̄

)
≤

f
(x

)
+

µ̄
T
g
(x

)

=
f
(x

)
+

(µ̄
−

µ
)
T
g
(x

)
+

µ
T
g
(x

)

=
q(µ

)
+

(µ̄
−

µ
)
T
g
(x

).



3
4

'&

$%

O
p
tim

a
lity

c
o
n
d
itio

n
s

fo
r

th
e

d
u
a
l
p
r
o
b
le

m

�

F
or

a
d
iff

eren
tiab

le,
con

cave
fu

n
ction

h
it

h
old

s
th

at

x
∗
∈

arg
m

ax
im

u
m

x
∈ �

n

h
(x

)
⇐
⇒

∇
h
(x

∗)
=

0
n.

�

T
h
eorem

:
A

ssu
m

e
th

at
h

is
con

cave
on

R
n.

T
h
en

,

x
∗
∈

arg
m

ax
im

u
m

x
∈ �

n

h
(x

)
⇐
⇒

0
n
∈

∂
h
(x

∗).

�

P
ro

of.
S
u
p
p
ose

th
at

0
n
∈

∂
h
(x

∗)
=
⇒

h
(x

)
≤

h
(x

∗)
+

(0
n)

T
(x

−
x
∗)

for
all

x
∈

R
n,

th
at

is,

h
(x

)
≤

h
(x

∗)
for

all
x
∈

R
n.

S
u
p
p
ose

th
at

x
∗
∈

arg
m

ax
im

u
m

x
∈�

n
h
(x

)
=
⇒

h
(x

)
≤

h
(x

∗)
=

h
(x

∗)
+

(0
n)

T
(x

−
x
∗)

for
all

x
∈

R
n,

th
at

is,
0

n
∈

∂
h
(x

∗).

3
5

'&

$%

�

T
h
e

ex
am

p
le:

0
∈

∂
h
(1)

=
⇒

x
∗

=
1.

�

F
or

op
tim

ization
w

ith
con

strain
ts

th
e

K
K

T
con

d
ition

s

are
gen

eralized
th

u
s:

x
∗
∈

arg
m

ax
im

u
m

x
∈

X
h
(x

)
⇐
⇒

∂
h
(x

∗)∩
N

X
(x

∗)
6=

∅,

w
h
ere

N
X

(x
∗)

is
th

e
n
orm

al
con

e
to

X
at

x
∗,

th
at

is,

th
e

con
ical

h
u
ll

of
th

e
active

con
strain

ts’
n
orm

als
at

x
∗.

3
2

'&

$%

T
h
e

L
a
g
r
a
n
g
ia

n
d
u
a
l
p
r
o
b
le

m

�

L
et

µ
∈

R
m

.
T

h
en

,
∂
q(µ

)
=

con
v
{
g
(x

)
|
x
∈

X
(µ

)
}.

�

L
et

µ
∈

R
m

.
T

h
e

d
u
al

fu
n
ction

q
is

d
iff

eren
tiab

le
at

µ

if
an

d
on

ly
if
{
g
(x

)
|
x
∈

X
(µ

)
}

is
a

sin
gleton

set
[th

e

vector
of

con
strain

t
fu

n
ction

s
is

in
varian

t
over

X
(µ

)].

T
h
en

,

∇
q(µ

)
=

g
(x

),

for
every

x
∈

X
(µ

).

�

H
old

s
in

p
articu

lar
if

th
e

L
agran

gian
su

b
p
rob

lem
h
as

a

u
n
iq

u
e

solu
tion

[X
(µ

)
is

a
sin

gleton
set].

In
p
articu

lar,

satisfi
ed

if
X

is
con

vex
,
f

is
strictly

con
vex

on
X

,
an

d

g
i
(i

=
1,...,m

)
are

con
vex

;
q

th
en

even
in

C
1.

3
3

'&

$%

�

H
ow

d
o

w
e

w
rite

th
e

su
b
d
iff

eren
tial

of
h
?

�

T
h
eorem

:
If

h
(x

)
=

m
in

i=
1
,...,m

h
i (x

),
w

h
ere

each

fu
n
ction

h
i
is

con
cave

an
d

d
iff

eren
tiab

le
on

R
n,

th
en

h

is
a

con
cave

fu
n
ction

on
R

n.

�

L
et

I
(x̄

)
⊆

{1,...,m
}

b
e

d
efi

n
ed

b
y

h
(x̄

)
=

h
i (x̄

)
for

i
∈
I
(x̄

)
an

d
h
(x̄

)
<

h
i (x̄

)
for

i
6∈
I
(x̄

)
(th

e
active

segm
en

ts
at

x̄
).

�

T
h
en

,
th

e
su

b
d
iff

eren
tial

∂
h
(x̄

)
is

th
e

con
vex

h
u
ll

of

{∇
h

i (x̄
)
|
i
∈
I
(x̄

)},
th

at
is,

∂
h
(x̄

)=



ξ
=

∑

i∈
I
(
x̄
) λ

i ∇
h

i (x̄
)

∣∣∣∣∣∣

∑

i∈
I
(
x̄
) λ

i =
1;

λ
i
≥

0,i
∈
I
(x̄

)



.
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'&

$%

�

W
e

often
u
se

g
k

=
g
(x

k ),
w

h
ere

x
k
∈

arg
m

in
im

u
m

x
∈

X
L

(x
,µ

k ).

�

M
ain

d
iff

eren
ce

to
C

1
case:

an
arb

itrary
su

b
grad

ien
t

g
k

m
ay

n
ot

b
e

an
ascen

t
d
irection

!

�

C
an

n
ot

d
o

lin
e

search
es;

m
u
st

u
se

p
red

eterm
in

ed
step

len
gth

s
α

k .

�

S
u
p
p
ose

th
at

µ
∈

R
m+

is
n
ot

op
tim

al
in

(9).
T

h
en

,
for

every
op

tim
al

solu
tion

µ
∗
∈

U
∗

in
(9),

‖
µ

k
+

1
−

µ
∗‖

<
‖
µ

k
−

µ
∗‖

h
old

s
for

every
step

len
gth

α
k

in
th

e
in

terval

α
k
∈

(0,2[q
∗
−

q(µ
k )]/‖

g
k ‖

2).
(18)

3
9

'&

$%

�

W
h
y
?

L
et

g
∈

∂
q(µ̄

),
an

d
let

U
∗

b
e

th
e

set
of

op
tim

al

solu
tion

s
to

(9).
T

h
en

,

U
∗
⊆

{
µ
∈

R
m
|
g

T
(µ

−
µ̄

)
≥

0
}.

In
oth

er
w

ord
s,

g
d
efi

n
es

a
h
alf-sp

ace
th

at
con

tain
s

th
e

set
of

op
tim

al
solu

tion
s.

�

G
o
o
d

n
ew

s:
If

th
e

step
len

gth
is

sm
all

en
ou

gh
w

e
get

closer
to

th
e

set
of

op
tim

al
solu

tion
s!

3
6

'&

$%

�

In
th

e
case

of
th

e
d
u
al

p
rob

lem
w

e
h
ave

on
ly

sign

con
d
ition

s.

�

C
on

sid
er

th
e

d
u
al

p
rob

lem
(9),

an
d

let
µ

∗
≥

0
m

.
It

is

th
en

op
tim

al
in

(9)
if

an
d

on
ly

if
th

ere
ex

ists
a

su
b
grad

ien
t

g
∈

∂
q(µ

∗)
for

w
h
ich

th
e

follow
in

g
h
old

s:

g
≤

0
m

;
µ
∗i g

i
=

0,
i
=

1,...,m
.

�

C
om

p
are

w
ith

a
on

e-d
im

en
sion

al
m

ax
-p

rob
lem

(h

con
cave):

x
∗

is
op

tim
al

if
an

d
on

ly
if

h
′(x

∗)
≤

0;
x
∗
·
h
′(x

∗)
=

0;
x
∗
≥

0.

3
7

'&

$%

A
su

b
g
r
a
d
ie

n
t

m
e
th

o
d

fo
r

th
e

d
u
a
l
p
r
o
b
le

m

�

S
u
b
grad

ien
t

m
eth

o
d
s

ex
ten

d
grad

ien
t

p
ro

jection

m
eth

o
d
s
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th

e
C

1
to
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eral
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vex

(or,
con

cave)

fu
n
ction

s,
gen

eratin
g

a
seq

u
en

ce
of

d
u
al

vectors
in

R
m+

u
sin

g
a

sin
gle

su
b
grad

ien
t

in
each

iteration
.

�

T
h
e

sim
p
lest

ty
p
e

of
iteration

h
as

th
e

form

µ
k
+

1
=

P
ro

j�

m+
[µ

k
+

α
k g

k ]
(17a)

=
[µ

k
+

α
k g

k ]+
(17b

)

=
(m

ax
im

u
m
{0,(µ

k )
i
+

α
k (g

k )
i })

mi=
1 ,

(17c)

w
h
ere

g
k
∈

∂
q(µ

k )
is

arb
itrarily

ch
osen

.
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α
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∞
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S
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ose
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at
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p
rob

lem
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d
th

at
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an
d
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h
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(a)
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et
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b
e

gen
erated
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th
e
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eth

o
d
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u
n
d
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th
e

P
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gth
ru

le
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w
h
ere

σ
is

a
sm

all

p
ositive

n
u
m

b
er.

T
h
en

,
{
µ

k }
con

verges
to

an
op

tim
al

solu
tion

to
(9).
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L
et

{
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k }
b
e

gen
erated

b
y

th
e

m
eth

o
d

(17),
u
n
d
er

th
e

d
ivergen
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step

len
gth

ru
le
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T

h
en
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→
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∗,

an
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{d

ist
U

∗(µ
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→
0.
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(c)
L
et
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k }
b
e

gen
erated
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th
e

m
eth
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(17),
u
n
d
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th
e

d
ivergen

t
step

len
gth

ru
le
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T
h
en
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{
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con
verges
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op
tim

al
solu

tion
to

(9).
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5
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)
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efi

n
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su
b
g
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b
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ien
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t
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d
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≤

α
k
≤
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∗
−
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k ‖
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−

σ
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k
=
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e.
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ad
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U
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k
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al
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e

q
∗!
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an

b
e
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b
y
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u
p
p
er

b
ou

n
d

on
q
∗

w
h
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p
d
ated

.)

�

T
h
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le:
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>
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=
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lim
k
→

∞
α

k
=
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∑s=
1

α
s
=

+
∞
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(20)
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b
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G
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S
olve

th
e

L
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su
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p
rob

lem
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L
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k )

over
x
∈
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.
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L
et
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op
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solu
tion
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lem
b
e
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k .

�

C
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∂
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k ).
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step
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ru
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S
et
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ob
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