
� � �

��� � � � �	 
 ��� ��� � �� 


�� �� � � �� �� �� � � � ��� � � �� �� � �� � � � � � � � � � � � � � � �  � � �� � � � � � � � ! � � �� " � � � ! �$#

% � �� & % �� ' �� ' � � � � ( � � � � �� ) ) � � ( � � � � � � � ! � *� � ' � � �+ � � '�, � � �.-

/ 0 1 / 2 345



6 7 6 7 8 6

9;: �< = � >;? � ��� � @ ACB DFE GIH J J

K @ L L M @ N BPO Q R B R SO @ L A Q D N QO @ L A S D N QUT

VH � �H J ��W � E XW � < Y > � � H Z\[ ] ^ _` a ?b � J JH @ c d LE GIH J J

_
` ]B eB N

_
` ] A K @ L L M @ D eB N

N ] A K @ L Df _ ` M
_

` ] L @ L M ] @ eBPO g ] c dT
/ 0 1 / h 345



i j k 8ml

�n onE np _
` ] L @ L M ] @ eB

q rs t

u vxwzy { |

N
_

` ] } eB

q rs t~ vxw |

g ] c dT

/ 0 1 / 4 345



i j k 8ml

�� � �;� � �� � � � � �� � � � � ��� � � � � � �

� � >H ��� W < � G � � J A QO S D � � � > �< �� J � ��� J � � oH > > H oE JW � > �	 �?

x  = j hj

0 1
x

h h 1
φ j (x)

�� 	 � ACB D N � _ � _ ACB D M T T T M ��� � � ACB Dp �n onE np � _O T TO �� E GH J J

_
`

A � L�� � L M � � � eB D N
_

`
� � B eB � N SO T TO �T

/ 0 1 / � 345



i j k 8ml

� � J JH � �E Y > J � � H � � � �	 oH J � W � � � X� � � � � W 	 �� �H � _O T TO ���� > � � J?
_

`
�

��� _
� � � � L�� � L _ M � � � _ � eB N

N � _
_

`
� L�� � L _ M � � � _ eB

q rs tu� 

M �¢¡
_

` T Tq rs tu�£

M T T N
_

`
� � ACB D B eB

q rs t¤�
O

�n onE p

/ 0 1 /5 345



i j k 8ml

¥
¦§¦§¦§¦§¦¨¦©

ª _ _ T ª _ �

T T T

ª � _ T ª � �

T T T

ª � _ T ª � �
«

¬§¬§¬§¬§¬¨¬­

q rs t®

¥
¦§¦§¦§¦§¦¨¦©

� _
� ¡

T
T �¯�

«
¬§¬§¬§¬§¬¨¬­

q rs t°

N
¥

¦§¦§¦§¦§¦¨¦©
± _

± ¡
T

T ± �
«

¬§¬§¬§¬§¬¨¬­

q rs t¤

² � N ³´ _ ±O

� � �

/ 0 1 / µ 345



i j k 8ml

ª � ¶ N
_

`
� L�� � L ¶ M � � � ¶ eB T

· W J � � H H J J ³ � � ¸ ¹�º» p � X J � �E W <
jx

φ j (x)

xk

φ (x)k

/ 0 1 / ¼ 345



i j k 8ml

�� � ½ N � K S ¾H � o �

jxxj−1

φ jφ j−1

ª � ¶ N ª �y � ´ _ N ¿ �¿ �FÀ  
_Á A K _Á D M ¿ ´ ¿ �FÀ  Á ¿ � ´ ¿Á eB N K _ Á M _Â �O± � N _` � � ACB D B eB N B � _` � � eB N � B �O � R �O

WÃ ¾E G o � �H � �n n

/ 0 1 / Ä 345



i j k 8ml

V � 	 H � E 	 � � oH � � J JH E W < ³ N Å M � � �

Å N
S

�
¥

¦§¦§¦Æ©
S K S Q

K S Ç T
T TQ K S S

«
¬§¬§¬Æ­O

N �
¥

¦§¦§¦Æ©
S ÈÉ S ÈÊ Q

S ÈÊ Ç ÈÉ T
T TQ S ÈÊ S ÈÉ

«
¬§¬§¬Æ­O

± N � ¡
¥

¦§¦¨¦§¦§¦§¦©
S

Ç
T

� K S
�

«
¬§¬¨¬§¬§¬§¬­

/ 0 1 / Ë 345



i j k 8ml

Ì� � � ��� � � � � � � � �Í ÎÏ Ð ��Ñ


 G J W E E Ò � J �H 	 JH o � � < � > � �� �� � E �	 oH J � W � ��

Ó @ K @ L L N }O @ L A QO Ô D N QO @ L A SO Ô D N QO @ ACBPO Q D N @ ` ACB DO

VH � �H J ��W � E XW � < Y > � � �� � �� � � � Y ?

b � J JH @ c d L

Õ×Ö
_

` ] Ó @ eB e Ô M Õ×Ö
_

` ] L @ L eB e Ô N Õ×Ö
_

` ] } eB e Ô g ] c dT
/ 0 1 / 2Ø 345



i j k 8ml

V � � � � H � E H JE ��
� ACBPO Ô D N �¯Ù ´ _ Ú Ù ´ _ A Ô D M �¯Ù AB D Ú Ù A Ô D

� � �

Ú Ù A Ô D N
ÛÜ

ÜÞÝ
ß ´ ß Ö À  ¶ Ô Ù ´ _ R Ô à Ô Ùß Ö á  ´ ß¶ Ô Ù R Ô à Ô Ù â _

Q Ô ãc A Ô Ù ´ _O Ô Ù â _ ä

WÃ ¾
�Ù ACB D N �Ùy _ � _ AB D M �Ùy ¡ � ¡ AB D M T T T M �Ùy � � � ACB D N � A Ô ÙO B DO

�n onE np � ACBPO Ô D � � E JæåÃ 	 o �E > ��� ç � � WÃ ¾ 	 W � J ��� Y � � > � � � � Y < WÃ ¾ J � �n
/ 0 1 / 2 2 345



i j k 8ml

è > > JE G?
d L N é êW � Jn ^E JåÃ 	 o �E > �� ç � � H X Y � 	 J ��W � � � � � Y < WÃ ¾ J � �n ë

d Né êW � Jn ^E JæåÃ 	 o �E > �� ç � � H � � Y < ì ºí E JæåÃ 	 o �E 	 W � E Jn � J � �n ë

· W � o � � � �� H �îÙy ¶ Ò �E J �< E E G > � � �E H o

ÕïÖ
_

`
� �

�¯Ù K �¯Ù ´ _
½q rs tð °

eB e Ô M ÕïÖ
_

`
� Lñ� A � LÙ ´ _ Ú Ù ´ _ M � LÙ Ú Ù D

q rs t°ò

eB e Ô

N ÕïÖ
_

`
� � } eB e ÔO � N SO T TO �O

�n onE np

/ 0 1 / 2 h 345



i j k 8ml

_
`

� � ��Ù eB

q rs tó °Ö

K
_

`
� � �Ù ´ _ eB

q rs tó °Ö À  

M ÕïÖ
Ú Ù ´ _

q rs tô£

_
`

� Lñ� � LÙ ´ _ eB

q rs tõ °Ö À  

e Ô M

M ÕïÖ
Ú Ù

q rs tô£

_
`

� L�� � LÙ eB

q rs tõ °Ö

e Ô N ÕïÖ
_

`
� � } eB e Ô

q rs töÖ

O

/ 0 1 / 2 4 345



i j k 8ml

H > > JE G

A M ½
Ç Å D �Ù N A K

½
Ç Å D �Ù ´ _ M ½÷ ÙO

H o o � >	 � J o �E YÃ Ã �E E � o J 	 H � Ò � � �	 � H ��Ù N
¥

¦©
�¯Ùy _

T�Ùy �
«

¬­ X � G� ��Ù ´ _

WÃ ¾ ÷ Ù n
ø � �E E J �� � �� � E < � JW � �� 	 H > >H E ùûúü ý þÿ �� �� ��� � ýn

9� H � � H � < � JW �p �ü þ 	
 �
� ��� ú p �� � � � oH J ��W �� �

A M ½ Å D �Ù N �Ù ´ _ M ½÷ Ù n

� � � � � � ���



� � � � ��  !

" "# $% # & ')( *

+� , �- � , - . �/ 01 � 2 � ,

3 4 5 5 6 4 7 8:9 ; <= < > 9 4 5? ; @ 7 ; 9 4 5? > @ 7 ; 9

2A B)C - D E - , - , E / FG H/ D 2I 1 A D E FJ FK L E , , - 4 M N 5 G O - , ,

P
Q R 5 4 5 6 R 4 S= 7

P
Q R 8 S= 9 T R M NVU

W X Y W Z[ \] [



� � � � � �  ^ � _a` !

bcA B - FG - ,G A F d? = @ 7 d P e P ? = @ 6 U U 6 dgf e f ? = @

I 2

φ 1 φ 2 φ m

0 1
x

1

/ h i 0)j ,A 4 2 / , dlk R 2 / , enm k H O DC E H O D d 7
o

p:q
d P

U drf
s

t:u v

? w 6 @x yz t{| }
d 7 ~ 9

B� D

W X Y W Z� \] [



` ` � � � �  ^ � _a` !

w 7
o

p�p�p�p�p�p�p�p:q

U
U

U U P Q e 5m e 5�� U U

U
Ux yz t�/ 1 �

s
t�t�t�t�t�t�t�t:u

� D- B��

/ h i 2 / ,G C - D- F BA H� D / h i ~��

� / ,A D- - , ,

W X Y W Z� \] [



` ` � � � �  ^ � _a` !

I j

0

0

0

0

S  = +

+

+

Local stiffness matrix

0

0

PP
PP

¡
¡

¡
¡

�
��

�

�

m 7 ���
� � 5 P � 5¡

� P � ¡

2A B 1 / �c- 1 G , j C icA ,G 2 - , D EcG S w BA � F EA D- B A F 1 EcJ ,

W X Y W Z� \] [



` ` � � � �  ^ � _a` !

S w � 7 ��� e 5 � e 5 � S= ��� e 5 � e 5 � S=

��� e 5 � e 5 � S= ��� e 5 � e 5 � S=

W X Y W Z� \] [



` ` � � � �  ^ � _a` !

�A BA D , E 1 1 �� �� � ���   ¡c¢£ � � �£ ¤   ¡¥ � A F 1 E J ,K

¦¨§ © ª « ¬ ­¯® °²± ­

³´ µ ª «¶ ¬¸· · ·¹ ³ ³ ª © ¹ ³´ µ ª «¶ º » « « ´

ª¼ ³
� E � F - F BA H � D / h i ~�

W X Y W ½¾ \] [



� �  � �

¿ - , - G , DI � ,I DA D H � D F / B �/ / D B E F - ,A D / h i A 1 A 2 A F ,ÁÀ F / B

�/ . . 1 E FJ K

1
x

0

p  =  [   0.0        0.2        0.4       0.6       0.8       1.0   ]

1          2          3          4         5
2          3          4          5         6

t  =

Â �/ 1 I 2 FA D F - EÄÃ � F FG �/ / D B E F - ,A D F - H � D / 1 E �c- F / BA D�Å/ 1 I 2 FA D F - EÇÆ J A D F / B FI 2 2A D , E 1 1 / 1 E �c- A 1 A 2A F , � È E 1 1

AÉ A 2 .A 1 k A 1 A 2 A F , Ê i - D F / BA D Ê / h iË � Å/ / D B E F - ,A D F - , E 1 1

BA G G - � DÃ ?Ì @ 7Ã ? Æ ? > 9Ì @ @ / h iÃ ?Í @ 7Ã ? Æ ?Î 9Ì @ @ � Â - 1 1 2 � F icA ,

J A G �/ / D B E F - ,A D F - H� D A 1 A 2 A F , A 1 - C

= 7Ã ? Æ ? v 9 Ï Ð @ @ U

W X Y W ½ Z \] [



Ñ �  Ñ � ^ � _a` !

Â F ,A J D- 1 A D F - E S w? Ï Ð @ J A G - C A 1 A 2 A F , - DA - F

S= 7= ?Î @ 3= ? > @ 7Ã ? Æ ?Î 9 Ï Ð @ @ 3Ã ? Æ ? > 9 Ï Ð @ @ U

dx

el

, E 1 1 G - 2 2 - FG 2 A B BA D EC - , / D F - H O D BA 1 / � - 1 - 0 - G HI F � , E / FA D F -� P / h i �ÓÒ k B �C � G �
ÔÕ Ö× 7 Ø 3 > Ù S= 9 > Ù S= Ú U

W X Y W ½ ½ \] [



Ñ �  Ñ � ^ � _a` !

S w? Ï Ð @ 7 Ô Õ Ö × ÛÝÜ Ô Õ Ö × Ü S= 7

7 3 > Ù S=
> Ù S= Ø 3 > Ù S= > Ù S= Ú S= 7

7 6 > 3 >
3 > 6 >

>
S= U

¿A 2 / ,G C - D- F BA E F ,A J D- 1 A D F - E S ? Ï Ð @ / h i S ~? Ï Ð @ 2 OG ,A0A D� � F - G 2 A B 1 � 2 . 1 E J - �C - B D- ,I D DA J 1 A Dk , E 1 1 A É A 2 .A 1

2 E , , .I F � ,G DA J A 1 F �

W X Y W ½ ] \] [



Ñ � Ñ � _  � �

¿A D- B À / h i �/ 1 / F F E F BA É E w G / 2 H O D 0 E B D- J - C S w 7 S w? Ï Ð @

J A G - C Æ ? v 9 Ï Ð @ k B �C � G � k w � - F I . . B - ,A D- G 2 A B 0 E B D- J H D O F

A 1 A 2A F , Ï Ð A F 1 EcJ ,
w?ßÞ 9 à @ 7 w?ßÞ 9 à @ 6 S w? Ï Ð @ 9

B� DÞ 7 à 7Æ ? v 9 Ï Ð @ � È E 1 1 A É A 2 .A 1 k H � D A 1 A 2A F , Ï Ð 7 á k B �C � G � â � k

i - DC EÆ ? v 9 Ï Ð @ 7 á
Ì k / h i S w? Ï Ð @ - B BA D- G , E 1 1 w � � w � �

w � � w � �
E w �

W X Y W ½ã \] [



ä ` ` Ñ � Ñ �  

+A , D- � , - . D/ 01 A 2 A ,

3 å 4 6 4 7 8 E F æ 9 çéè 4 7 ; 9 / F ç æ 9

2A B)C - D E - , E / FG H/ D 2I 1 A D E F J A FK L E , , - 4 M N 5 G O - , ,

ê
ë 4íì ë R S= 3 î ê

ç 4
çaï R S w

x yz t| Q
6 ê 4 R S= 7 ê
8 R S= T R M N

2
3

4

86 71
2 3

41

5

W X Y W ½[ \] [



ä ` ` Ñ � Ñ �  
S  =

row  7

col  6

row  2

row  6

col  2 col  7

6 � 6
6 �

6 � � 6

� 6

6 � 6 � 6

� 6 � 6

2A B 1 / �c- 1 - G , j C icA ,G 2 - , D EG A F

W X Y W ½� \] [



ä ` ` Ñ � Ñ �  

S w � 7
o

p:q
ð � ë � P ì ë � P ð � ë � P ì ë �ÓÒ ð � ë � P ì ë � �

ð � ë �ÓÒ ì ë � P ð � ë �ÓÒ ì ë �ÓÒ ð � U U

ð � ë � � ì ë � P ð � U U ð � U U

s
t:u

B� D

Φ2Φ3Φ1

2

76

W X Y W ½� \] [



ä ` ` Ñ � Ñ �  

b / ,G C - D- F BA B - , - G , DI � ,I DA D H � DÃ / h iÆ � D FI

Ã 7 U Ã ? > 9Î @ U U Ã ? > 9 ñ @ Ã ? > 9 ò @ U

U Ã ?Î 9Î @ U U Ã ?Î 9 ñ @ Ã ?Î 9 ò @ U

�= P 3 h h / D BG

�= Ò 3 h h / D BG

Æ 7
o

p:q
U U Î U U U

U U ò U U U

U U ñ U U U
s

t:u

B� D� �� �� ¢ ¥ ó i - D ¢ ¤ ô�   õ k ö / h i÷ k 2 A B= P / h i= Òø ¤ ¤   ô ¡c¢ � ¥�   G / 2 � F FG EÃ �� / ,A D- - , , FI 2 DA D E FJ A F õ k ö k ÷ BA � F EA D- D A F � ¤ ø � �

¢ ¤ ô¢ù �  �   ¡c¢£ - C F / BA D F - G / 2 2 / ,G C - D- D BA 1 / � - 1 -0 - G HI F � , E / FA D F - � P k �ÓÒ / h i � � G / 2 E � J I DA F �

W X Y W ½� \] [



ä ` ` Ñ ú Ñû ü

ýþ A ÿ A F �þ � FJ BA F S= � D FI A þ A ÿA F � � DA � F S= k � h i

� �G HI F � � E � FA FG BA D EC � � �C A � � � D � D EcG �� þ þ A � � �G HI F � � E � FA FG

J D � B EA F � ÿ � � D EcG

ÔÕ Ö× � Ø ë � P ë �Ò ë � � Ú� B� D ë � m �
î� �î��	î� �î��
 �

ÿA B � F �A D� � F E F J A F �C S w? Ï Ð @ � h i � B B E � E � FA F �C S w � E þ þ w G A D

I � G � ÿ E F F � F �

W X Y W ½� \] [



� Ñ ú ü û û ú Ñ

��
 �� � � �
� ���� ��� ��� ��� � � �� � �  � æ� � � ! " # ç æ�

�$ � � ��� � $ �% & �% ÿ "% � � �(' � �% � �% & �% � $ � ÿ% ) � & � ' ) �� � � �% �+*, � �� � �� � &- . � � ÿ ' þ% �� &� ./ � " � � �þ% ÿ% � $ �0

1 � � � � � 2 3 4 - # � � �

5
687 9 � ��� � 6� :<; � 5 7
 :<; =7 ÿ% � 7 � ! " #> ?A@

B� & � � � % þ% ÿ% & � ÿ% � � �% & � &� $ & �% � � &- � �- % &

C � ; � � CED F D G @ @ G CIH F H - � ÿ �% - �$ ÿ - ��

J K L J MN O MP



üRQ û S T U � S V U W W V S S T

5
6 FYX 9 � � C � 6 C :<; Z 5
FYX  :<;Y[ \ Z ][ @ @[ ^[

�$ � C Z
_

`a`a`b
CED

@
@ CIH

c
dadade *
fhg i% �j j i i �% i i j & ' $ �% i i khl mhn o khp qrts u

% )� j i� g &- - v- i% wyx - g w z & i% ) j & - ) � z�{ j - | C Z }x w% ~ % &

� z�{ % & w j i � z- | * � - i$ � �% ix
| � C � C Z }[

~$ �

J K L J M� O MP



U Q W S T UR� S V U W W V S S T� W TQ �

| � C � Z
_

`b
5 6 F D 9 � � C � 6 F D @ @ @ 5 6 F D 9 � � C � 6 F H

@ @ @ @ @ @ @

5 6 F H 9 � � C � 6 F D @ @ @ 5 6 F H 9 � � C � 6 F H
c

de @
J K L J M� O MP



U TQ U T S W T U

�% & % & ) � j - i% w% ig ~% & . /t� z i% � j i z�{ � / - & z &� j { ~% i zh� )% � z & � $ � j

% ){ j i zg &- - v- i% w% i . /t� C $ �
| � C � X � � C � X� D � Z }[

- g w � % � % & . / � � ~ C �� � x C � D � x C �� � x * * x w% ~ C � X � � C g w { z� j�

i(' � *
�i i j � i% � & j i z { $ � j i i j &{ $ & ~ j f% � ig &- w% ig ~ *

J K L J M M O MP



W S T

�(�� �(� �� � � �  ¡¢¤£

B� z�{ z � � zh� i+* ¥ j & � % ' ¦ ¦ i z � �§ ¨g & ' - ¦g $ & � i z � � i% & i j & *

©� ¨% i j z � � ' ¦ ¦% � g w i{ #*ª / - ¦ j� i z% � � ~ z . .% � % & i z j �% ){ j i zg & z« �*¬ j i � j ¨*¥g � i j� % - )� z . i � zh� � j ¦ ¦g � i w% ~ ¦� g � � j w )g ~ *

J K L J M­ O MP



W S T� W TQ �

®� % ¦� g �% ) i+* �� & j ¯� g ~ j ° . / � - � j � $ � g ) g w & z . / � - i )g � � j� w% ~

� j & ~ �% ~ j� % & *

,$ � w% �% ~ & z & � z % & - � j &� *�� % &{ $ � ~% - ¦� g ¨ �% w *,j i i% &� /t� % �h- % z % i i ¨ j ~ )hj� *

± ¦ ¦� z . i- ¨% - )� z�{ & z &� ² & &- ¦ # )' � - � % w- z ~ j & *

J K L J MP O MP


	
	FEM i en dimension
	FEM, forts.
	FEM, forts.
	FEM, forts.
	FEM, forts.
	FEM, forts.
	FEM, forts.
	FEM, forts.
	FEM, forts.
	FEM, forts.
	FEM, forts.
	FEM, forts.
	FEM, forts.
	Assemblering.
	Assemblering, forts.
	Assemblering, forts.
	Assemblering, forts.
	Assemblering, forts.
	Assemblering, forts.
	Beräkning av dS(el)
	Beräkning av dS(el),
forts.
	Beräkning av dS(el),
forts.
	Addera dS(el)
till S
	2D-assemblering
	2D-assemblering
	2D-assemblering
	2D-assemblering
	2D-assemblering
	Ickelinjära problem
	Diskreta ickelinjära problemet
	Diskreta ickelinjära problemet, forts.
	Fixpunktsiteration
	Projekt
	Projekt, forts.

