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Optimization

“Optimum:”latinfor“theultimateideal;”similarly,“optimus:”“the

best.”Tooptimizeistobringsomethingtowardsitsultimatestate.

Exampleproblem:Considerahospitalwardwhichoperates24

hoursaday.Atdifferenttimesofday,thestaffrequirementdiffers.

Table1showsthedemandforreservewardensduringsixworkshifts.

Shift123456

Hours0–44–88–1212–1616–2020–24

Demand810121086

Table1:Staffrequirementsatahospitalward

Eachmemberofstaffworksin8hourshifts.Thegoalistofulfillthe

demandwiththeleasttotalnumberofreservewardens.
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Astaffplanningproblem

minimize
x

f(x):=
6

∑

j=1

xj,

subjecttox1+x6≥8,

x1+x2≥10,

x2+x3≥12,

x3+x4≥10,

x4+x5≥8,

x5+x6≥6,

xj≥0,j=1,...,6,

xjinteger,j=1,...,6.
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Optimalsolution:x
∗
,avectorofdecisionvariablevalueswhichgives

theobjectivefunctionitsminimalvalueamongthefeasiblesolutions.

x
∗

=(4,6,6,4,4,4)
T

andx
∗

=(8,2,10,0,8,0)
T

Optimalvalue:f(x
∗
)=28.

Theabovemodelisacrudesimplificationofanyrealapplication.

Addrequirementsonindividualcompetence,moredetailed

restrictions,longerplanninghorizon,employmentrulesetcetera.

Morecomplexmodelsinpractice.



4

'

&

$

%

Modellingpractice

Figure1illustratesseveralissuesinthemodellingprocess.

PSfragreplacements

Communication
Simplification
Quantification

Limitation

Data

Modification

Algorithms

Interpretation

Reality

Evaluation

OptimizationmodelResults

Figure1:Flowchartofthemodellingprocess
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Difficulties

�Communicationcanoftenbedifficult(thetwopartiesspeak

differentlanguagesintermsofdescribingtheproblem)

�Problemswithdatacollection:

–Quantificationdifficult

–Enoughaccuracyobtained?

–Uncertainties(sometimespartoftheproblem,sometimesnot)

�Conflictbetweenproblemsolvabilityandproblemrealism

�Problemswiththeresult:

–Interpretationoftheresultmustmakesensetousers

–Mustbepossibletotransferthesolutionbackintothe

“fluffy”worldwheretheproblemcamefrom
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Problemclassification,I:Generalproblem

x∈R
n

:vectorofdecisionvariablesxj,j=1,2,...,n;

f:R
n
7→R∪{±∞}:objectivefunction;

X⊆R
n

:groundsetdefinedlogically/physically;

gi:R
n
7→R:constraintfunctiondefiningrestrictiononx:

gi(x)≥0,i∈I;(inequalityconstraints)

gi(x)=0,i∈E.(equalityconstraints)
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Problemclassification,I:Generalproblem

Theoptimizationproblemthenisto

minimize
x

f(x),

subjecttogi(x)≥bi,i∈I,

gi(x)=di,i∈E,

x∈X.

(Ifitisreallyamaximizationproblem,thenwechangethesignoff.)
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Exampleproblems

(LP)LinearprogrammingObjectivefunctionlinear:

f(x)=c
T
x=

∑n

j=1cjxj(c∈R
n
);constraintfunctionsaffine:

gi(x)=a
T

i
x−bi(ai∈R

n
,bi∈R);

X={x∈R
n
|xj≥0,j=1,2,...,n}.

(NLP)NonlinearprogrammingSomefunction(s)f,giare

nonlinear.
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Continuousoptimizationf,giarecontinuousonanopenset

containingX;Xisclosedandconvex.

IntegerprogrammingX⊆{0,1}
n

orX⊆Z
n
.

UnconstrainedoptimizationI=E=∅;X=R
n
.

ConstrainedoptimizationI∪E6=∅and/orX⊂R
n
.
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Differentiableoptimizationf,giareatleastoncecontinuously

differentiableonanopensetcontainingX(thatis,“inC
1

onX,”

whichmeansthat∇fand∇giexistthereandthegradientsare

continuous);further,Xisclosedandconvex.

Non-differentiableoptimizationAtleastoneoff,giis

non-differentiable.

(CP)Convexprogrammingfisconvex;gi(i∈I)areconcave;

gi(i∈E)areaffine;andXisclosedandconvex.

Non-convexprogramming(Thecomplementoftheabove)
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RelationsamongNLP,IP,andLP:

PSfragreplacements

NLP

IP

LP

LPspecialcaseofNLP:alinearfunctionisaspecialkindof

nonlinearfunction

IPspecialcaseofNLP:xj∈{0,1}equivalenttoxj(1−xj)=0

SomeIPproblemsareequivalenttoLP—integralityproperty.

(Example:Theshortestpathproblem)
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RoughdistinctionsbetweenLPandNLP

LPLinearprogramming∼appliedlinearalgebra.LPis“easy,”

becausethereexistalgorithmsthatcansolveeveryLPproblem

instanceefficientlyinpractice.

NLPNonlinearprogramming∼appliedanalysisinseveralvariables.

NLPis“hard,”becausetheredoesnotexistanalgorithmthat

cansolveeveryNLPprobleminstanceefficientlyinpractice.

NLPissuchalargeproblemareathatitcontainsveryhard

problemsaswellasveryeasyproblems.ThelargestclassofNLP

problemsthataresolvablewithsomealgorithminreasonable

timeisCP(ofwhichLPisaspecialcase).
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Whatthenisoptimization?

�Ifthereareno≥-or≤-constraintsthentheproblemisessentially

unconstrained.

�=-constraintsaretreatedthroughnumericalanalysistechniques.

So,unconstrainedoptimizationisessentiallyanumericalanalysis

subject.

�With≥-or≤-constraintswefaceproblemssuchaswhicharethe

activeconstraints.One-sidedness.

�Resultsindifficult“non-differentiabilities.”

�Largelyasubjectofconvexandvariationalanalysis.Thisis

optimization!
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Coursemap

Chapter3—Convexityanalysis

�Utilizedineverychapter!

�Introducesconvexsetsandfunctions,relatesthetwo.

Characterizesconvexfunctionsinseveralvariables[past

knowledgeinR:f∈C
2

convex⇐⇒f
′′
(x)≥0everywhere]

�Importantspecialcase:polyhedralsets(formedbylinear

constraints).Theorems:RepresentationTheorem;Separation

Theorem;Farkas’Lemma.FoundationofLP.
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Chapter4—Optimalityconditions,convexsets

�Howdoweknowifapointisgloballyorlocallyoptimal?

�PastknowledgeinR:Checkboundarypoints,f
′
(x)=0

(stationarypoints),discontinuitiesinforf
′
.LessusefulinR

n
.

�Theorem:Localminimaareglobalforconvexproblems.

�Existenceofsolutions[Pastknowledge:Weierstrass’Theorem].

�CoversC
1

andC
2

cases,unconstrainedcase.Basicstory:

∇f(x
∗
)=0

n
,psd.Hessian;noguaranteeswithoutconvexity.

�Constrainedoptimization.Localoptimalityatx
∗

=⇒6∃feasible

directionsfromx
∗

whichyielddescent;severalcharacterizations.

�Forconvexsets,lesstechnical.Forgeneralsets:the

Karush–Kuhn–Tuckerconditions(Chapter6).Moretechnical,

requires“dual.”Thischapteris“primal.”
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Chapter5—Unconstrainedoptimizationmethods

�Iterativealgorithm:[1]finddescentdirection(approximatethe

originalproblem);[2]performalinesearch(solveoriginal

problemoveralinesegment);[3]Update;[4]Checktermination

criterion,stoporreturnto[1].

�Steepestdescent(C
1
);Newton-typemethods(C

1
orC

2
).

�Generalconvergenceresults;convergencerates.

�Whathappensinthenon-differentiablecase?

�Modernmethods:trust-region,patternsearch.
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Chapter6—Optimalityconditions,generalcase

�Moredifficulttodefine“feasibledirections”andsuchsets.

�Mustintroduceregularityconditionstobeabletostateanything

interesting.“Constraintqualifications”(CQ).

�Importanttodistinguishbetweenactive/inactiveconstraints.

�“Primal–dual”conditions—introduce“Lagrangemultipliers,”

zeroforinactiveconstraints.Signrestrictedfor≤/≥.

�Theorems:Fritz-JohnTheorem;Karush–Kuhn–TuckerTheorem.

UtilizesFarkas’Lemmaetc.fromChapter3.

�Naturalgeometricconditionsasa“forceequilibrium”inafight

betweenfandtheactiveconstraints.

�Theresponsibilityalwayslieswiththeuser!

�Convexity=⇒worksfine.KKTpointsaregloballyoptimal.
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Chapter7—Lagrangianduality

�Relaxation:largersetand/orunderestimatingfunction=⇒

easierproblem.Ex:linearizationoff.Lagrangerelaxationof

constraints,largerset,penalizeviolationwithLagrangianterms.

�FindbestlowerboundbysolvingaLagrangiandualproblemin

themultipliers.

�Ifconvextheproblems(primalanddual)havesameoptimal

value:StrongDualityTheorem.Canusedualsolutionto

translateintoprimaloptimum.[Pastknowledge:“Lagrange

multipliermethod”forsimple=-constrainedproblems]

Otherwise:dualitygap,noeasytranslation.

�Strongdualityutilizesconvexity:SeparationTheorem,CQ.

�Dualproblemconvexbutoftennon-differentiable.Subgradients

replacegradients,convergentmethods.
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Chapter8–11—Linearprogramming

�Specialmethodscanbeused:findbestextremepointbymoving

betweenneighboursinthepolyhedron.Simplexmethod.

�Extremelyefficientinpractice,notinworst-casetheory.

�LPspecialcasewhereCQholds—strongdualityprseent,KKT

necessaryandsufficient.Also:existenceofsolutionseasily

characterized.

�Theorems:RepresentationTheorem,StrongDuality,

Complementarity.

�KKTmultipliers=Lagrangemultipliers=Dualvariables.

�Sensitivityanalysis:whathappenstof
∗
,x

∗
ifwechangedata?
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Chapter12—Convexlyconstrainedoptimization

�LinearizationoffyieldsLP—easytoconstructfeasibledescent

methodsifSpolyhedral.

�Frank–WolfemethodutilizesLP+linesearches.Utilizes

RelaxationTheorem;optimalityconditionsfromChapter4.

�Simplicialdecomposition:Storeextremepointsgenerated,

optimizeovertheirconvexhull.UtilizesRepresentation

Theorem.SmarterthanFW.

�Gradientprojectionmethod.Utilizescharacterizationof

stationarypointbymeansoftheprojectionofaperturbedpoint

(Chapter4).SolvesQPproblemstogetdescent.

�Everyiterativemethodutilizesrelaxationoftheoptimality

conditionsand/ortheoriginalproblem!



21

'

&

$

%

Chapter13—Generalconstrainedoptimization

�Relaxationbypenalizingconstraints:penaltymethods.

�Exteriorpenalty:addpositivefunctionofconstraint

violation—”stronger”thanLagrangianrelaxation.Higher

penaltyparameterenforcesfeasibility.Infeasiblemethod.

�Interiorpenaltyforconvexsets:addinteriorasymptotesforthe

boundaries.Smallerpenaltyparametersallowboundariestobe

approachedifneeded.Strictlyfeasiblemethod.Interiorpoint

methodforLPpolynomial!BetterthanSimplexintheoryand

sometimesinpractice.

�RelaxationbymeansoflinearizingtheKKTconditions=⇒

SequentialQuadraticProgramming(SQP).∼Newton’smethod

forKKTsystem+penaltyfunction;modificationsnecessary

with≤/≥-constraints.Filter-SQP:nopenaltyfunctions.


