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=

1
,...,k

,
(1b

)

µ
≥
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+
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+
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−
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=
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c
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p
oin

ts
of

X
(an

d
a

d
u
al

vector
µ

k),
an

d
fi
n
d

a
feasib

le
solu
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p
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=
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≥
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≥
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=
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h
t

(C
P

1
):

λ
1

=
0

z
C

P
1
≤

m
in

λ
3

s.t.
2
λ

3
≥

1

λ
3
=

1

λ
3
≥

0

=
m

a
x

π
+

q

s.t.
2
π

+
q
≤

1

π
≥

0

�

S
o
lu

tio
n
:
λ̂

3
=

1
=
⇒

x̂
=

(1
,0

)
T
,
π̂

=
0
,
q̂

=
1
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R
ed

u
ced

co
sts:

m
in

x
∈

[0
,1

]
2
{
(1

,2
)x

−
1}

=
−

1
<

0
=
⇒

�

G
en

era
te

n
ew

co
lu

m
n
:

λ
1 ,

b
u
t

λ
1
≡

0
=
⇒

O
p
tim

u
m

fo
r

C
P

1
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B
ra

n
ch

in
g
,
le

ft,
le

ft:
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P
0
0
)

λ
2

=
λ

4
=

0

C
P

0
0
:

λ
2

=
λ

3
=

λ
4

=
0

=
⇒

in
fea

sib
le
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h
t:
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=
0

C
P

0
1
:

λ
1

=
λ

3
=
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≤
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+
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s.t.
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+
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≥

1
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+
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1
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,
λ

4
≥

0
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a
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+
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s.t.
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+
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≤

2
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+
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≤

3
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≥

0
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tio
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]
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{
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⇒
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⇒
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:
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t
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⇒

O
p
tim

u
m

fo
r

C
P

0
1

!!



6
2

'&

$%

�

Id
ea:

T
em

p
orarily

fi
x

y
,
solve

th
e

rem
ain

in
g

p
rob

lem

over
x

p
aram

eterized
over

y
.

U
tilize

th
e

stru
ctu

re
of

th
e

p
rob

lem
to

im
p
rove

th
e

gu
ess

of
an

op
tim

al
valu

e
of

y
.

R
ep

eat.

�

S
im

ilar
to

solv
in

g
th

e
p
rob

lem
of

m
in

im
izin

g
a

fu
n
ction

η
over

tw
o

vectors
(v

,w
)

as
follow

s:

in
f

(
v
,w

)
η
(v

,w
)

=
in

fv

ξ(v
),

w
h
ere

ξ(v
)

=
in

f
w

η
(v

,w
),

v
∈

R
m

.

�

In
eff

ect,
w

e
su

b
stitu

te
th

e
variab

le
w

b
y

alw
ay

s

m
in

im
izin

g
over

it,
an

d
w

ork
w

ith
th

e
rem

ain
in

g

p
rob

lem
in

v
.
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B
en

d
ers

d
ecom

p
osition

cen
ters

on
th

e
p
ossib

ility
to

con
stru

ct
an

ap
p
rox

im
ation

of
th

is
p
rob

lem
over

v
b
y

u
tilizin

g
L
P

d
u
ality.

�

In
th

e
case

th
at

th
e

p
rob

lem
over

y
also

is
lin

ear
w

e

recover
th

e
cu

ttin
g

p
lan

e
m

eth
o
d
s

from
ab

ove.
B

en
d
ers

d
ecom

p
osition

is
m

ore
gen

eral
h
ow

ever,
b
ecau

se
w

e
can

solve
p
rob

lem
th

at
h
ave

a
p
ositive

d
u
ality

gap
.

In
oth

er

w
ord

s,
th

e
w

ork
in

gs
of

B
en

d
ers

d
ecom

p
osition

d
o
es

n
ot

rely
on

th
e

ex
isten

ce
of

op
tim

al
L
agran

ge
m

u
ltip

liers

an
d

stron
g

d
u
ality.
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B
e
n
d
e
rs

d
e
co

m
p
o
sitio

n
fo

r
m

ix
e
d
-in

te
g
e
r

lin
e
a
r

p
ro

b
le

m
s—

L
a
sd

o
n

(1
9
7
0
)

�

M
o
d
el:

m
in

im
u
m

c
T
x

+
f
(y

),

su
b
ject

to
A

x
+

F
(y

)
≥

b
,

x
≥

0
n
,

y
∈

S
.

�

T
h
e

variab
les

y
are

“d
iffi

cu
lt”

b
ecau

se

–
th

e
set

S
m

ay
b
e

com
p
licated

,
like

S
⊆

{0
,1}

p;

–
f

an
d
/or

F
m

ay
b
e

n
on

lin
ear;

–
th

e
vector

F
(y

)
m

ay
cover

every
row

,
w

h
ile

th
e

p
rob

lem
in

x
for

fi
x
ed

y
m

ay
sep

arate;

–
th

e
p
rob

lem
in

x
is

lin
ea

r.
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T
y
p
ical

ap
p
lication

:
M

u
lti-stage

sto
ch

astic

p
rogram

m
in

g.
C

h
o
ose

y
su

ch
th

at
an

ex
p
ected

cost

over
tim

e
is

m
in

im
ized

;
u
n
certain

ty
in

d
ata

is

tran
slated

in
to

fu
tu

re
scen

arios
an

d
variab

les
x

rep
resen

tin
g

fu
tu

re
activ

ities
th

at
“ad

ju
st”

th
e

y
th

at

w
as

ch
osen

b
efore

k
n
ow

led
ge

of
th

e
valu

es
of

th
e

sto
ch

astic
variab

les
h
as

b
een

revealed
.

T
h
e

y
sh

ou
ld

th
erefore

b
e

ch
osen

su
ch

th
at

th
e

ex
p
ected

valu
e

of
th

e

fu
tu

re
op

tim
ization

over
x

is
th

e
b
est.
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is

m
in

im
u
m

x

c
T
x
,

su
b
ject

to
A

x
≥

b
−

F
(y

),

x
≥

0
n
,

w
h
ich

b
y

L
P

d
u
ality

eq
u
als

m
ax

im
u
m

u

[b
−

F
(y

)] T
u

,

su
b
ject

to
A

T
u
≤

c
,

u
≥

0
m

,

p
rov

id
ed

th
at

th
e

fi
rst

p
rob

lem
d
o
es

n
ot

h
ave

an

in
fi
n
ite

solu
tion

.
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�

W
e

p
refer

th
e

d
u
al

form
u
lation

,
sin

ce
its

con
strain

ts
d
o

n
ot

d
ep

en
d

on
y
;
m

oreover,
th

e
ex

trem
e

ray
s

of
its

feasib
le

set
are

given
b
y

th
e

vectors
u

ri ,
i
=

1
,...,n

r ,

d
iscu

ssed
ab

ove.
L
et

u
pi ,

i
=

1
,...,n

p ,
d
en

ote
th

e

ex
trem

e
p
oin

ts
of

th
is

set.
�

T
h
is

com
p
letes

th
e

su
b
p
rob

lem
.

L
et’s

n
ow

stu
d
y

th
e

restricted
m

aster
p
rob

lem
of

B
en

d
ers’

algorith
m

.
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T
h
e

B
e
n
d
e
rs

su
b
-
a
n
d

m
a
ste

r
p
ro

b
le

m
s

�

W
h
ich

y
are

feasib
le?

W
e

m
u
st

ch
o
ose

y
∈

S
su

ch
th

at

th
e

rem
ain

in
g

p
rob

lem
in

x
is

feasib
le.

In
oth

er
w

ord
s:

ch
o
ose

y
in

th
e

set

R
:=

{
y
∈

S
|
∃
x
≥

0
n

w
ith

A
x
≥

b
−

F
(y

)
}

W
e

ap
p
ly

F
arkas’

L
em

m
a

to
th

is
sy

stem
,
or

rath
er

to

th
e

eq
u
ivalen

t
sy

stem
(w

ith
y

fi
x
ed

)

A
x
−

s
=

b
−

F
(y

),
(4a)

x
≥

0
n
,

(4b
)

s
≥

0
m

.
(4c)
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F
rom

F
arkas’

L
em

m
a,

y
∈

R
is

an
d

on
ly

if

A
T
u
≤

0
n
,

u
≥

0
m

=
⇒

[b
−

F
(y

)] T
u
≤

0
,

in
oth

er
w

ord
s,

[b
−

F
(y

)] T
u

ri
≤

0

h
old

s
for

every
ex

trem
e

ray
u

ri ,
i
=

1
,...,n

r
of

th
e

p
oly

h
ed

ral
con

e
C

=
{
u
∈

R
m+
|
A

T
u
≤

0
n
}.

�

W
e

h
ere

m
ad

e
go

o
d

u
se

of
th

e
R

ep
resen

tation
T

h
eorem

for
a

p
oly

h
ed

ral
con

e.

�

G
iven

y
∈

R
,
th

e
op

tim
al

valu
e

in
B

en
d
ers’

su
b
p
rob

lem



7
0

'&

$%

b
ou

n
d
.

�

T
h
e

search
for

a
n
ew

con
strain

t
is

of
cou

rse
th

e
sam

e
as

solv
in

g
th

e
d
u
al

of
B

en
d
ers’

su
b
p
rob

lem
w

ith
y

=
y

0!

�

T
h
is

p
rob

lem
gives

u
s

a
feasib

le
solu

tion
to

th
e

origin
al

p
rob

lem
,
an

d
th

erefore
also

an
u
p
p
er

b
ou

n
d
,
p
rov

id
ed

th
at

it
is

fi
n
ite.

�

If
th

is
p
rob

lem
h
as

an
u
n
b
ou

n
d
ed

solu
tion

,
th

en
it

is

u
n
b
ou

n
d
ed

alon
g

an
ex

trem
e

ray
:

[b
−

F
(y

0)] T
u

ri
>

0.

W
e

th
en

ad
d

th
e

con
strain

t
0
≥

[b
−

F
(y

)] T
u

ri
to

th
e

R
M

P
(en

rich
in

g
th

e
set

I
2 ).
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�

S
u
p
p
ose

in
stead

th
at

w
e

fi
n
d

a
fi
n
ite

op
tim

al
solu

tion
.

L
et

u
pi

b
e

an
op

tim
al

ex
trem

e
p
oin

t.
If

it
h
old

s
th

at

z
0

<
f
(y

0)
+

[b
−

F
(y

0)] T
u

pi ,
w

e
ad

d
th

e
con

strain
t

z
≥

[b
−

F
(y

)] T
u

pi
to

th
e

d
escrip

tion
of

th
e

R
M

P

(en
rich

in
g

I
1 ).

�

If
h
ow

ever
z

0
≥

f
(y

0)
+

[b
−

F
(y

0)] T
u

pi
th

en
in

fact

eq
u
ality

h
old

s
in

th
is

in
eq

u
ality

(>
can

n
ever

h
ap

p
en

—
w

h
y
?).

W
e

h
ave

th
en

id
en

tifi
ed

an
op

tim
al

solu
tion

to
th

e
origin

al
p
rob

lem
,
an

d
term

in
ate.
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T
h
e

origin
al

p
rob

lem
is

eq
u
ivalen

t
to

th
e

p
rob

lem
to

m
in

y
∈

R

{
f
(y

)+
m

ax
u

{
[b
−

F
(y

)] T
u
|A

T
u
≤

c
;
u
≥

0
m
} }

=
m

in
y
∈

R

{
f
(y

)
+

m
ax

i=
1
,...n

p

{
[b

−
F

(y
)] T

u
pi
} }

=
m

in
z

s.t.
z
≥

f
(y

)
+

[b
−

F
(y

)] T
u

pi ,
i
=

1
,...,n

p ,

y
∈

R
,

=
m

in
z

s.t.
z
≥

f
(y

)
+

[b
−

F
(y

)] T
u

pi ,
i
=

1
,...,n

p ,

0
≥

[b
−

F
(y

)] T
u

ri ,
i
=

1
,...,n

r ,

y
∈

S
.
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S
u
p
p
ose

th
en

th
at

n
ot

th
e

w
h
ole

sets
of

con
strain

ts
in

th
e

latter
p
rob

lem
is

k
n
ow

n
,
an

d
rep

lace
“
i
=

1
,...,n

p ”

w
ith

“
i
∈

I
1 ”,

resp
ectively

“
i
=

1
,...,n

r ”
w

ith

“
i
∈

I
2 ,”

w
h
ere

I
1
⊂

{1
,...,n

p }
an

d
I
2
⊂

{1
,...,n

r }.

�

S
in

ce
n
ot

all
con

strain
ts

are
in

clu
d
ed

,
w

e
get

a
low

er

b
ou

n
d

on
th

e
op

tim
al

valu
e

of
th

e
origin

al
p
rob

lem
.

S
u
p
p
ose

th
en

th
at

(z
0,y

0)
is

a
fi
n
ite

op
tim

al
solu

tion

to
th

is
p
rob

lem
.

In
ord

er
to

ch
eck

if
th

is
is

in
d
eed

an

op
tim

al
solu

tion
to

th
e

origin
al

p
rob

lem
,
w

e
ch

eck
for

th
e

m
ost

v
iolated

con
strain

t,
w

h
ich

w
e

eith
er

satisfy

(th
u
s

h
av

in
g

estab
lish

ed
th

at
y

0
in

d
eed

is
op

tim
al)

or,

if
n
ot,

w
e

in
clu

d
e

th
is

n
ew

con
strain

t,
im

p
rov

in
g

eith
er

th
e

set
I
1

or
I
2 ,

an
d

p
ossib

ly
im

p
rov

in
g

th
e

low
er
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slow
as

th
e

op
tim

al
solu

tion
is

ap
p
roach

ed
.

T
h
is

w
as

ob
served

q
u
ite

early
on

w
ith

th
e

D
an

tzig–W
olfe

algorith
m

,
w

h
ich

even
can

b
e

en
rich

ed
w

ith
n
on

-lin
ear

“p
en

alty
”

term
s

in
th

e
R

M
P

to
fu

rth
er

stab
ilize

con
vergen

ce.
In

an
y

case,
con

vergen
ce

h
old

s
also

u
n
d
er

th
ese

m
o
d
ifi

cation
s,

ex
cep

t
p
erh

ap
s

for
th

e
fi
n
iten

ess.
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C
o
n
v
e
rg

e
n
ce

�

S
u
p
p
ose

th
at

S
is

closed
an

d
b
ou

n
d
ed

an
d

th
at

f
an

d

F
b
oth

are
con

tin
u
ou

s
on

S
.

T
h
en

p
rov

id
ed

th
at

th
e

com
p
u
tation

s
are

ex
act

w
e

term
in

ate
in

a
fi
n
ite

n
u
m

b
er

of
iteration

s
w

ith
an

op
tim

al
solu

tion
.

�

P
ro

of
is

b
y

th
e

fi
n
iten

ess
of

th
e

n
u
m

b
er

of
con

strain
ts

in
th

e
com

p
lete

m
aster

p
rob

lem
,
th

at
is,

th
e

n
u
m

b
er

of

ex
trem

e
p
oin

ts
an

d
ray

s
in

an
y

p
oly

h
ed

ron
.

�

A
n
u
m

erical
ex

am
p
le

of
th

e
u
se

of
B

en
d
ers

d
ecom

p
osition

is
fou

n
d

in
L
asd

on
(1970,

S
ection

s
7.3.3–7.3.5).
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N
ote

th
e

resem
b
lan

ce
to

th
e

D
an

tzig–W
olfe

algorith
m

!

In
fact,

if
f

an
d

F
b
oth

are
lin

ear,
th

en
th

ey
coin

cid
e,

in
th

e
sen

se
th

at
th

eir
su

b
p
rob

lem
s

an
d

restricted

m
aster

p
rob

lem
s

are
id

en
tical!

�

M
o
d
ern

im
p
lem

en
tation

s
of

th
e

D
an

tzig–W
olfe

an
d

B
en

d
ers

algorith
m

s
are

in
ex

act,
th

at
is,

at
least

th
eir

R
M

P
:s

are
n
ot

solved
ex

actly.
M

oreover,
th

eir
R

M
P

:s

are
often

restricted
su

ch
th

at
th

ere
is

an
ad

d
ition

al

“b
ox

con
strain

t”
ad

d
ed

.
T

h
is

con
strain

t
forces

th
e

solu
tion

to
th

e
n
ex

t
R

M
P

to
b
e

relatively
close

to
th

e

p
rev

iou
s

on
e.

T
h
e

eff
ect

is
th

at
of

a
stab

ilization
;

oth
erw

ise,
th

ere
is

a
risk

th
at

th
e

seq
u
en

ce
of

solu
tion

s

to
th

e
R

M
P

:s
“ju

m
p

ab
ou

t,”
an

d
con

vergen
ce

b
ecom

es


