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Outline

Stochastic heat equation:

P .
a—ltj—Au: f(u)+g(u)W, xeD, t>0
u=0, xe€dD, t>0
u(0) = wp.

Stochastic wave equation:
0?u .
ﬁ_AIJ:f‘(u)"‘g’(u)‘/‘/7 XED’ t>0
u=20, x€edD, t>0
u(0) = wo, u(0) = uy.

W is spatial and temporal noise



Outline

Stochastic Cahn—Hilliard equation (Cahn—Hilliard—Cook):

%—AV:W in Dx[0,T]
v=—Au+f(u) in Dx]I0,T]
ou Ov

%—%—0 on (9'D><[0,T]
u(0) = up in D




Outline

Formulate as an abstract evolution problem in Hilbert space H.:

dX + AX dt = F(X)dt + G(X)dW, t>0
X(0) = Xo

What does this mean? Strong formulation / variational formulation
(depending on how regular X is assumed to be):

X(t):Xo—&-/t(—AX—i-F(X))ds—&—/t G(X)dW

Weak formulation:
(X(2),1) = (Xor) + / (X(s), ~A"n) + (F(X(s)), ) ds

+ [(nexenawes) e o)
0



Outline

We will use the mild formulation:
t t
X(t)=e "X + / e (=AF(X(s)) ds + / e (E=9AG(X(s)) dW(s)
0 0

Here {e’tA}tZO is the semigroup of bounded linear operators generated
by —A.
{W(t)}+>0 is a Q-Wiener process in another Hilbert space I and

Jo -+ dW is a stochastic integral.
We often study the linear case, where F(X) =1, G(X) = B are
independent of X:

dX(t) + AX(t)dt = f(t)dt + BdW(t), t>0
X(0) = Xo

Here B € L(U,H).
Additive noise: BdW. Multiplicative noise: G(X)dW.
We shall explain these things.



Notation

» D C R? spatial domain, bounded, convex, with polygonal boundary

v

H = L,(D) Lebesgue space
» H, U real, separable Hilbert spaces
» L(U,H) bounded linear operators, L(H) = L(H,H)

[ Tull
[ulfes

I Tl @iy = sup

v

Lo(U, H) Hilbert-Schmidt operators, HS = Lo(H) = Lo(H, H)

| T||2£2(U,H) = Z | Tejll3,,  with {€}721 an arbitrary ON-basis in U

oo
(S, T) sy = Y _(Sej, Tej)n
j=1
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H = L,(D) Lebesgue space
» H, U real, separable Hilbert spaces
» L(U,H) bounded linear operators, L(H) = L(H,H)

[ Tull

[ulfes

I Tl @iy = sup

v

Lo(U, H) Hilbert-Schmidt operators, HS = Lo(H) = Lo(H, H)

| T||2£2(U,H) = Z | Tejll3,,  with {€}721 an arbitrary ON-basis in U

oo
(S, T) sy = Y _(Sej, Tej)n
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Note:

IST 2,20y < WSl Tl 2o



Semigroup

A family {E(t)}+>0 C L(H) is a semigroup of bounded linear operators
on H, if

» £(0) =1/, (identity operator)
» E(t+s)=E(t)E(s), t,s > 0. (semigroup property)

It is strongly continuous, or Cp, if

lim E(t)x =x Vxe€H.
t—0+

Then the generator of the semigroup is the linear operator G defined by

Gx = lim %, D(G) = {x € H : Gx exists}.

G is usually unbounded but densely defined and closed.



Semigroup
u(t) = E(t)ug solves the initial-value problem
u'(t) = Gu(t), t>0; u(0)= u,
if up € D(G). Therefore, writing E(t) = '€ is justified.
There are M > 1, w € R, such that
|E(t)|l 2y < Me®",  t>0.

Without loss of generality we assume w = 0 (a shift of the operator

G — G — wl). Contraction semigroup if also M = 1.

If E(t) is invertible, E(t)~! = E(—t), then {E(t)}+cr is a group.

The semigroup is analytic (holomorphic), if E(t) extends to a complex

analytic function E(z) in a sector containing the positive real axis
Rez > 0. Then the derivative

E'(t)up = iE(t)uo = GE(t)up, t>0,

dt
exists for all ug € H, not just for ug € D(G). Moreover,
|E (B)ulln = | GE(Duollz < Ct Ml £>0. (1)

The inequality (1) is characteristic for analytic semigroups.



Semigroup
On the other hand, we may start with a closed, densely defined, linear
operator A and ask for conditions under which G = —A generates a
semigroup E(t) = e~ so that u(t) = E(t)up solves

u'(t)+ Au(t) =0, t >0; u(0)= uo.
The non-homogeneous equation
U'(t) + Au(t) = f(t), t>0; u(0)= up.

is then solved by the variation of constants formula (Duhamel’s principle):

u(t):E(t)uo—i—/O E(t — s)f(s)ds

provided that f has some small amount of regularity. This is called a mild
solution and it is the basis for our semigroup approach to SPDE.

Proof.

Multiply v'(s) + Au(s) = f(s) by the integrating factor
(s) = E(t —s) =e (!4t > 5, and integrate. O



Laplacian

Let D C R? be a bounded, convex, polygonal domain. Then
» finite element meshes can be exactly fitted to 9D,

» we have elliptic regularity:
IVll+2(p) < ClIAVIp) Vv € HA(D) N Hg (D).

2 - - . - .
Here A = 27:1 % is the Laplacian. In this way we avoid some technical

J
difficulties associated with the finite element method in smooth domains.

Let H = Ly(D) and A = —A with D(A) = H*(D) N H3(D). Then A'is
unbounded in H and self-adjoint with compact inverse A=1. The spectral
theorem gives eigenvalues

O< M <A< <A<, N =00, A~ )29 as j— oo,

and a corresponding orthonormal (ON) basis of eigenvectors {;}72;.



Laplacian

Parseval's identity:

oo o0
v=> 0w, G=(v.em IIVIE=D_09, veH.
j=1

Fractional powers:

o0
AV =NV, acR,
j=1

o0
IlF. = IN2vlf =D AF07, acR,

j=1
HY = {veH: |v|g. <o} = D(/\a/2), a >0,

H=* = closure of H in the H “-norm, «a > 0,

Then H=“ can be identified with the dual space (H*)*.



Laplacian

The integer order spaces can be identified with standard Sobolev spaces.
Theorem _

(i) H' = H(D) with [Vl = IVVloy = [Vlimeoy v € B
(i) H2 = H2(D) 1 HY(D) with [[vl|e = |AV]| ooy = IVllseoy Vv € F2.
Proof.

The proof of (i) is based on the Poincaré inequality and the trace

inequality. The proof of (ii) uses also the elliptic regularity. In general, we
have only

H? > H*(D) N H3 (D),

because, in a nonconvex polygonal domain for example, H> = D(A) may
contain functions with corner singularities which are not in H?(D). O



Laplacian

We define the heat semigroup:

It is analytic in the right half plane Rez > 0. Important bounds:

IE@)Vlli < IV]ws £20, 2
IDEE(E)Vn < Cet ¥Vl >0, k>0,  (3)
INE(t)V][p < Cat™ V]|, t>0, a>0, (4)

t
/0 INV2E(s)vByds < YvIB. t>0. (5)

Recall from (1) that (3) is characteristic for analytic semigroups; and so
is (5). They mean that the operator E(t) has a smoothing effect. The
smoothing effect in (5) is true for the heat semigroup, but not for
analytic semigroups in general.



Laplacian

Proof.
We use Parseval and x®e=* < C, for x > 0:
o0 5 o0
INE()vIE = (AFe ™) = t72* > (M\t)* e 2007
Jj=1 j=1
< C Y 0= C2e vl

Jj=1

This proves (2) and (4). Similarly, for (5),

/H/\WE( Wvl3 ds—/ Z/\ e 22 ds
—Z/ Ne 2V ds 7 < 3,

14 /45



Laplacian

Remark. The above development based on the spectral representation of
fractional powers and the heat semigroup carries over verbatim to more
general self-adjoint elliptic operators:

Av ==V -(a(x)Vv) + c(x)v with 0 < a9 < a(x) < a1, ¢(x) >0,

for then we still have an ON basis of eigenvectors. For non-self-adjoint
elliptic operators, the fractional powers and the semigroup may be
constructed by means of an operator calculus based complex contour
integration using the resolvent. The bounds (2) and (4) are part of the
general theory and (5) can be proved by an energy argument if the
operator satisfies the conditions of the Lax—Milgram lemma, for example,

Av = =V - (a(x)VVv) + b(x) - Vv + c(x)v  with c(x) — 3V - b(x) > 0,
so that
(A, v)n > clviZ,.

See the following exercises.



Laplacian

Exercise 1. Prove (5) by the energy method: multiply
u'(t) + Au(t) =0

by u(t) and integrate.
1

(6)

Exercise 2. Prove the special case o = 5 of (4) by the energy method:

multiply (6) by tu’(t) and integrate.

16 /4



Random variable

Let U be a separable real Hilbert space and let (2, 7, P) be a probability
space. A random variable is a measurable mapping f: Q — U, i.e.,

f~1(A) € F VA€ B(U) (= the Borel sigma algebra in U).
We define Lebesgue-Bochner spaces L,(Q2,U):
P /P P1\1/p

ez = (] 17G)IE 4P )" = EIFIE) .

and the expected value
E[f] = / FAP, £ e Li(QU).
Q

Filtration: {F:}+>0 C F increasing family of sigma algebras, F; C F; if
t <s.

Stochastic process: f = {f(t)}+>0 such that each f(t) is a random
variable. It is adapted if f(t) is F¢-measurable.



Brownian motion
Probability space (2, F, P).
Brownian motion: Real-valued stochastic process § = (5(t)):>0 such
that

» 5(0) =0.

» continuous paths t — 3(t) for almost every w € Q.

» independent increments: §(t) — S(s) is independent of 3(r) for
0<r<s<t.

Gaussian law: P o (5(t) — B(s ))_1 ~N(0,t—s), s<t.In
particular, E(3(t) — B(s)) =0, E(B(t) — B(s))> =t — s.

v



Brownian motion
Probability space (2, F, P).
Brownian motion: Real-valued stochastic process § = (5(t)):>0 such
that

> B(0) =
» continuous paths t — 3(t) for almost every w € Q.

» independent increments: §(t) — S(s) is independent of 3(r) for
0<r<s<t.

» Gaussian law: P o (3(t) — B(s)) ™ ~ N(0,t —s), s<t. In
particular, E(3(t) — B(s)) =0, E(B(t) — B(s))> =t — s.

It is continuous, but nowhere differentiable. Nevertheless, the [t6 integral

T N
1= [ a8 = tim > A5 (3(s) — A(s-)

can be defined, if the stochastic process f satisfies certain assumptions,
and the limit is taken in the correct Way

It is a random variable: /(w fo t)d5(t))(w). It is not path-wise
defined: /(w ;téfo (t,w dB(t w).



Stochastic ODE

dX(t) = p(X(t), t)dt + o(X(t),t)dB(t), te][0,T]
X(0) = Xo.

This means

X(t) =Xo + /Otu(X(s),s)ds+ /Ota(X(s),s)dB(s), te[o, T].

19 /45



Stochastic ODE

dX(t) = p(X(t), t)dt + o(X(t),t)dB(t), te][0,T]
X(0) = Xo.

This means

X(t) =Xo + /Otu(X(s),s)ds+ /Ota(X(s),s)dB(s), te[o, T].

Could be a system:
dXi = pi(Xe, ., Xn, ) A+ > 03(Xa, ., Xn, 1) dBi(2), P=1,...,n,
j=1

X=(X,...,.Xa)" €R", pu:R"%x[0,T] = R", o:R"%[0, T] = R™™,

and B = (B1,-..,m)" an m-dimensional Brownian motion, consisting of
m independent Brownian motions f3;.

19 /4



Covariance
If o is a constant matrix:

dX(t) = u(X(t),t)dt + o dB(t)

The covariance of the noise term is:
(with increments AB = B(t + At) — B(t))

E[(cAB) ® (¢AB)] = E[(cAB)(cAB)T]
=E[cABAB o]

cE[ABAB']o"

=o(Atl)o" = Atoo” = AtQ

Covariance matrix: Q = oo’

(nxm)yx(mxn)=nxn
It is symmetric positive semidefinite.

So {oB(t)}+>0 is a vector-valued Wiener process with covariance matrix

Q=o0".



Covariance

If o is a constant matrix:
dX(t) = u(X(t),t)dt + o dB(t)

The covariance of the noise term is:
(with increments AB = B(t + At) — B(t))

E[(cAB) ® (¢AB)] = E[(cAB)(cAB)T]
=E[cABAB o]

cE[ABAB']o"

=o(Atl)o" = Atoo” = AtQ

T (nxm)yx(mxn)=nxn

Covariance matrix: @ = oo
It is symmetric positive semidefinite.

So {oB(t)}+>0 is a vector-valued Wiener process with covariance matrix
Q=o0".

Conversely, given @ we may take ¢ = Q*/2 and use Q'/2dB(t).

We want to do this in Hilbert space.



Q-Wiener process

We start with a covariance operator Q € L(U), self-adjoint, positive
semidefinite. We assume that it has an eigenbasis:

Qej = e, 7 >0, {e}Z; ON basis in U.

Let 3;(t) be independent identically distributed, real-valued, Brownian
motions. Define

W(t) =" ~2Bi(t)e.
j=1



Q-Wiener process

We start with a covariance operator Q € L(U), self-adjoint, positive
semidefinite. We assume that it has an eigenbasis:

Qej = e, 7 >0, {e}Z; ON basis in U.

Let 3;(t) be independent identically distributed, real-valued, Brownian
motions. Define

Z 1/2

Important: how fast y; — 0. Two important cases:
> Tr(Q) <oo. W(t) converges in L2(Q U):

EHZ 1/25J(t)ejH Z% (Bi(t)?) = tZ’yJ — tTH(Q



Q-Wiener process

We start with a covariance operator Q € L(U), self-adjoint, positive
semidefinite. We assume that it has an eigenbasis:

Qej = e, 7 >0, {e}Z; ON basis in U.

Let 3;(t) be independent identically distributed, real-valued, Brownian
motions. Define

Z 1/2

Important: how fast y; — 0. Two important cases:
> Tr(Q) <oo. W(t) converges in L2(Q U):

EHZ 1/25J(t)ejH Z% (Bi(t)?) = tZ’yJ — tTH(Q

» Q =1, “white noise”. W(t) is not Z/{—valued, since Tr(/) = oo,
but converges in a weaker sense; i.e., in a larger space U .



Q-Wiener process

If Tr(Q) < oc:
W(0) = 0.
continuous paths t — W(t) in U.

independent increments: W/(t) — W(s) is independent of W(r) for
0<r<<s<t

Gaussian law: P o (W(t) — W(s))t ~N(0,(t —5)Q), s<t

v

v

v

v

22 /45



Q-Wiener process

Proof.
(Covariance.) Let AW = W(t) — W(s). Then

<E[AW®AW}U v> = [(AW Wy (AW, vy ]

7E[<ZV}/ Apjej, u > <ka/ ABex, > }

=3 P PE[BBAB (e, uulen Viu
j=1 k=1

Z(t—S)Z’YKejv Julej, viu = (t —s)(Qu,v)

because, by independence,

E[Aﬁf] =(t—

_ (t—s),
E[AﬂjAﬁk]{E[Aﬁj} (A8 =0, j#k



Q-Wiener process

Why Hilbert-Schmidt? Let B € L£(U,H) and calculate the norm

1B(W(t) = W())E ) = E[IIBAWIS,]

—E[(3 120080 301 B0Be). |

j=1 k=1
S V2 [AG AR (Be. Badw = (£ — ) S Bel2
j=1 k=1 =
1/2
(t-s) ZHB Pl = (t =) 3 180",

j=1
=(t— 5)||BQl/2||£2(u,H) = (t = )B4 20)-

Here we used the Hilbert-Schmidt norm of a linear operator T: U — H:

T2 w0 =D I Teill3,  arbitrary ON-basis {¢;}72, in U.
j=1

Also, it is useful to introduce || T zoqs ) = ||TQl/2H£2(Z,,7fH).



Wiener integral

We want to define

T

O(t)dW(t), where & € Ly([0, T], LY(U,H)) is a

deterministic integrand. The construction goes in three steps.

1. Simple functions.

0:t0<~-~<tj<--~

Define

[ o

N—-1
<ty=T, =) Ol .., b€ LIUH).
j=0
N—-1
CD.I J+1 (tj))

j=0

—.



Wiener integral

2. 1t6 isometry for simple functions. Using the independence of
increments and the previous norm calculation:

I e, [HD () - W)
- e[ s (W) - W) ]
N—1

.
= Y 19yt =) = [ 1900
j=0

So we have an isometry for simple functions:
T
$ |—>/ ddW,
0
L2([07 T]a ‘Cg(ua H)) — LQ(Qv H)

3. Extend to all of Ly([0, T], £L3(U,H)) by density.



It6 integral

For a random integrand the It6 integral fOT ® dW can be defined
together with the isometry

e[| " scramcal] =€ [ 190

-
H/ O dW
0

Here the process ®: [0, T] — £3(U,H) must be predictable and adapted
to the filtration {F;}+>0 generated by W and

or

L2(2,H)

[Pl Lxo, 71,29w,1))

.
1918 ety ety = E | 190020 e] < .

Recall || Bl g,y = 1BRQY?|| cowa -

No details here...



Stochastic evolution equation

Abstract evolution problem in Hilbert space H:

dX + AXdt = F(X)dt+ G(X)dW, t>0
X(0) = Xo

It is now possible to study the mild form of the stochastic evolution

equation:

X(t) = E(t)Xo + /t E(t —s)F(X(s))ds
0
+f CE(t - 5)G(X(s) dW(s), £20
0

where E(t) = e~* is a semigroup.

We specialize to the heat and wave equations.



Linear stochastic heat equation

D) nue. )= W(e),  E€DCRY t>0
u(€,t) =0, £EedD, t>0
U(E,O):UO, fED

dX + AXdt = BdW, t>0
X(0) = Xo

H=U=H=Ly(D), ||, (-,-), D € RY, bounded domain
A=A=—-A, D(A) = H¥D) N HY(D), B = I

probability space (22, F, P)

W(t), Q-Wiener process on Y = H

X(t), H-valued stochastic process

vV v.v. v Y

v

E(t) = e~ analytic semigroup generated by —A
Mild solution (stochastic convolution):
t
X(t) = E(t)Xo+/ E(t—s)dW(s), t>0
0

29 /45



Regularity

i 1/2 .
IVllas = IN2v] = (3N v, @)?) ) HT=D(A?), BeR

j=1
Mean square norm: HV”E(Q,HB) = E(||v||f-1ﬁ), BeR
Hilbert=Schmidt norm:
1Tl = I Ty = > | Tejllz,  any ON basis {e;}72;

=1
Theorem. If [[AP=D/2|| oy = [|ANP~D/2Q1/2|ys < o0 for some 3 >0,
then [IX(6)ly(q ) < € (IXolyqqim) + AP /2@ 2 s )

45



Regularity

i 1/2 .
IVllas = IN2v] = (3N v, @)?) ) HT=D(A?), BeR
Jj=1

Mean square norm: ||v||2 ©@.h8) = (||v||f-4ﬂ)7 B ER

Hilbert=Schmidt norm:

ITlEs = 1T Zmm = D I Tejll3:  any ON basis {e;}7%;
j=1

Theorem. If [[AP=D/2|| oy = [|ANP~D/2Q1/2|ys < o0 for some 3 >0,

then [IX(6)ly(q ) < € (IXolyqqim) + AP /2@ 2 s )
Depends on how fast 4; — 0. Two interesting cases:
> If HQl/zlle =22 1QY?e]* = 3272, v = Tr(Q) < oo, then
B =

> |fQ=/, d=1, A= — 852, then |[AP=1/2||4s < oo for § < 1/2.

This is because A\j ~ j 2/d 5o that
ING=D2|2g = 322717 9 o ST < oo iffd =1,
8<1/2

45



Temporal regularity for the stochastic heat equation

t
Take Xp = 0 so that (stochastic convolution) X(t) = / E(t—s)dW(s).
0

Theorem
If [|NB=1/2Q1/2||ys < oo for some B € [0,1], then

8 —
IX(2) = X(s)llamy < Clt = | Z[INCTD2 QM2 s

31/45



The linear stochastic wave equation
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The linear stochastic wave equation

0%u . d
@(f,t)—Au(f,tFW(&t), £eDCRY t>0
u(é,t) =0, £€dD, t>0

U(f,O):Uo, %(E,O):ul, £€D



The linear stochastic wave equation
2 ,
S (6 ) — Aule £) = Wg.v)
u(§,t) =0,
0) — du 0) —
U(f, ) = Uo, E(&a ) = u1,

A=—A, D(N) = H?= H*D)n H(D)

£eDCRY t>0
£cdD, t>0

£eD

32/45



The linear stochastic wave equation

0%u . d
(&t —AuE ) =W t),  (eDCRY t>0
u(é,t) =0, £€dD, t>0
u(£70):U03 %(E,O):ul, €€D

A=—A, D(N) = H?= H*D)n H(D)

. © 1/2
FP = DIN), Vllgs = IN2v] = (3N (v.ei)?) . AER
j=1
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The linear stochastic wave equation

0%u . d
(&t —AuE ) =W t),  (eDCRY t>0
u(é,t) =0, £€dD, t>0
u(£70):U03 %(gao):ula €€D

A=—A, D(N) = H?= H*D)n H(D)

. © 1/2
FP = DIN), Vllgs = IN2v] = (3N (v.ei)?) . AER
j=1

oo 8o o] o= [ o
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The linear stochastic wave equation

0%u . d
(&t —AuE ) =W t),  (eDCRY t>0
u(é,t) =0, £€dD, t>0
u(£70):U03 %(gao):ula €€D

A=—A, D(N) = H?= H*D)n H(D)

. © 1/2
FP = DIN), Vllgs = IN2v] = (3N (v.ei)?) . AER
j=1

2R Sl
R

uz

H=H=H'x H™', H’=HxH"' DA =H



Abstract framework
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Abstract framework

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = Xo
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> {X(t)}es0, H = H° x H '-valued stochastic process
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Abstract framework

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = Xo

> {X(t)}es0, H = H° x H '-valued stochastic process
» {W(t)}r>0, U = H-valued Q-Wiener process w.r.t. {F;}¢>o
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Abstract framework

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = Xo
> {X(t)}es0, H = H° x H '-valued stochastic process
» {W(t)}r>0, U = H-valued Q-Wiener process w.r.t. {F;}¢>o
cos(tA/?) A=1/2sin(tAY/?)
—AY/2 sin(tA/2) cos(tA/2) |’
Co-semigroup on H but not analytic (actually a group).

» E(t)=e =
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Abstract framework

X(0) = Xo
> {X(t)}es0, H = H° x H '-valued stochastic process
» {W(t)}r>0, U = H-valued Q-Wiener process w.r.t. {F;}¢>o

{dX(t) + AX(t)dt = BdW(t), t>0

[ cos(tAY/?) A=1/2sin(tAY/?)
> E(t)=e" = [—/\1/2 sin(tAY/?) cos(tA/?) ’
Co-semigroup on H but not analytic (actually a group).

Here

cos(tAY?)y = Zcos tANV, 0y, (Aj, @)) are eigenpairs of A
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Regularity

Theorem. (With X(0) = 0 for simplicity.) If |AB=1/2Q%/2||s < oo for
some B > 0, then there exists a unique mild solution

t

¢ t/\_l/zsin t —s)AY2) dW(s
X(t):[Xl(t)]—/ E(t—s)BdW(s) = /0 (=25 aWee
0 cos ((t — s)AY2) dW(s)

0

and

IX(8)ll a0y < LINPD2QV2 s HP = HP x HP!
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Regularity

Theorem. (With X(0) = 0 for simplicity.) If |AB=1/2Q%/2||s < oo for
some B > 0, then there exists a unique mild solution

_ "cos ((t = s)NY?) dW(s)
0

xt)= [ed] = [ Ee-agawis) - ) Esin (= o) aw)

and

IX() o(,78) < t||AP=D/2Q1/2|| 6. HE — B« fB-1

Two cases:
> If HQ1/2||E|S = Tr(Q) < oo, then 5 =1.
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Regularity

Theorem. (With X(0) = 0 for simplicity.) If |AB=1/2Q%/2||s < oo for
some B > 0, then there exists a unique mild solution

. t cos ((t — 5)/\1/2) dW(s)
0

xt)= [ed] = [ Ee-agawis) - ) Esin (= o) aw)

and
[X() La@me) < t|APD2QY/2|ys. HP = HP x HPY
Two cases:

> If | QY225 = Tr(Q) < oo, then 3 = 1.
> If Q =1/, then [[AP-D2|ys < 0 iffd =1, B < 1/2.
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Recall the linear stochastic heat equation

D) nue. )= W(e),  E€DCRY t>0
u(€,t) =0, £EedD, t>0
U(E,O):UO, fEID

{dX+AXd =dW, t>0

H=U=H=Ly(D), ||, {-,-), D € R?, bounded domain
A=A=—-A, D(A) = H¥D) N HY(D), B = I

probability space (2, F, P)

W(t), Q-Wiener process on U = H

X(t), H-valued stochastic process

vV v.v. v Y

v

E(t) = e~ analytic semigroup generated by —A
Mild solution (stochastic convolution):
t
X(t) = E(t)Xo+/ E(t—s)dW(s), t>0
0
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The finite element method

» family of triangulations {7x}o<h<1, mesh size h

> finite element spaces {Sy}o<hc1, Sh C HY(D) = H?

» S;, continuous piecewise linear functions

> Xp(t) € Sp; (dXn, x) + (V X, Vx)dt = (dW,x) Vx € Sp, t >0
> Ap: Sp— Sp, discrete Laplacian, (Apt), x) = (V), Vx) Vb, x € S
> Ap=NAp

> P,: Ly — Sy, orthogonal projection, (Pnf,x) = (f,x) Vx € Si

Xh(t) € Sy, Xh(O) = PpXo
dX, + ApXpdt = PpdW, t>0
PaW(t) is a Qs-Wiener process with Qn = PrQPp,.

Mild solution, with Eh(t)vh = e ths Vp = ZN:hl e_t)‘m'(vh, <Ph7j>80h,j:

Xh(t) = Eh(t)PhXO + /Ot Eh(t — S)Pde(S)
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Strong convergence

Theorem
If [|NB=1/2Q1/2||ys < oo for some B € [0,2], then

1Xn(8) = X (O lacaiy < €0 (Xl Ly sy + A2 Q2] s ).

Optimal result: the order of regularity equals the order of convergence.
Two cases:

> If ||QY2|]3s = Tr(Q) < oo, then the convergence rate is O(h).

» IfQ=1,d=1, A= f%, then the rate is almost O(hl/z).
No result for Q =/, d > 2.
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Time discretization

dX + AXdt =dW, t>0
X(0) = Xo

The implicit Euler method (implicit Euler-Maruyama method):

k = At, t, = nk, AW" = W(t,) — W(t,—1)

XP €Sy, XP=PyXo
X — X[t 4+ kARX] = PhAW™,

X! = EinXPt + EnPhAW",  Ey = (I + kAp)

n
X[ = EPnXo+ Y Ef /Py AW

Jj=1

X(t) = E(£:)Xo + /Ot" E(ty — s) dW(s)
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Strong convergence

Theorem
If ||/\(ﬂ71)/2 Q2

e = X — X(tn),

[hs < oo for some f3 € [0, 2], then, with

el < CP2 1) (1 Xo gy + IAC D2 Q2 s )
The reason why we can have k! (when 3 = 2) is that the

Euler—Maruyama method is exact in the stochastic integral for additive
noise. For multiplicative noise we get at most k%/2.

39 /45



Implementation

Euler's method for the stochastic heat equation
X" Sp,  X° = Phug
X" — X"t 4 AtA X" = PLAW"

n _ yn—1 n _ n
(X X aX) + At(vx 7VX) ( ‘AW , 7X)7 VX € 5h
GLQ(Q,Hfl)

Np
X"(x) = ZX,?(bk(x), X =, {¢;}" finite element basis functions
k=1

Ny Np Ny
S X0 (b ) + ALY X[V, Vo) = > X ok b)) + (AW, ¢7)
k=1 k=1 k=1

MX" + AtKX" = MX"1 + b"



Implementation

How to simulate b} = (AW?", ¢;) = (W(t,) — W(ts-1),;) ?
Covariance of b™:

E(b/b) = E((AW", ¢:)(AW", ;) = At(Qd;, b))

In other words:

E(b"®b") = AtQ, Qj = (Qdi,¢;).

This assumes that the action of the covariance operator is known
(computable) For example, integral operator with known kernel:

(QA)(x) = Jp a(x, ¥)f(y)dy.
Cholesky factorization: Q = LLT, expensive, but done only once.

Take b"=+VAtLB", where 37 € R¥, n=12 .. are N(0,1), that
is, generate one random vector in each time step, the components are
independent normally distributed random numbers.

Then
E(b” ©b") = E(b"(b")7) = AtE(LA"(LA")T)
= AtLE(B"(BM) LT = AtLLT = AtQ



Implementation

One situation where the action of Q is known is @ = /. Then

Q; = (Q9i, ;) = (¢i, ¢j), that is, Q = M, the mass matrix. It is sparse
so the Cholesky factorization is not too expensive. It can also be
approximated by the lumped mass matrix My, which is diagonal and
Mi/z is easily computed. Then b"” = \/EMt/Qﬂ” can be used.

But @ =/ is of no interest unless d = 1, as we have seen.

However, it can be used (also for d > 1) to generate noise increments
AW with prescribed covariance from the Matérn class of covariance
kernels. Let AW, be a noise increment with @ = I and solve the equation

(k] — A)VFD2ZAW = AW, in D.

Then AW will have a covariance from the Matérn class with parameters
K, V. Its finite element approximation will serve as the vector b above.
But this equation is, in general, of fractional order v + 1 and it is
therefore not straightforward to solve.



Implementation

Another approach: truncate the orthogonal expansion (Karhunen—Logve
expansion)

W(t) = ZW Bi(t Z’Yk Br(t)ex, Qex = ykex.
k=1

The truncated expansion can be inserted in the finite element equation.
This assumes that the eigenvectors of Q are known. The eigenvalues can
be chosen with the desired rate of convergence v, — 0.
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Random partial differential equation

Find u(w) € V : a(w; u(w), v) = (f(w),v) VveV.

Probability space (22, F, P).
Gelfand triple V C H C V* of Hilbert spaces.
Ae L(V,V*), feV*  P-almost surely.

Bilinear form a(w; u, v) := .{(A(w)u, v),, such that

|a(w; u, V)| < Amax(W)lullv[[Vlv,  u,v eV,
a(wiv,v) > Amin(@)|IVIIY, veV.

with some positive random variables Anax, Amin-

Approach: prove bounds w-wise, then take LP(;- - - )-norms.

Basis for analysis of Monte Carlo and Multilevel Monte Carlo methods.
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Random PDE

Aw)v = -V - (a(x,w)Vv), a(w;v,w)=(a(:,w)Vv,Vw)

where the diffusion coefficient is a random field:
- - 1/2
a(x,w) = a(x) + >_ " Bi(w)ei(x).
=1

Here 8; ~ N(0,1) are independent real random variables and (v;, ;) are
the eigenpairs of a covariance operator Q. Similar for f(x,w).
The smoothness of a depends on how fast ; — 0.
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Difficulty: a(x,w) may be < 0 with some small probability.

Log-normal random field: a(x,w) = exp(g(x,w)) where g is as above.
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Solve for fixed w, take statistics with respect to w.



Random PDE

Aw)v = -V - (a(x,w)Vv), a(w;v,w)=(a(:,w)Vv,Vw)

where the diffusion coefficient is a random field:
- - 1/2
a(x,w) = a(x) + >_ " Bi(w)ei(x).
=1

Here 8; ~ N(0,1) are independent real random variables and (v;, ;) are
the eigenpairs of a covariance operator Q. Similar for f(x,w).
The smoothness of a depends on how fast ; — 0.

Difficulty: a(x,w) may be < 0 with some small probability.
Log-normal random field: a(x,w) = exp(g(x,w)) where g is as above.

Solve for fixed w, take statistics with respect to w.
“Uncertainty Quantification”



