TMA 633 : Tillinpad matemarit  2018/19

—

“his  Course %a;_fWL/antjmi_ o I

FOr{

FEM
1. Aprorimate ~solutin of Ditterential ﬁf_ﬂﬁmi (DE) r ,
La,o(ﬂﬁéglimm’érm; N

J.ﬁ@&lﬁ?/’m&}lzﬂ_&i{_@m&r series o N

| Separation olvorimbles

f(' | _Jlﬁgéxeﬂtal_ﬁiuafmn {Dﬁ) 25 Q mé}mn between om .'m/éﬂaufﬂ ﬂmcfmn
. U and ofs dervative(s) .
i SE _(eré\m(t_bigaeuﬁatfﬂrmﬂaniﬂff_);_@uwjm@n_o '
| Fontiol S Herentcaal Equation (PDE) + U=KOGY) o U= kbG72) e
S T TE Y, N " (|
V"'—V\\l\ij'l-l e |
| .= . m [N Qunc-\-\ovx sﬁguﬂgjkm_anf__
Voiala\e
EX | ,
ODE;: u=wog —> 1. —UX)=2X,  Xe(s51) .
O 2 RWE U= =S Xe(=T5TT)
_____ - ?' ) U\;(X) -3UX)=90 , g){é (D;L)
< | o) =1
. - F
_— 4§ WX =WX)=X=3X,  Xe(o,]) ,

W(o)=o , W) =e

L, -
W=\WUW)— 5 FMH:)"‘A('\I)“-“JC-E'%) ‘té(.")T)

/
. \We)=es A=

6. :(\A(Jch—zt telo)

| Wioy=ey Wie)=1

7 W) - 2ui)u tt)=3tu(+‘), tel0T)




2 ‘ o
S(JL;;)_:)S&_?:BEMX_, 0% 3_){,—',_ )

—PDE s w=toy —

__i -—U. = H\y\ x*:& 9 (X,j)e- D

— 645’ Aty S’Lﬂ o6y, yed

o | apy= 89w, ®2edD s
—————-—v—é\eouh&m%%— —1

U=U0GE) > A, Uy =By =F0059),— opeD— (heat-eq) N

e Ugp - W= Eooy),  (op)eDd el =y) (>

g(uhan_af zzz_dcﬂwnfmlitfuaﬁm_&_q_ﬁmmm_mf ,@fmj bes Fhe
f’"%fﬁﬂjlﬂ/ =9 s i (b

~
E X, KOO -:-jxl- NN _'.Sioﬂt-l;\-“_ov\ Q 1. Since. W (K)-- 2X =S = K= 2K

— Moter 4

. 2 . = = —_— E-- T
W) =-X+4% ¢ = = Al " - - g
——de S +th%Mf C,Sine = = == |
—_

U‘TQ(SQ.M‘(“L ggk\kkloJ_LQ:\ffcgy\-k-,a\ns PO eY-L X i ) o

W= X=X 15 & Soadion of 4.
! 2
- Snce ¢ W) = W(k) = - 2X= (X=XT) = X=3X -
¥
~ i“\ktv yeo=teir— WA =o

. /L/p_te,:f Usua élf_fLM JfﬂéLﬂaL}QﬁiSZA/éJL?gh Ad the exact
( anﬂéﬁk;)jbdda’m 2o A DE, So we need to Lind am ( —
agy rlxjmalsdaﬁbm___\b}‘_ayn.u.m@é}ﬁg//wa’:

W ust e clonert methed QQEM) wd Lite ditheence | o
method  (FOM) . BRNTECIN | R

_ Note: Th 4;;&a(cL,fo,&(@ngofié?,LLﬁ_uw;z{iﬁfmeMMansiaé. N
X a5 +the Space ,biom‘gui . Z,:,x. 4 IS am Mf@éa_baum(agf__!

valile e problem CﬁVJQ)Jz_LMLsL wbin of Ex. 5 is alse | .




Ny =t -+ 9‘ ok We  coun Consider £ 08 Yhe tiwe vaxiable . Ex. 5 s |

,70.\?\fL)L&mMiVﬁ:\i@L\im\lAei‘LngL&m. LIV,
...ﬂ‘/afdﬂaﬂjl‘ap/aa operatoy ’f'\“ 2di (o vadbles X,7) ¢ AUty Uy, 0oyt u)j ®)

2
(\\le com Weike A=V )

n 3edim Lk\w-\fgmbu Xz
AUGO) 2) = Uy + Uyt Uzy

f; n “»A!M’AM (Ko ;Xn)*UXT“*'—“’JF?‘—‘——

Exr— UK )7—4<_~+_j-+ 2Ky U= 2y =2

¢ o LAB_B\_\,ZxJ \&J-_:é"}
AU = Wex+ Uyy=2.+ 64
I T _Nc+a,l,bn,5f{£4\|¢_glmo&e D= % s e Coun _wxjie_(A/i)&)_z jx_,JALx)LDJAm)_
Vi /
ok foc exawuple; We an wiite U+2XU+3U=0 as
SM—\-SXDU—}-% =0 o (DZ+3>‘D+1)M=°
the /ﬂén F J apamfar
Tu=u, I3 * =K
DL#ereﬂﬂM_uﬂndM_j‘_&n Aitins
Wé_mﬂ_&,mfé Wmfﬂfqﬂm a’{? _Gnd:tin(s) .(BC. );
(
- 7
EX pEp-W) =%,  Xe(o1)

D\ilwr.‘r,\\\yf Rl (50\\1\\-\'0“ 15 Yonown ok e \&ouma(MJ)

4

 DE =W () =T, x & (2,1)

/ ”
g.c| Wiersd, 21)=3 — Aewnan B.C. (o devivatie -£the
Soltetion it Cerdain ot

7 | ' 2
._'\'Kix—)—-:it—x—)ﬂ, xe (o51) — 5 hnown )
Lu’(o)+2(u-3)=5 ,  W()=4

s —= i [

3 [Lohin G.C. Dirchlet ©.C.




[




9.9 §mLequaﬁan5_af_mafhgmamep9ﬂcs S 7 LT\ I
\_/\—’_\A

Ueun) ¥
) LM&,)) o W= MUA%ZJ;?LM%OL%)’MH#EM(f&

MﬁomJJmf_quq/mn j) |

I,,Jl‘/'.,(.m: 'E (X). L b =

— \kmll;).)-zl-—“—”-(i/-ﬁ)z—guﬁ)— Mﬂ/—-Aﬂ"L'ﬁQ—_ o S

[ 4 Ut Uy, ) =% o —ph=F
2z
. an f I f_ 1
( Ledt  W=Uut) of U=ul6yt) . TThe dittusion €quation (the neat ¢ )
Mt 061) = Wy, ) = flx.«r) o
( i U 330 At Wy Oy ) = i) ox - ik
 Owndh _’lﬁ'_\f\l—\MMe__%_\hD\._\r\ an \S
Mo amplement the PDE, we anMLbaﬂMJ_wM&Lm_r
boundﬂfy“- lmhw(—&mah Hons.,
o Y
| b U Vil - Wbyl . {_A TPEY. PR R T R
: La) (o) = L L‘\/('F} =3 (b) Q'Q—
' b vuno{ﬂfj\
ol 5,
( ke 064 =Wy DGt )= Fot), e fo,l) 5 te(eT]
Y
(‘() (A‘!‘_g}.‘!:):a 5 U(f}tk g'b e (¢,T]

U(Xy0) = 3K Xe (o)

( U g o) = U O = Foot), — xelosk) s telesTT

( te (e

\'7{) ) afe;t )= _51?fj‘ TUttt)=o

Uoe) =X T Rel)

U, e = et .




 Cluptar 3. Mathenatial ¢l

| IR

\__.—\—"———-‘_7

3.1 Nector spaces (Linaay spaces, )

Dt

A 5&{A/_ea£,4g\mc_ﬁaﬂ5_ar_\£e££n.rﬂs._i5_cimn£al¥o~&\m~( spoace [Vedko

: ¢ Space ),
 for all w,weV and o\ ,Be®R, we thave
“1) hxaareV {g\memmjj =t
Not)is @ (WtV)+w = U+ () K‘“‘S"C""‘*"_V"j'jj | ()
& gionp { | | B
- _k@uQeLiuc_\aﬂNﬁiudoj o4 W= W (\clmh{j , o
éﬂt)_._\7’_LA£_\/_,_;—]_(LM_}&_\/_,_SAL\A_J;MA—_L\_+ML=o ( \V\VP\'HH\H’}) (b
F) Utar—ar U (Commubativity  or  obe\ion )
(@) (X4 PyU= U fh
] (e v) = A0 R
&) A =Epu ,
) e L
By Vo e (<055 | mrgeRY i b spmia
—V-_a_;‘.l?_g_s (e SPaLe . In ggm,m/(, V=it ned/ is o QM 5P L)

o Fecall ¢ i@%r(l%%%;ﬁe%m@ﬂ—%#@?

A QN ety =< % -|-°0<1—;—:_h—+% r eV

M st \/“d
5_

) (G Randad S Kty = Qe da G gy St Ol dpd

m<\(7~1+4xa)-£ A3 a (N0 )+ ,35» ) = (fh*f (Xuyg)ajf-r(]zwt]j)

= (ko ) g Kyt 75,54 /g/ (3101}*(@2??2/-&&3‘3 {};,?)

(i) V(X;j)é\/; J -9 eV} Such fhar Xy Sreyd = Cne)

’




Exz V={amrds \ Ay, 00 R,  agxghy

= %T’(x) \ PO 1S ‘("’lf)"“""‘“";k % -X_"’QWKU—MR@J}

Ae“?;\-ﬁ (P ( )

[a,b7]
0 ey 1) (f}
1 Ko evamples  Ze Viabl, -2X+5¢ Pras) , Nz elPrasy
| M
xz...r ~°(“4,;,;_,J§_)_(__—- &LE@, b

/t/éfe one am Show Hat ‘Pﬁr b] 15 a ZHWWM

for all o=kt J0) = by X bo, XUx) = x+o and—all o, 2 eR-—

L4ty Pov i g =[x +ﬁLH_°¢($:xﬂ»7L( d +ﬁ}zrﬂ+ (Bordbe) & =
(2 _ RN i? ; € ﬁ?

L]

, Uﬂ@symzﬂ %Mn@s_azj%me.gm (4, /ﬂ /s net”

A fmmr 3pace. .

o vefwap, R Gyskor a0xch

Aote that There 7 0—0e Vosuch Hr—orP=pro=p |

( 3
é—i (a, b= SFMLQM fdﬁimmﬁ_izﬂgme\(_M(ﬂ;ﬁl;
LS a_fmsz_ﬁfa@

T
For exampll  PO)= 4 EX+k > xeb) s Pl

—

= Px) = 3_}({"‘-"_?()(‘\‘?3, sxelab) oo

Ex 4 (q/r?\ Space, a/ 4// wdynamm[s’ o/ dejree <9 on IR

4 = :\9 Prg1_94x)4§_¢\0agmm\@¥ &5&%@]_,“)(6 'E,}i_

(

i a0, €W, HeR)
\

) 9 Q-1 .

M’L&’ We. com WIHC— ’P(r‘e) 50\t+0 '\' e AT L0, (o, 0 3_}
a3
EJ b).k{ QO '_t -‘-_Q t*{- Q. \_Qg_¢;ﬂ14ﬂoé?_)_‘t€_(ﬂ,b)’}l é"? -




= \/;{ O\L\ ‘Cea&-\l‘c\}mﬂal QUV\CHOV\‘S alfz.g‘.nw( 2N ’D}

———

———— —zﬁgﬁﬁé—ﬂﬁ’,%ﬂﬂ\m%w—isb\oﬁmﬁrgg

g -

\chmmb‘é,gg\/,deﬂ;éﬁé)(x)a-frxméw s wely "

¢ (&Qiu:ﬂ_@tx)_;_x_e.D__--_ ol

ﬁ{'o.fwaa(eﬁnc dfsumfaffiwmﬁun cbﬁnjfanai_*lu_saafaﬁﬁmw.f

M:m/, we show that \V/ ij a L’neg_r / Vecter ) space. .

gFéYwd//Jg,&)ﬁi\LMﬁLd«d,ﬁé K.

(1) (Fpxgpro=fut W=t 4 x) €, xeD = frajev
@y [(E9)+h ) = (1) )4 Ws(f (x)4J) " (P (S0 ﬁ(x)yL

7._?___>__(_£-f_j_):f_££7£4—(z}%j)_ R .
(3) uncton QO €V I3 kfghw/‘éb.}acxlﬁkxe&’ i

:P(m(ﬁ-f%)(xggujaﬁhﬂix),xeL_ef(? !

ey

(5 (F9)0 = fogrdwr =Y M} = (3¢#) ), xeD
€l

‘%*ﬁﬁcjj(fj +Z - R

(6) ((£+AU ~7

o= s =gy <o p)o0 xed |

Zas () W= dWHAY | e P

_h_(}_)_(_éu_ufi/)_)mLLoZ (U+)(x) = & ( MtXJ+fV(x)) = oL W) 4 ()

a(g{uﬂi\!_),(&) oxe D = dlgv)=antdy

gy (B = {pudy =R uw0) = (Af i"ti’%i(‘@"” )09, xef
' &

~

25 & (fW) =[P

(9) () (X) =dux) =U), xeD  w=» Ju=U

A




Subspaces

/

1 Aireqy
ﬁDﬁLL# 5uﬁ;¢f4ﬁg\/_aﬁaﬁspm%fma 7.Subjpgg¢.,a./ V f-f

du+A4rel/ Ve [/ md Y,peR

Q;&a)LMALL&MLSpa@MBLmeumn

U={0) is o subspce of \/ (15 aulld He 2em subspace).

b) V s a SuL;:pme, A V.

mdAL&YLMMLLSMM% A

10

~—

E é—Lgt_LL@LM@JM_ﬂﬁ romiad s with vl ceflicionst;

,7712.n ﬁr m:j J.mcl\/-.“ .J'L) , fnP) 7. a_&llﬁﬂﬁlé_zﬁp}@_

L S e Let nel by given. Fey an MQG_IAHPFMP

MJ rfa,/_mndm;{_d,#é I, we »ﬂwu

/ o R
K P+ ﬁﬂH):&(Qh‘th—\—...-t-af'f-fqe;}_{-/5'(‘1%1““‘_...+b{t~rb,}

) s ) i Bh)E ¢ (o)
el

AR ele 1
(n) B
e PR

= (h)
|So PUR) is a subspae £ 1205,

E7. Let V=IK mw( (/= f(x,y,a)i X, eM Show Hat

(] 5 a SMLMML il ¥

Ohmm& Ucﬂ/

. MMQ aﬁ{a;()(wlf Q);“v‘(&ﬂbg)é(/ JWM( M’T Yag Vum ber <,

o, (3 NS, e ém

M_
Mdm%mﬁmw)@ﬂy%lhgﬁu;_g




4D€€.7 A‘QM(*&MXBMH&\—GL Ne(tocs ﬂtfrk“jq}ﬁ é\/}' /5

_41L\fﬁ#ﬁ+ﬂwqﬂ“ﬁ,ﬁfar_ Some el M;_Q,‘T,ﬂh_éik.— I

B8 et N=Romd V=[], 0[] T fe wy G

—éL/ll,_e;—ﬁéﬂyﬁ:{;g#[ '}?#Pf b s dincar combinatin of Y, an

far example 01, 2, = ggﬁ]

’5 a W &W,Dl‘b(a}{'l‘ﬂ‘& 0‘£ {U‘ ,V

p\

L aid

ﬁ”_bﬁel_\_Le_u/_\)c_os_Q&wu_spﬁgﬂ_m A Vethecs My, oy & N om

v‘

Aven . e space

Sty ={Ay b |y e R

:{ af,( ﬁiw ﬁm‘n&mﬁen& o‘g f\}“.—-)’\f}aJ

-

K The s,mnmf ((,jemmfep/, ) space Lb)’ vectors Vs -~ Vp.
AW i

,M%&: one Cam Show That 5/0&144]‘%)--,’%;} j§ & Subspace o+ V.

Ex9 iy Lot Vb o Loor yueomd 0,y eV ore gien,

 Shew that (= Spanfuy, ) is o subset of V.

ﬁwﬁmw%—y:gﬂwwf{ Gyt BV | Ay Bp R S0

g Ue V55 i te Form _
U=>d + Yy +4, ’L‘Zz_ﬁ»—ifr—ﬁ-mf—ﬂwﬁ&é—”(

v

_LLEL@JA&.(Z ﬁW&ming/é U= ﬂ; /V,f —,I-@;_ Vo & \v/
V(g e\ (% a_subset 2

—wawﬁﬁ%ﬁ%ﬂ‘&m

(M‘B Veekors W_Uéué‘;‘_”( R 67'?

e}

o

Pl =

e

Qe =ol OV 0,8 ) R (biie %) = (W1 )9 4 (09 R) % e)

fo




4 -2
E:Y‘ ’1-0 L—EP\IA‘——I_ (E—Mﬂ(—n’f—:— --—1 ]— 7 qfl%fi}lﬁ Li}ll-_'u_m R
1 o
/

2y

n (j:‘— Spom J q/,r f]fg_}' .

/ ) i

1y | = iy Y/ 5 Ao dls ENR
} HGU P ﬁ@n = M; ’V; -+ (42 {V.,?. Tey JSohe "I’/‘A 4

ﬁ’ =5y Ai-24y
MV 0,V =] —tgp0, | = (J=3 | a,,a, r—';Pl
al qf /
f - a, 71

Ay

SR E VTPV ST N Ry O~

| =

o Wk vl stz wilk - *j] 5 fﬂmfv,,vl,1§)?

— _J oS

‘8,&_5/0%_#11[,.,3/9_.)1%— ' f Heve are veal numbers

Oy aiﬂﬁfdh&iaL%+afﬂf%+a 4 q/;:j_ﬂ;LL s s

rlf‘.nwf{;;j&m*_i’}lau.[a(_ _'Aﬂvjfa_ﬂ_(_mq% (u‘n‘ov\ . o

Vi a'r + Ea}_ 36{3:: —zf VU Zex o

=20y =70y = Z
;,S 612_9_6\5:: -1 "_'> qg_ -20‘3 2‘7-7-’
Egt261~63 30,643 = Z-8 o o BEFELE
- Pl
25 zse S22

: > 29 2
7&_“&\(—&6_&%@]—;—% = —ﬂz—t—-r—ali‘f‘ﬁ& gaﬁffﬂlo-éﬁe;_'éél:‘h‘)‘%

(2

= |2 [a,b]

. ' (2)
S #y exa'mp(é’“ 22 34 . vvd5 tif_@_f_:ké(’)—éyéﬂﬁj_k

egF  €R  gip

2 (2)
3(2_t~t2,)+4t2-,1 = bt = [1)i2+wéf~g- 1)1 e’_fpmj_bg_
et \ L/
ey € elp

1




12




m%_m&pma{énf_fzts’ md bajas

/,,njmrf oberonde

_ﬁﬁumL\,LlLLﬁmﬂmr space..

Dl A <at ot Vactr {”V,,,VP] T T J(fnm:z/j :?Jﬂ/quﬁnz-i

7t the vectr <quation

a14f‘1" 'f'afa{]/ = E @/

fins pnﬁ The Pl Slwhon, Ay = = Qp=v

2@ h vk ——]
i e f”” ’[Vf’} 5 Lﬂa‘ry Méﬂﬂﬂf, /F (L) has a VenTYiVi

(

Solution. That 5, 7 there e Some mA Vumbers oy 5 -5 a___S‘HTH}WJ’—P

Least one of them 5 nonzeqo- m ,gm LW

9

| X @_Lghu.;l_gj 2] (aﬁ_ﬁz f_%fj,#i;j ISJJ’I%_M&QJQMM—

C mm;hpﬂwhmfmgmmmﬁq‘_mw )0 [ W=, By

M X . A te[-1,2]
1 (=02t~ "'3 = :

PR 2 (14 =0 s Q. =o0]

= > i \ f

ol | ﬂm 4@44&; =0 => Or‘\_.g-az—a

"}f’—-f -_-,\a,; -—ad —.‘-az.._o _Q9_+C\3;h

) The set Zjﬂ t%l s gm&m&wna(m/’

Ml/

Crixi-oet

Qi+ A (t-1)=0 = (+d)t -0 =0

teo of -0y =o {Aa=e)

t=1 —-*rfarfa?ra?—- - Y_I—jj

13

La)_ﬂz._(sﬁt__f_L,j_thtggﬁgﬁimffj o(&,wenaénf.




—Censidec 0 R WI%0, R W)+ Q3 =0, tel 2]

o Q1+a1t+a3ﬁ3t)=o; tel-1,7]
3o e :
t=o — / (h 1'2&3:? 0 a4="'2-a.z _
i':-'-f — 6{1——619_—0(3 =0 > > 2-—50\3.._0 \’(O«q__::—-sas B
=7 ’
t=9 = ) 011424143“3"__“___r ) 20, +b60y =0 (QLQ":—;QB |
o - Yake Q3=1 O B
=S z=—3 [ O
Q"_—_)_Gk7:-9-\ - = |
A z,_a%.;i,_aﬁu—w_fgwmd% g lonT
&w { ()
Ex Shuw Hat (KL;‘SM_,& -ﬁ&LLC;sz_gw é dependyt
4/(4‘():: S/‘h;( = ?-—())2)( 'L (1= -% (.C;’ \ = -%?020(}—45 T3 0
! L7
B
()
(
*D_ﬁugj&_ywj&umi\gi)_&p_m_&ha}\ t’\f'f_, , n"'l e |a
Set w V. e s ‘\’\m\,d\ﬂr‘,g_ SV is a \sc\s\s 19 e N, HE
(i) {’Vn-~ ‘V;p 5 ﬁimﬁ mﬂ&pefm’mf’
) ./pam—- -zlyrrf, #wagaﬂ ve V can be wiilea
a5 pod Coron bavalow QJ}) )ﬂ;.{)) ]
*( <’V/‘17 & —Mz—a't%—’f’—'f——afy /0 ——— «0(—5{9%-41 ;—--.,fQP-E&)—-
W) genemtes \/  and atLesst one of 4., 4,
/ N

/5 VohZevo .

4




EXA‘\( &5 ér,i;%ixs_aﬁsé_“& l/-—:\_l? .

Q_e_—_'Q_.. \¢ ’i"jn P\] \$ ‘\\M\SIS ‘fv\’\/ We Sab‘\\\dr 0\\\'«& V) P

dnwen S

W&\L(L%_i

11 reg . s |

e ) el ol

(e that $1,¢0,¢5) 5 called Fhe standmeel bosi fo )

(() Consider

A e+ A€ +A3¢ =2

S ‘1‘01 —f,: 4 B =o - g:%:/'\ = ,énmr&j /ﬂa&/}éﬂé‘r
g5 = (o

}0+Vlz.-r =©

04-4-4-0{-,&0 w

u(ﬁjﬁgr—evg—véw e ﬁ@iﬂé—é"&

"3‘7 o ik f474.,¢f7 Ay <21+ 4y 4 %6,

(T

3
- R r}ﬁ—
> 514%4%74 // i

n
AZJ,,: /h e WW'(

(Z)
Ex 11 ¢.t%4 %4 % doy 120,
j > ,IW 5 a_basis for TR

™3 txat 4 o
' “ = o=
é> t={ rO(f +ag_-f43::o =2 5 Ae =0 => ‘ﬁﬂf—“rﬁ 'w/
1’:-—2]0(1 + 24443 =0 } Az =0

(‘2)
i) Any_p Amwal Pit) = Opths At G P (R)

FaPe L, e AL ¢ P O
[N R, Y \ OV

{ =
2

PW) = U\ZL't =gt oo h)

"Q\\m\_ S o U.xwew( Gow Binotlow oﬂ-‘ﬁ'ﬁéﬂ%sﬁ"%ﬁ

Mates In LR ol P o w o _&a@uyMﬂ\Jﬁan_

(5




\Mf_—odym.iﬁo_e\gggky&mohﬂon_u‘)_ogj‘i ) te Lo csut

{,Ur R\f\}\., . _.,-f\‘}\,\‘j—is—a' Nengre Lo NS

M&WJW% ns

__CC[Q}bl)iffﬁ(L_pLQﬂmmﬁﬂLﬁM_an_gﬁf by O
=B R F ot on a1 |

_CL(Q,A;);SMMLMW%MMJQ Funchins en (3,47

— {—f—g‘[ajgj?;ﬂﬂﬁfw%m—@ﬁﬁﬂmﬂjn % é)"}

: (k)
.k, x ,/‘-__ fﬁ F |;| uel‘fff/ “?% MWE. Lopfintiews  on [qibj‘J

| SR B

-

. 2 / #
..E-)-(—-' &((ﬂ,ﬁ))_?;,}f 'ﬁ ( ﬂ,.dj)——?‘/’/?’ / fi z 3 Wﬁ_@lfﬁ'ﬂuﬂgwr Lo &

i




%Ca_{ﬂLPfﬁé&LCf_ (inher product ) .

Lot Ve o fosespace

Q@Fﬁ - Sealpy - liner) ﬂm&# anJ/,M;;LchL\LA@Lszf_or )
on VxV (Such-as (i) s VxV —= i) Such +hat, for all i

L wvtweV md gl _AedR

() (Wvy = C%hiuy

(i) o yw ) = QUL WS

Lir) (% vy e

g;m)%@;o_@ V=o —

Ded A /fm,gpwis_m//@qm&@ﬂm) ma’utfmczj_/L

iV_/ﬁmed_w/iLMM_m@a‘_@> detinesl en VXV

Lo Vi TRM TThigu i ﬁuxé—u--i TS PRV (wm ) €

W .‘l QMVGL—%&W{%W Lo A.!J\C't"‘

sy =) 5 'W:.)) =W o + Uy

e ihﬁhﬂné%eﬂq Yo weike
U\ ‘\) — ui“h-l‘— u?:\ls_)'

\r\ew(p We. &g (\u?(\_l> ‘\‘\.\_g-t*.p,a_al 921 (1.0),
Sinte (, Y %), {iv)

Ex N= wv‘a&_ua(uh%j_uhqﬂyqv,mﬂh_)ij

: A
alf /2
<‘\k,(\)7§u1“/1+~~+ UnVp = 2’"7:1 WV

E) AAL—? %TbJ—ZZZ_nJar awﬁ_ﬁL? € /-m[ 4,7

P9y = ( Pwawadt s o Sl o) feockinet

?




(H}

For maﬁﬂq!]f L&/*QIJQLM@(JL[/ Kelk .

W Pa‘]> J Pm %‘)dF j ppwdt = (gp>

(JL)4< \%LDL%I' )—j ( Pt)4o ¢ f]-ti))_tm A —

— (Y’J)-{—d{ﬂ_ﬂ)

() 8,05 = &b(?'@’“ &t 2o

)0 (‘)lk_))>o ?—

£ g [aisd
\.\_—\__,:)

() o> = |t de =0 => )=k

sl ‘?L-\.):o) 'fvr % E‘\,b

)

- b
W ¢-0 = (og>=d o de=e

(2N

Wit e sealax Oxoduct

tiéiQ—Le:&_N_\De_&l«Wm&M e \ one

B -@**&@M%ﬂ’%wmw W Lay]

s — J

2 I
TEX () V=18, u={2,. s V={o=3 ) ae orthgenals

<u,rv> = 2)to(3) ==

U (=,2) 5 V= (4,2) owe W%)l(a/qué

Ly, @_L(AMA)_-;LM) =

(3)

(la \/5 | %4#&&54@%}0%@@{& P me\m\olk

—_HPUQ)—LM—)#)L_MJ nr~\r\*\n a, 0‘ ._l 3




Y\
Def Let V=R . The L -vow of ¥ LN Se TR g

- o(ﬂQmm( \b*\
9

\\%%—-—F@;)-—-;\ﬁh)ir(h_)ﬁmAx“)z = Cacledin st
A\ .

(\\: s Ao aalledk Euc'{zo"ktcm V\ow«}

Ded Lot u, (oyh] — Y Le_msq.wmj‘gmkﬁncﬁén on (4],

ot 15—

.y P i T P,
S fuw] A <e0
A

( 'f,tg,n the L, —Norim ol U s Mm/ %}1_
_ R | op 9 .
¥ = \/~£ Juog| " AX
We  ¢an etne it tor mure Wa[ wses.
/LM#K%MC}ZPL&J@%MM@J-M@_
Il =Idl———= /f U] X
Lo(2) — ‘/gJ,L ol
Dt =t wa=w] ) oo ) -
| S 2 i ’ I Ly(w) J
(
_El(- {a~)MLF%]7—f>~”MJ’—— Jo 2 oo = 5
" : — L
S - —fba—u-k-xbﬁ,ﬁké&;ﬂj_zy_ﬂuﬂ = / { i] x2| * A
Lieny) [l

| (¢) Let <ww>rjﬂumy fhon Iull= > -

ST L




—@W’@fﬁﬁum+\uk&wvwéfu<m -

A exiss, -‘r\wf\_

VAN

A—B‘ﬂle’ﬂ—&"—aﬂ/\%ém—woz—gf\mv -

o§ | W= l\?-- (=M, U\-M> = (i, WYy = XV W) =ACH v )+

Loy

_a Sy Nl

qﬁg\g@%\\owﬁ D“Q—‘A%X‘ZQ_Q.AL\JJJ ’ﬁ\&t_ts_nom neAudve .

C

SR S DO _ <\noul\d Ql\ou\l‘p
L_\_—\a?‘\acf(;uw,&)

2 2
T P T e

___ﬁ___é_it_ U, _>\ {4 i IRV e

v

Assume_Fhat#he Ly-vorm of U oamd o exst

~ gl nequalty

Nug) < Woal+ o

/)

74

e

/{u.,/v//i (U4 a+4/> = (WUS + <R + WS + Vv

2 <> i
S 2 . )

< Nl \ o\ i

2 W = \)z

2 utwl< \\u\\—y\w"ll

/l/mfe We

A6




3‘1—3Pﬁ%—¢Q—AiM%feuicaM‘eMue+cg wS. |

Let - (a,b) be o open ivtewal. T Z —(a5) = garh] is the
- _a&u,seygéuLJL A i -
: B = (Wb] , Whee .
— (4,63 a{x b >
r%x PR

I_e+ JL.L(Q,}})ﬁ o

( LR, %C({a,)g)_{i Qﬁ]:v-!’ﬁ/im;fmumf Zh ﬁhﬂ}
— - (=21 .
( CiE- C:(gq,b)}fﬁ[,,,g,,.ﬂ?/ﬁ 7 “ @ &onfinious on (47|
- 7
2 7
. - d)=¢ _(@,by‘fb—;é@,gi@/fﬂ;&ﬂm@m on (8,61}
We can Aebine Sqmmum-narm )3*1
‘ o h wil
Ml = sap J U] === I ¥
CR) %R
, y A “ /l' . }4}15{’\('}!’4{[’“/
- <
. : Xese *€dt .
: /
max-Juog) wax
//u //nm i max }U(X)/ //”l/fmﬂ) X €loh] Xelayhy
(Caby XeChhi
(
Ei . ‘-fm)z X2+ Sin)(_,ﬁxjé_[ﬂ_,ﬂ
I, = | Xse "-F%"*‘H“*@”‘ e
CLE8]) = xetoy Xe(o,8] 94

,/u)fé.; We_cam__ L'Zé.__ﬁ_-e_ﬁ/?ﬁg;L aépm‘ér;dléﬂ,_ﬁgj :

g 2
Neter 1# u?u-fxsi—),—xéébrte@-,aa)—;i\é—u e—-C-([_z;ez)JfC@))-f- —

Nat 1Y — L
e Noaan M‘{:‘_? U are continuons fgr tele~)

21

v~ &P
| U, UxyUxx & = z Xedl




- 33 Spaces o nveamble Kuackions

LgL&:ﬁ(ﬂ;b)C;li?_Mﬁ m-_&nﬁ&r_a_mmﬁgw@m_ﬂyf:w .

W, 0 Then, For s P21

L, /Q_J__fu 2T ]ﬂuw) Ax <m}

/ p{a)=7 u; &WRL}MJW(JO@;M -

1,
/
*_“_“M\\‘ — ( &\\Mx)\‘?@\x\,ﬁ b 1%?("0
Lo\ S
.f\\lk
“\ B r—— g | WO - o
_‘QB‘_\&,_QK&L%Y @Jue_gr&\ta_ax_uxxas_pd( Mb (
mokut;(&,\w_ ve
. o
<\k,(\3>‘-_— X\thW(X)eLK (
K \a N
‘ p ¥
o \\m\\ . J<uyuy = k\ d}im\ Ax |

C)

X Let U= 2X4 Six,  Xe o, =i

_L - J" utw| 0{)( j ].‘2X+5m></0\)( __J"(zx + Smx} olX

—(%ﬁ%(f 0)=(e=1)=

24




L@tﬂ’ (:l | 2x+ Simx ] AX)___ @2(4X+4)(Sf“X+S.Lx)L

/

én(s“xfky g {1 ‘%hxo\x\ Z

W4 k=X W
JZaxsindx= 07— TN L x4 24
o \d\}:"bf\'\XO\x V= —0BX \._——-—-\,:/ 5

= AEGI - (~10Ge ) 45w ]E _ 4
. e oo =, =3
z o T
1z < _fE o o (Lx oL x| 2= T
UD d 9— UV\ \1 = Je 4_ f

——

23




24




C P"Cﬂj" Po \amu{nk «A\)f\(ox'\mh‘m in iD
W

\NLQI\UL\IQ, awn MHDAMCLQ\AM‘Q‘D_LMM*L@_QMQMM_\: R (’t)um_oii._

AA{\LQ‘Z\D_‘(OX\M'\‘\OY\ Vl Yhe SolM\-\ovx ‘o DC
We wse  faike A @e(enm_\u&i\ma{ (TDN) for  Yime \In\'n&'ﬁ\.ﬂ O\MEL

4&5}4_&&%@_@_&5&)_%_(; space vaxiahle .

4.1 Ovextuce B
{
0 \nidiol Voloe Problew (IVP).
( ._—M‘;n‘luLAHO “_afl;éihmm\cg),_( W= Ult) (8 the 4ize Lp,opdﬁ‘hﬂ'\ ad)
tine
I 5 6(“\7 = B
\.LL'H -/\wa-—o) G (L[-f-f)
\U() = %o
Nite dat A 5 a Gnstant (- usuall it positive ) -
Exoct Solution &) =A wtt e
"‘ LU = 76‘ #&4 Wl—ﬁ'f' C_—
&t " “atwe e It )t o
==‘="U.(tl..e _c & — ce Yereal Slp,,
WUle) =Uo
( = UW@)= Wo=Ce = C = C= U
= UWit)= uoej U pavrielac Soluin
A Nite : /j P I W) =Uo , olELT  Uu) L,
L dye NS S
t—= co '
’_(!L_{L(o e D vy =0 >t
A Aty
r
U,
\ Aco
o _ 4 { >
-t

25




PDEs .lhg&mndm(fdm\\ai“g_,

\/\M

6 Boundar 8‘\1\6\,\)& P\ro\zlgmﬁ('&'ﬂ 2) ¢

S (T - cSL—C-—? b 1—0\45 o uwuzla.oL_a&m VAL IA -
P exa\\-«\y(e L. > ()

4{.1

M&,\Q;L (CM ) i 2D (R P

—.%(x,g) \ nex<h s c<\\<a(‘¥

Some BVYPin 1D (so alled £ wo-paint B VP);

xedSt="{(ah)——

Z
_U\f'}( )= f X) 4

i ’
_u'

{o) :ﬂy—tk{‘b):-:-—o
vl

Wb, X -

—%\ pusjf'ﬂ@“fDiﬂ_Cicl"b omw

g\ Ua)=lh, » ub)=U_ 'ﬁ"'ﬂn/ﬂp‘amaimzms“ﬁr'ﬂb-/r&ﬁ oG - —
= » &=
N b L’emq;u—a(_ub#:-mw(-eopzxww_ﬁm;a 4)#_, -
AT%‘MW&T‘M‘ A 0"\“’)‘#& T
Mm(e, %emfak QQ('M / / —

4

I (AW w) + bew W) eooum=Ffu, xe

— _gx,\.gg‘_)_..a_u_a_,_)\cmM)___ub N

Dirichlet B.¢ eumant 15-C. N (
~ Whete _Q\,.ba_C_M&_ﬁmﬂo}_\A;%m_cﬂomS_u.l)—, ,
L I e (
& \
Ex Q_Q.V\/(XJ+4U\_I(X);}-X2W’U= Bmx, . xes=(51) B
W(o)=5, 2N =6 -
lsl?m BVP _jn ,9 D;’ ( 2 (\Rz; \aauhMMJP&anol_cgﬂ\k—,&)_ s
——Grananadl Lorm: (X =toy) -
A\A(X)—!' DonM(X)-i- CUA (X) = fog, — xedd ~—
g - ké% 52 QLL\MUS l") 'r‘chlﬁ' B = C

—

o

U

.\

26




AMOfL'/'MA/‘jf}Li@MQ /Mfdfw’

= Uy qu o
/\Uf)(j,L Xx =+ ) -

1 . 1l
AWKy -5 X =, + =+ R

bovi = J_n).(_w oW, )= bylhyot o B U,

w2 7= (b by e (Uns Uy) = by Wy + b, Uy

lL/m'mQanMu Va«[u& Problem (I RV ) ' : o

For exampMﬁﬁ_’ggaf @?MML we Lok tor

VOIU}'IEJH U= (X:)-t-)") 5!&(}9 #aﬁ 1.3
;((J\;D}

™S.C204 it T ANt Voo oy Xedl . E5,
I 'DSVI- LAST) V‘XX‘ pr = &2 9 -
Bl W{gt) =0y Whbit)=0 , — 20
D] UlXy2) =U,(x) Kig il

ﬂ#z—#w—ﬂz—gvc—o—f am—g@ﬁejoﬁ—pﬂf’d’l‘t o

Another e}(amp(l —

Fl/tt(x,f)—l/(xx(x,i)zx&nt, Xe(o,L), t>o

O U)=05 Ugllst) =28 i

\ xe (o,L)

ol

-
D;{ic\‘\}?i' \ Wn (X; 9) =3
[

/\_jamuwaw\“ A
P ol = /

More ﬂ;zmml (ch:ﬂ?n); / \\
U —AU=F, XeRy it L /<j’
WL /gamag)eﬂe!aﬂs WNaumams B.C.

/aM.—ﬂ XeR, t>e

—

@M = e r:r
utxm)rﬂa(x);ﬁx-é‘Lﬁ—*—@n Vi ;’

The gt armal vedfor——

2%




7/t_/u.nwn'm1@(mnu#ﬂ)ﬂ_zwm&.&nme

—_;W_C._gormu,\a*e__;ﬂm; _&(3 [\Lr\' (-Eor_wamai )_EWIZJ M—\'\r\ aL e f ol o |

‘W,Qx,okaﬁﬁ_ﬁwwko;iuvfu{&\ )

M =AM), ¥ P —_—
B 1
Eirgt we pafthfmh_ﬁuﬁm_a(amma_v&a,_t]_mfo _A/ Subintervals,
Aty /_l'tg_, Atk
2% ——" ] P,
“—an t { _.’_ ‘l. = = f—>
_;ﬁ £ T t, b T=ty
e \(_D\um ‘\’\r\‘gli— -":t.k"f
—
e ﬂ gl Wt + A% ) = Ulh) e ULt +8G )~ Ujth)
( k) At;,—-‘:—o At A-tk
__u___#hSa__Wﬁ_'/iﬂ_L;_eram (4.1.1) wit }7 t=1¢,
W)= W) At ) s Bec oyt ol
At,
ow, if we call (/2o be the approXimarion of U, om dentote
— E//\‘i/,_u_‘;ék_)f '1_(_-- 0/. {; - -_-;AJ
~Zhn we have
%IL____({{’ —— /\\ V;( _3:>_Ut?{;_@tjﬁk4)_% e j(—a:) 1 )!U /
.{AU}(__

With U, = hler=uto)=Uo -

MMML_&MZK (s
_.___fz-_u?_a_._uut,

—
—_—

+1

U, = A2l et

23




length 8t , md  Cyetor kot = pat

Nhter—oe—aniborm- partikin, al_sibivtervals have the_same

£t &7 iy o e
o A
to
h 7‘}7/; ase - (/k '
Upgr=C1+ kot ), = ( ulmt)aﬂfﬂ%ukm)ﬂﬁ
: S (1+/\A'tjk+l11\a

WNode ; gwmﬁym{yeﬂ@us @DE (IVP)

Prik JATITS) 1) ot LT
4] Ly \"’\ 1]

() (1AM )+ A6 ), keot, . At
(= ’ \ b i = 7 B 7

27




gy\-i-\emch\\Lew\%iov\aol\»—%-wea(—se-&ea—op-ge\m&-cohé—én—am—in%e%wk

| S s L

7\N.€._-_{nﬁ.{oM%6¢MQMLMML¥L€n&e; ..o[tfww‘f:io n

1)

@PMJLM(P—%“): 12l

R }ﬂf.)ﬂeﬁ[ltk bas, B‘érﬂafb%ﬁ@%f,x, X ?;_ s 3X ‘?j’ i
Y _ﬂﬁf!ﬁ!ﬁ._ mm_aﬂiﬁﬁa. )WM(. ﬂ-ﬂvﬁaﬂz%m e ﬂL‘(t‘l

vtf*{ljd‘/@éﬁ vam—Sc/ ,mmémeéefMé -

(
,4.-0n_["’9L‘J ) W
....Z?z.n}?afuff}rgmﬁ( J?Mgs\;jmbﬁsgﬁrgammdn'c ,wféf yom oS (L
(A 2 LT = bl b )
- . 1 N=¢ 3 S .
@) ( o - ]
@JO q(ﬂ,l!))W.eﬂpﬁ(iméﬂza,»)u;?_-ﬁlﬂjuf M//’f}l basis of |
%ﬁjf%jﬁ_p@mmméf_ Ho%)ﬁ,uuk ,ﬁ,f(xyc P ﬁ()a,b)
L“ﬂ m@g paé No iﬂfﬂé’—arTT’ﬂ#W‘mﬁ_ﬂz‘”%ﬂ&rthﬂﬁvawfcﬁ{ Co
(4+1) digtinct  poirtS X, <X_f (- KKg o infa,5], Such Har— ) )
B P E 4 = =Ty K=Ky i
A ) %ﬁ-ﬁj—’%‘w “\f\_o Ri-¥ |
EE A1 o T

Py vy X ‘_'_ /X—X__)‘_,,,
(K=Nig ) A1/ |

k=
5 )\5 X) = -,
T KK e (KX g) KKy (R

O can shw that _Q t}L e IWﬁ mﬂw?fm <o
(
Dy = Spanf s d o g}

i L =

XD .
Then s A poéfﬂo)ﬂM/(PQé_fP (4,5) with valies P{:_E( X;) at the wo
15 9 ('ﬁ:o,A%A,q)ime\mJé_a@_\ceﬂssgA by




ka)fw%wﬂr_‘})w frydhs o] P_A () = 7 Pe M)

l=0

_F_;} . Coc 'Pi(:lTb)ﬁ_Md_ﬁhﬂﬂs&_z:f_J_zifﬂ(dﬁh&f’ #Gﬂﬁ:{ ( ncié§ }

Xomlty Xe=Bo 0 _—

x- X1 _ X-‘b Alx) )\-)‘a____ _"\i‘:ﬁ
AW =St < oo, 2 MWERRS

lllllll

%“MBQQL':&I\DM‘\GLPGL-PE}[Q,E;)CO\MJle.J.LNHm. [ SN

a
P = Py A, 00+Ph A = Pay 55 + P(b)_B-X

B torhrwe ot Yowoy Xpwt o Ao 2l 1%, d 0

o-1

W _g\“\b_%okrSADW\\aL Poo= AX4R é_|_@Tu_Com_h@.w ciffea

Po=AXx+% :“(o)/\\okw—fr\)n)/\\f X) = B(X=1)+(A+B)
.‘-\I.;J \-;"\N

Lie
%)

=15 =t

/uofef We want 42 Mmoxmwﬁfz A ﬁn/an Gonfinuei.s /imc;‘mn

"f -—Ja (X)y Xe él/bj_éj_a_ﬂ%ﬂam Pﬂ)ﬂé’j(‘bvb)j Such——
‘I*a‘?’_dl‘t‘_ @?-}-—I—)ﬁ&{ﬂﬁ‘fﬂHﬂ/ﬂ#*Xp TQ—~—( Xalim (a,b]

]
we nhave 5

P(\,‘i') ,—Ll=0,1,

|

15 /3 q/eﬂ(_/ﬂfﬁf MMM/AMLM,{LL_% Mﬁamaé _

/% 5 .Glﬂa?(tLaﬁ @nﬂ@,qniﬁrpoﬁthm

We will den te 77-£ JO_WL_!LM( 77,}#;5—2@0 b Sue) bar

:f(X,')=ﬁ§‘7€)(Xi) , (=91, -~)?'.

We  lnow ‘/75/1;#

o= P hios ot PN 0, el

l

3t

?M e =T f
: . 3

Xo K Kp Xy Xy




*_LE')S_LLae_qff md  ehwse x.-a, X,=h.

=t i b .__\ { ._X—?(ﬂ X—-a\
Ajj_%#b; > MK, bA
ﬂiﬁ;ﬁgfﬁfﬁa\eﬁﬁ—/\— w%%%ﬂ ) - /Z)=$ &y
X4 ;
= Fa)s } —{— 415 S | @ 7(/
-_— / X
A%~ .
- A
e h Q)

—

32




@ Mm%aunﬁn.wg_p/M&pognam;hﬁau /mzh?fbn a/

__an juteal_jpto o colleetion of  subirtepals. N .
Let ’

T 0 0 C0C - Xy (Xpgyy=!

beapartitin of Lo,1] inte Hy1 sibiterals. W &),

]”""“ M+L_mfh_5{¢1¢!1ﬂ gj.-,:(/_)‘(]# i

We iwtrodnes %e%ﬁpdmzfﬂ#ﬂﬂ*fmfﬂfﬂ‘z‘é'”"J‘k—
ﬁﬁaﬁﬂmw ree L9 on PJ- That—i$ =

(
/ {7) oyl U) l
\ f _—{—KV 7L’lltxu§ IR S %AJ xely ¥ ) s fet sy M+1
| — |
= f ’/ V)é I (Xi )XA) J .j r -)M* ,J}
‘ﬂ?f' Xe (yj -2 y,
We zn m,so Aeline 9
(7/ @)
= {u I VeV, ', to=tit)e j
; (1)
B ﬁer_e;mh_p{%ﬁuia{@(_\/_h_, Hiﬁgxpaufy_énfm.aus - pecewise.
ﬂzw%rmm:‘ajs on :/; | | - h
( i eV

q
(1) | | \'1
. %—b—fa x‘K S N U g g
4y Met Ay Xy X2 K N A K XHH

e stondavd bascs Loy I gt '\\/\

ﬁaj’ funchm S };}J

=0 X} ,
= ( X Xjq Xy §XEK
1 \'-fj EJ‘ 4
L{Dj. (\XL }-— S'{j - f ) . 7 gﬁ(X) =1 x’ xJ.+' x i
\ 3 &7 - X & X< Ky
el
X —4(17x:§-x-<—x i : L O V-—#—L’;‘;‘:,TXJ}{;J‘
— lia‘(“x%*=**-: : 3 X=X[ XX =
() XN \< > MMy
Lo Xe[xeoxyd J,\,ﬂ(x.): s .
o ) X¢ EX M2 XM+J

33




WM klaM +1

’\/\ﬁ/
XA X

. ; ; P .
) x‘j—! xJ' XJ-'P_I XM KH+|—1
WE, Viete 'Mﬂ?"
q) .
/ = Spﬁm#)%‘?‘”‘—) pﬂﬂ%’_ﬂ }—’A/v_ﬁ_ww4_,4 )V‘N*} I -
. A\i“ (VE)) ML > ok\w\k\/ )
jﬁa\——\s Qw OWzS Qmwhm ’lf’é\/{:;uﬁ_ ile ﬁ (
Mt
M(x)= g,, Your S¥ W+ +5, WZ_ &%y

ﬂ/ ote :

Wé Coan M)\D'(O\L\M\—e O ﬂ\we\r\ Cndinwnons £unc%\aw f-’- 0

Co,by, Jé_mA_un}msﬁ\zm%im%mmﬂmm& e \/

W
TYKF W= 2 F¥I¥ 0, XelabT-
=0 B
So Py p . » o
Irhf(x-)=¥(>3), =051, ;M

J

34,

|




e Ly —piegjection ooy pi B LA Lol pgupe |

J;L%fmguml&a F(X) en (a4, llb_We, dzéﬂé ff.f—Lz"Pyaf on. L

(1)
Ple P oY) - —
- (@

b ;
R M= (PRJwgwdr, ol Te iy
o 4 :

Note: If WMMM#

/f 9) = f fmjmdx

~\We. lon \&L‘L\\'LA‘R&*O&QQ: Mbﬂ—m’b:kq,_l,ﬂ;%ﬁ_‘lu

707

GX)=(PhA), ViePib

,ﬂnﬂw&% A)=0, V7 ~(9/ e PP Tt Ao

&M#Mzﬁw(é,ﬁq_fy_g dﬁf.}ﬂﬁﬁﬂﬂLﬁo__&L_/ én omedy |

ﬁéﬁ_, Let’ g onsidel f ‘)xﬁ as ' a-hass g{ Pm b).
j @é)#ﬁ;fj_e Lg.—-}?lﬁifmﬂ Ly léljz

(’2 X }= (P‘f;x }) #r {=0,1, -- )'7“-7-—*_

This % usel iLff;»m( PZ-

EX Fray iven  Gontinsous Fupction on (Q,QLZ,;LKFJ)(Q,&)*

Nl rb{o()aj b)_._gpam_irl}“(_ﬁhsm}_\@%m.au V.

($1)=(Ph1)= Lurda = ﬁPfJWAW — (Pt o

& Feas (b- a)(P?)w

QCP?)%M,ng)

35




~ Lewea b4t (1) Pt s wagque (i) PE is the best ApprLX.

- (m \y n the La—norm Tt ik,

1#-PH— <IFM,,, Vﬁ??m, e

Lf a}b —

(4)

() guwoge “Wa* P'E M Pf 0&& Awe \(’o%mw\a!‘s S (P(q,(g)

-\‘q\w\—_m(e,_Ll Projection. a# -? ek 16 =

(B )= (AR fi;%)ﬁg V 2 Py

2R J?r”;JJAF\Z;«LL@, b

CAQOSI:MJ A = E# /?7‘/, 74 /"IﬁﬂW

(RY-1 BE-RE )= WGHIIF

> /2‘){1—- [f%ﬂ.‘:o = ’?j‘ﬂ:}}}f

—)

(i) Por m}j Ae /'(a;b) we fia/w:

(f“ {7 )"’0;
S0 . =
J- P/ // L (EPLALPE )= (Lth A A-PL) N
=(¥Z”ffﬂ/’t’f’)+ (Az2 X F P7) (
it

=(LPhY. zf_) | -33_ B

(M&\‘B Lj{qg, F fﬂ "{ l—am )

Lafa l,

\27_%)/#’9 / #/LMT) </4‘ '//Lz(cw -




4,9 Galetkin sexod Log I¥P |
K _sen -

o ﬁaf m\&m‘\' [N @\O\Q@(\L{v\.;mmiiof_m I.VP

AR S AM=0, e (T o

L W) =Uo ‘ @/

W_e_shmr\.ak;&'r_&\;miieq\:SJA\r_iAHonaLiormﬁM:{L(W_eakﬁg}

Variahmdl ,Zarmv(&(f’/bﬁ {or VP

We m.\wb(«) e TE \»é) o Yest “El.\ncﬁk&lﬂ_fl}'_(_}h_ﬂ_{lﬂmjgﬁllgi

amd Inferate over (o,T];

-+ ‘ ; / - S yaRwa
] (Mtf)—/\u(f))qf'(f)a(t‘zo} er;t" Functons ({/“(evj

/Av/a te #ﬂt—@ﬂfmg—ﬂé j.g — J’:WIM Pfaﬁé{bf'

) 21 ;
(VW) = J WVet) Wi A

-4

We jw/é

(OZ’_AM;/V):—_D; V ve\/ @

7#.4/’ /5 {(j-/! U,) | qr y Vate \L.
Hence #+he Viayiat /ML&M!LBAMM&M ' Ult) Such Hat |

(H(n)-u r}wm{
©;

J (th‘H AUH})’I/'(f)a(f:o) V’V?f)é-\vl

Nete: We o Folee MG[ 0, TJ)»-0F 1 wnoce 4eneyal Forun

‘A 2 L \
\e= H1(_QJTJ;= i{ﬁ ! J;ﬁ&J;t-J:?JJr)JZ dt ¢ aa'}

Mg_QLMLﬂ__f&&_ﬁﬁH_Q&!LVM%M_}Z@AQ&Ag(_

.7(%2)@%_@/?@_-__‘5&(/1*(;@/?4 ul) Tlen

R (ww) = W) —)wp

57




{5_0;[!@9( He vesidual exror mQ . b T
—We ywote Fhatr———

. R (Uth) = U AU ) o 7‘? ()l v, /4

e/

_,_b-ufrﬁ'ff(wa_;)_ls Wl HZC&%_&ZI’%E&%

(WH_L)_——AAIJL)_AMLH ) :}L.o__ b

[0 P\ewal

We want "t JXM( Mﬂmwhbﬂ_a(fphdbfdw

—Space, such as PY_ ¢ =Spand iyt {71 .

Uy e P to7) = Jit)=5ot St 4 £,65 - ~+§t

ool we shuld determine the welleimts £, €., ., i/, ..
5/116&

('/fﬂ)—- n—€+a+‘”+o—§n -—:\/‘ %g-—- Uo

_ Sow %MLM7 | dnknewn  loe Htion's $42ee) fa In

— Ao &4@—%—%@( [ g 2qu URNINS.

Wé /ﬂﬂ#&@u& - 4 }ll; ‘Zun/'han Sﬂo’ZCL

Y

\\/ %W)vfﬂd‘ (,,,T) "V(W)-—o = ﬁl’—’tz
e e Goleekinwer otk 19 wh

ﬁEhGL—ué =:P-é2 T)w Buchthet

' (q)

J R(Uw) g dt = -J (U(H AY/(T)}KW%-T,V%&V =

("J T)

Ule)= Uy

ﬁ'_',@

Lo M—%ﬂw we dan Wr/'f;}t details to i U 7 i

38: -




A_Le’P””

2o U= £, Sty +§t ;:gé |
J=e
- ‘! J- |
= . 2 St
‘ 9 . 4
mA—{Jwy="2-757¢ =
A«éa mﬁ: that Je_r,? 7{-: Span Tt;, y )tl} » S0 We can Cheose |

7’( Lt)it—ﬁL-—IH Hﬂé_&aé(%n_grmﬂ(a tron @

—H 12 m;}lléf?‘j'—ﬁbéc—/

- _-f

: . ).
Mow’nj f}:e Khow N VMM&S fo f;qg r"hs;

£+J- t+ j

e

— -'—

)—- $.d Z’———Auﬁjil—; ES G FRONTL. —

| | it [ :
IS ?;W,Hwﬁ#ﬁywwm% >

g

t'== f)i; i 9

1

t-—M

J=1

This i g Linear cystem ok g ggf/ua@m__m/_y_/&fzmﬁs,

AE=h

Wace A=A

N q
" & Li=1 ,7\);-—(#7) =1

9 A

—_—t -

G 2 /

e

Ges 93 {

9 .A_/

37

. __szj




()




e ALS_ —Gﬁh‘t\tivxfﬁ:miz\te_g (LM{* Method eor iRV [2
Y™

f

- *JVA_QPP%‘C?{A,ZLMW FEM to izmz( Mﬂ@&miﬁ_ﬂl@@z,ﬁr_f&‘_ B
— | ({wo—punt) BVP.

@

/
- e Qo) = £, eexet
. { Uoyesy U)o

— . ﬁsvéimph—c—iﬁj@t‘a w=1.50
z i I
-0 (X) =F(x) =X

( ? ( , @

[Ulo)j=c5 Uly=o»

st we write vacatinak Coce (VE).

We 9lL=e\m e E\mrHan ‘500(&’

\-\1(9-1) - MV;— } i fn}m—o-(fw.u) 1,{&(00 '?/(o) wn—o},

\\o r \t

- @
\Ma@,?_m-ﬁp_%—%hg_DE \):) o test £M\L\Q‘HQ !Uié‘-_\/‘;;Hol(_o.,J). s ‘“"d& ;
g——iAﬁﬁsmi:&;wex_Loa_ﬂ_mmL:\km_\nﬂce@m+g \h:-) pacts

-J‘ Wix) V(x) x =j1‘?(X)V(x} o\ x

: ,w)ﬂ‘ "M" V,(x)f;‘ix ' J1=‘?ix)f‘¢f";%x
- X (X = :
25 —[UWoove T+ J,, ) A B
1 1
{ 2o —w) V(1) + W) Vo) 4 JWovidx= 1 Hoovoodx -
So_He VE U3, o
0 \ A
— (Fnd Ue V' Such Hat Y 5
f / 2 3
lj u’(x)fv Xk x = VeV —
Bl _

A apy/é FEM, W considyr o porftion of [a,.f),..

A‘/ VIR 4 v - o NE AN = '
Jh b T D N KT AATVAN ‘M-H ‘L
- Vo Subinbexvaky I = ij )—“‘“J‘JF\‘\ 'QQAS* h*“’ =X J -2 -—}rﬁ

L” M+




,4‘71},“ W, &_MM A__lorré iﬁﬂﬂfé%_g}uyz;éﬂmﬂﬂ?ﬂw(ggm@},&n_;/@m_

\/l:—:- ﬁW@ anh_hmﬁzec«zw('fe /ﬂ'rzew’on _3;; We)= V)= 9} 7
f L

“ a J
N Vs ‘/9_ . R T
o = / ‘«. /‘/_{/{\ /\
L ¥ K ",.,, ?( X0 o K er _

7_/‘/&{;6 —fiﬂ/f' ——VhirS/Jm —FV::;-#—&--%%;{—}— .

MML#(»: FE M Lo  Solle @i&epﬁ_LVF O) 1%

0 Fnd eV, —Such Kat- o i

&
J U(X}f( LX)AX -J -f(x);{/(x)a{x ) V/’l'é Vh

_/ljzf&jicztjmag (7 S FHue £sr a///(,f.a\/ S0 /7 %W

—@vej /’(_..f o T R

e mote ﬂo’{/f Ve’ 50 Wit

j

/

g | UJ_)_ > VY00

LZ(;xu?g g \P ).

Jeg o 4

Whexe e -unlingwn coeSbicient s %?.*""g.“ e e Gl

~

—éﬁ%ﬁ—ik@j_wa—w

/ { : |
(7’ (x)) Y. dx = { foofrwdx, (=1, M

o J=0

g =k
o ?—_ %,\0 0\ {lw,%éj_%a_‘fim_ﬂmix P TR, N

=

Foim

—In _matrx

A5 =




- AX

g\ // P“li

J)J '

-;_{g }WBH' b\( ‘% ﬁkP]A)Ll"
Nyt %sz )
B V %"%\'i{:—!— Y- Xt.|~gx§x‘° V. éf-f’:—- %.’,(X(X!'
. (X)= i V, i
( ) — => (X} | i
( i X = Ri4l Xp ¢ K€ R T¥ l ) R_ Yt S X
(4! v,
) ) o) O.W., Lo ¥
L
Sttless matviy A :
) T\ fll g'_ | k\UJ \ad,-l-"
- % }'(' x:j..g_;'l 9 r| )
W tagptooc i3t (Ngid1) Han gy
‘*Prvw/#'ﬁ;m ve—dispoint Suppert - So
R f l!’ (x) W "0dx )
B 0 l) 40 v J'/ f/ ["_/‘/_7;‘ X’:%I?j;‘a
. /
4 f WAX-rf Y V‘M* TX% KM Y. v dx

X 1)
) po ¥ Lazi P ﬂt" l‘l'+|
| X Keer 2
oA Ay 1 ‘ foa) IZA = f’,—-,-l—-“ ] J_(X; X¢- x( / xlrt[.'xl
- ] = 7 _X-/’ . 2z %
0|” :(Z }?. H O’U( Jx { f,l / X!' bN-f/ ﬁ {“‘-‘H

43




/I/& W, I re.Mﬁ'mMj'_éf_L::_j%f_ﬁnl_Ll%{;L)_ .

it X | 1 L
17 7 1+l L AL Ya =_7(c+\— = 1
—ﬂt%ﬁf"-‘:‘—j—g:g%”{x -;jx- \/ Wi )\/h,;, /) { ?ﬂ-hﬁu)
& ‘ {

1y’ g’ IV Y 1
At *-anaa-i~WrAK=4-**?;%J-xf=a‘f”';ﬁ,,
Q (+]

L 4y

— Hene = iy
[ i M
a-,;i +..l—— =17 £
) . [ hH"
\ a r:'-"ﬂl:’;:.l-"—" "nL (=2, ")M
l =iy n{’
rL-;—-d— .-_I_ o ~O "1‘
h’ 4 hg_ :
ml e e e :
h A nq_ n3 h.3 s
A=t :
0 o
1 e ~
. Se -
/ B N, hM
! \ v | = oL )
s Dt —4
to— =0 W e b

ﬁ/—iyéi toad vector b)k

—

-

‘ &LA“XT}(—I-I—AX’jMI?*’X-"‘LF*E Ay
| = X+ (
f {,{»Ax;j ﬁ’”T . 4 “

1

))f :df

[=

Note Efun%m mesh: - % Bk, . ot

rd 1 @ o
gl e 1o b




C ‘\m@f&(_s_';;\hiaY‘)o\m¥jah,NL&\\\Q{(&QA)\&%{M!'QL\V\iD

N
5. Peliminavies

Def €. 5 qen . Ctinuous Function £ on L=(a,b], and (a(+ 1)

okté*\mcfA“idfpo\&* fon PolES Ky (Xy (e Xy AP bynomial.

'Tq fé:—H b)—I5 an-interpolant  for £5 1f

/,2,1’-0(/9}—479(_*); '—f}: =]

S _E:L@may ;n{gxlaaﬁiﬂL)_Mh&ra 9iven Jgunc/wh -;f on T..fa 1] o

9=t Find He Jmmﬂ*_m_ﬁg Plot).

—\Me_ﬁg\ —A—QGA{S\I\G-\“\A Mie—?t»ﬁ—)—‘éw&%ﬁ-

whO=toe 5 = fon)
iy D)

y
are A= 0> !\1::1

’ ;
: —W@Wﬁﬂ@gﬂ/aﬁajﬁ—i/;fi? (2,1)

(1) 5 Pk iy
(@) " (o,1) =Spam] - X]

= =

‘r“ «".:éo—‘[-—U‘_—:Eo éu"._-rﬁl"‘)
77}??()&):_(9—(—(,,)( == § ﬂgtﬁ%ﬁm : j

\ “\Hx” W) =CotC =€) [geC=FD)
fc" ftv)
==$ [ C1=fr=Fto

_——_ée—ﬂ;&x%_ﬂk}‘f’(ﬂé!! f (/}y ]‘

1) )
(b) ?(0;1_)5%?%[{{,;() A/?

- f e o L
ﬂ; f(X) =C, (-'-—X)—{- C, X ——>} \\I'F(")‘" Cot 0= f-(o) 13(9)

Il =c+a=Ffu c“p”)

So ')7: #(x,)__- f(o)(f-x)-_ffmx |

M"ﬁ” s 1. Pwt &) s H&L@fagmﬂwﬂﬂn_/\p =21

= 1-X
Ro—Xq

25

A=A =

45

Fad

”72 pPNIHJﬂ) ﬁﬂﬂ( tb) we- é?«aé jmf/&&”h!er P"&O}*f ,5—57”, X!“‘Xp




Noxms 5 AEPLOT

#l

i !
_www )"

Lp@a,b) —

\\\DL\\WQ bﬁ“x\‘“?‘jﬁm

_ 0md Yhe G spondins oy Lo-Spaces

Vavp:

oo, <

Lr’[ol;b)

Jro e

z_f,na,b)ﬁ? | Ve

by

.50 we gﬂn_mM,s_um__-/_'}yL_j/z%rﬁnce, e»ﬁ Zwo fq;gnfrbn 'Z

A
M-

/l/du/ We _can  weaswe 1he error oz /ﬂférfog@rﬁmﬁljﬁﬂg
ﬁHéfej—n/e—éwme{M f_‘Lﬁéﬁvéﬂ]f #—zygﬁaﬁmmf_mﬁrw&ﬂ r

fl

L'a (4 b)

MkafﬂfLMﬁ@fe;famf&YMMﬁ_lblw_m,b)-— Jerm.

Jmﬁ,]g/%uma _£;—Lﬁm}bLﬂL&JQuam_@mfwﬂfng}@b,&jf
 that e jndepepdut of £ and ke size of Lo, e we hael

(1) [m¥-£l (&, (b-a) l/}’ J

o T

(2) ”—I/m{a—b#:z—(w ”—ﬁ Eggfa, b)

ORI 724 %mﬂ/ﬁl/w s

|'m)/ -
i}?ﬁ,@fg‘z’@xa,a _and ,Xi=h. We Yecall tat every Plnemialp e T
 Com be wiiflen a5
i) = PXe) X umMﬂ, t:s%i o




e NwsERL X2 ) g2k o X9 e Loprmge ply.

Ko X| O-b

3o R TN T

- ofl O oy
py=1=> 1=A0+M® \/

POO=X => X=X} 04X X ) /\__}

TV lﬁm&’;\-—t&:}t@ﬂﬁg '\w&gg?ako.m\—_ﬁ a b A
S RANVEREE ST W EY +£(X+))th->¢ 3w B L
( _‘%B—B‘jl“ escwﬁ\cf“ﬂ?ﬂa —F o) "“‘*“*— £ixe) abont Xeloh),
kao)—f(x)+(xe*><}f9(x)+ "“’2_’” 1“‘('2 ) __?fé("”"),_ T
,_( fon = foos Qu=xfo0+ B gy ), econ)
Hewce
/ ) &
T f o= ! ﬁ(x)ﬂxo—x)'ﬁ(xpp ‘XZXQ £, b A, 00
_ ?ﬁwﬂx, X)F 0+ (x,-x) £u )})\ X
N \ =1 =X )\u b+ X }\1{)() —X(/L[X)»f-)ff)()) =f-X=o
—_— iy [ A
= f(x)M b<)+)nl><))+ /(x -x)ﬂ x) + (X;- XM (X))F(XJ .
(

b X Do+ iy Jhy )

| » . R
25 Titutu= L (X0 £y )00+ £ 0 RN 00 5 xefo]

}Tﬁ’p{x}——{w}( - ](Xa -X) “?(Q,), M (’U) ‘z (E:l()?- ]ﬁ”“ /\ ("f,

<\o_a S1 ot P

éﬁ;f 0.) h\ax ?(x)\+3-()»~a) “\M\\?’W

xe(ay b) X (o’lb)
——“—\Lw(& W

= LM}_\\“@\M ey Yxewb)

= )M—M I

C(b-a)™ 4|’P'" (a:,b)4(61—1)




A»G¥Mifniﬁkim_gr¢, M%&M’%&Q '

_MﬁanMﬂM = 3..[\- . W}I/éé f/el op timal volue of ( ;.

v : PELARvinY
M_mﬁd_ﬂea\aﬂonﬂi@(_ 28%wate § W\\«L?— Loy wa -(\\‘b.: 1,2

. e .
T 5.9 Assume FeLip@b)ope 62,00 Tran fov Gome
—_anstants  Cy, i=1,2,3, Tal e W@V&W(Lnf of Z A (b-4), We ﬁmw;__)

(1) Jm#- //{,_P(W (¢ (b-a)” //#)}L,m,.za) O

2) | ITI{— f/[_m W@M/ﬂlﬂw -
—*ULW Eﬂ/fl}ﬂm b€l b'“ﬂ fﬁ/zlpm, b)

_ ()

| O

48




L-inear :
y&ﬁiﬂL&?Q\Q— 0_12 piecewse [:‘newr #mdrbnj__ -
e S L S ST —

Let I-(, b1 omd_consider the partition .

i
I =X, <X (- <Xy KXy=b

]7{'0 Sﬂbl)leYWd«S 9...[)( ;;ij C‘IZ Z&W}?—'ﬂi/r —X_X7 1)‘]41)_,['}

Detie

\/ __’;f]f]/l}'f} conte PV Uineor Fanchin on th

— K&a&“&.\,\m Q,&*_QM“&“,V@ WL\ with \P W)= %. AAZO_JM:{‘L‘I’\MC{"

( Z ’V’(X, )W (x) —_ 4.3 )}9 (Xt - = V(Xi_,)\ﬂ._' (X ) + V) ¥y l\l,')'
—o = e h——-:—’r
. szf +‘”+M(Kﬂjw
— ) -
\jteua.—&wfﬂs Cr“*—'&mﬁhwi““c—'h@ Vﬁls W(ﬂ’(@n 5

f.f

WFK) = Z,W,,)YJ ®) Xelo,b].

J =0

And #\%gﬁ, olim ( hjgfikt l. _h+5’,zm_{;% S &_jﬁk}# .

M/MpfejM_ng_MLryﬁtmLéZf %@Z/_&ﬁﬁnchL
‘P‘, ‘6 \ﬁ-l-i %—r ﬂ" '

—

% 7\1 "'L‘“XJ_‘ 5'- XJ_HJ' Xﬂ_( b‘:XM

et %_aféﬂ%#a_@nﬁnmmpméxmmﬁrﬁ/w“ of / /w

MV A o gsmﬂv\umsjjndmhf&m&;blﬁmc&a pov Hton. :}Ij ’—

; J’a

Hm. ﬂp/kﬂt;mzﬁ}l SiZe P’émcﬁ‘m 'f (AJJI 7( )3 ,_,fﬂo_rij P j— By )




el

- ‘

b=Xq4

\

Xo

_ Notes Foreach sub intertal L= (X X ) s g tyen s

(k)

#9 x) 5 Uneny

o

aﬂj

= I, 0= CJ—W{)( P xeij'

(i)

f Ty )_ﬁ Ky )iy JZ,}ﬁLX ,Lif 1x7) o, Tﬁwxé@);%.)\a-:,xz

60 (famb/n/@ ¢) o (t) ‘ﬁr 2a h /,/)

p—

x)- 21K
_P_W@Xf:r—);&difx 'rfig("“fj = f(': - X > N
: _ s = gl
’r/},f(x]) = L+G Xy =F(X) o =% B0 % H1K)
A - N 0 T
e /Co = +(Xj) *f“‘)) PLL
(‘ e X X
X
| g
CGx= Fix :) fxﬁ 7 ?[“()X X +£tx,‘)%,’%‘-i}[
j‘g,, ’}J 2 ‘\
) Loil A bl goq XX v~ C
S T = CF G X =t WG = oy

Um/*eﬁ%w{’%m} MMTW_M_L% f@g_pydmwés awl

1J- (X1 2K)) 5 Wwhichare ‘feﬂ‘ﬁcfwﬁﬁﬁﬁﬁ

%/M‘"

L= 7

%a&n&hﬁﬂjg‘fﬁmﬂu&%m)_ani}sﬁ

} ; )X;) .
Y |




N 53 Lot £eCab) md T be ity cnt pw linen

ih fex po éﬂmﬁ_tm—f‘/t—ﬂ#f //ﬁbﬂd},ﬁuﬁ,—w—-—%—ﬁ@m%—_
i fenprtitin Gnstmt3 —C 5 i=1r253 5 eﬂha@/@ﬂﬁ#f;bzi

L gl 0 0)5suchtart=, o p=t:20

v It . g.c,}/%f,é///jz ‘

;b) P(Q;b}

|

@ MRy <o WD sy

5 Jmtr-# /'Z{W\écs*//-fszg.f

(6,4

p4h) 4 . & 4
VL ‘
S | T A
A= A |
N P ez’ F
o Ll WS = R e
J=1 PG —o=! et
S I RN
=82 |\ Refo) A
ST X, o
" B TN §
L o N PR AR
t%&ﬁhﬂMAX=%“W“WWF

o

B e T —

me,b)

The othorFwo exvor estima fes we Im_/e;( 5@/&\1/};40__(_

5k




b




