
2

'&

$%

�

C
h
eck

in
g

w
h
eth

er
p

is
a

feasib
le

d
irection

at
x

,
or

w
h
at

th
e

m
ax

im
u
m

feasib
le

step
from

x
in

th
e

d
irection

of
p

is,
is

very
d
iffi

cu
lt.

�

F
or

w
h
ich

step
len

gth
α

>
0

d
o
es

it
h
ap

p
en

th
at

g
i (x

+
α
p
)

=
b
i ?

T
h
is

is
a

n
on

lin
ear

eq
u
ation

in
α
!

�

A
ssu

m
in

g
th

at
X

is
p
oly

h
ed

ral,
th

ese
p
rob

lem
s

are
n
ot

p
resen

t.

3

'&

$%

F
e
a
sib

le
-d

ir
e
c
tio

n
d
e
sc

e
n
t

m
e
th

o
d
s

S
te

p
0
.

D
eterm

in
e

a
startin

g
p
oin

t
x

0
∈

R
n

su
ch

th
at

x
0
∈

X
.

S
et

k
:=

0.

S
te

p
1
.

D
eterm

in
e

a
search

d
irection

p
k
∈

R
n

su
ch

th
at

p
k

is
a

feasib
le

d
irection

.

S
te

p
2
.

D
eterm

in
e

a
step

len
gth

α
k

>
0

su
ch

th
at

f
(x

k
+

α
k p

k )
<

f
(x

k )
an

d
x

k
+

α
k p

k
∈

X
.

S
te

p
3
.

L
et

x
k
+

1
:=

x
k
+

α
k p

k .

S
te

p
4
.

If
a

term
in

ation
criterion

is
fu

lfi
lled

,
th

en
stop

!

O
th

erw
ise,

let
k

:=
k

+
1

an
d

go
to

S
tep

1.

L
e
c
tu

r
e

1
2
:

L
in

e
a
r
ly

c
o
n
str

a
in

e
d

n
o
n
lin

e
a
r

o
p
tim

iz
a
tio

n

M
ich

ael
P
atrik

sson

26
F
eb

ru
ary

2004

0
-0

1

'&

$%

F
e
a
sib

le
-d

ir
e
c
tio

n
m

e
th

o
d
s

�

C
on

sid
er

th
e

p
rob

lem
to

fi
n
d

f
∗

=
m

in
im

u
m

f
(x

),
(1a)

su
b
ject

to
x
∈

X
,

(1b
)

X
⊆

R
n

n
on

-em
p
ty,

closed
an

d
con

vex
set;

f
:
R

n
7→

R

is
C

1
on

X
.

�

M
ost

m
eth

o
d
s

for
(1)

m
an

ip
u
late

th
e

con
strain

ts

d
efi

n
in

g
X

;
in

som
e

cases
even

su
ch

th
at

th
e

seq
u
en

ce

{
x

k }
is

in
feasib

le
u
n
til

con
vergen

ce.
W

h
y
?

�

C
on

sid
er

a
con

strain
t

“g
i (x

)
≤

b
i ,”

w
h
ere

g
i
is

n
on

lin
ear.



6

'&

$%

�

R
em

em
b
er

also
th

e
follow

in
g

eq
u
ivalen

t
statem

en
t:

m
in

im
u
m

x
∈

X
∇

f
(x

∗)
T
(x

−
x
∗)

=
0.

(3)

�

F
ollow

s
th

at
if,

given
an

iterate
x

k
∈

X
,

m
in

im
u
m

y
∈

X
∇

f
(x

k )
T
(y

−
x

k )
<

0,

an
d

y
k

is
a

solu
tion

to
th

is
L
P

p
rob

lem
,
th

en
th

e

d
irection

of
p

k
:=

y
k
−

x
k

is
a

feasib
le

d
escen

t
d
irection

w
ith

resp
ect

to
f

at
x

.

�

T
h
e

search
d
irection

is
tow

ard
s

an
ex

trem
e

p
oin

t
[on

e

th
at

is
op

tim
al

in
th

e
L
P

over
X

w
ith

costs
∇

f
(x

k )].

�

T
h
is

is
th

e
b
asis

of
th

e
F
ran

k
–W

olfe
algorith

m
.

7

'&

$%

�

N
ote:

W
e

m
u
st

assu
m

e
th

at
X

is
b
ou

n
d
ed

in
ord

er
to

en
su

re
th

at
th

e
L
P

alw
ay

s
h
as

a
fi
n
ite

solu
tion

.
T

h
e

algorith
m

can
in

fact
b
e

ex
ten

d
ed

to
allow

for

u
n
b
ou

n
d
ed

solu
tion

s
to

th
e

L
P
,
an

d
th

ereb
y

ex
ten

d
in

g

th
e

F
ran

k
–W

olfe
m

eth
o
d

for
gen

eral
p
oly

h
ed

ra;
th

e

search
d
irection

s
th

en
are

eith
er

tow
ard

s
an

ex
trem

e

p
oin

t
(fi

n
ite

solu
tion

to
L
P

)
or

in
th

e
d
irection

of
an

ex
trem

e
ray

of
X

(u
n
b
ou

n
d
ed

solu
tion

to
L
P

).

4

'&

$%

N
o
te

s

�

S
im

ilar
form

as
th

e
gen

eral
m

eth
o
d

for
u
n
con

strain
ed

op
tim

ization
.

�

J
u
st

as
lo

cal
as

m
eth

o
d
s

for
u
n
con

strain
ed

op
tim

ization
.

�

S
earch

d
irection

s
ty

p
ically

b
ased

on
th

e
ap

p
rox

im
ation

of
f
—

relax
ation

!

�

L
in

e
search

es
sim

ilar;
n
ote

th
e

m
ax

im
u
m

step
.

�

T
erm

in
ation

criteria
an

d
d
escen

t
b
ased

on
fi
rst-ord

er

op
tim

ality
(rem

em
b
er

th
e

u
n
con

strain
ed

con
d
ition

th
at

∇
f
(x

∗)
=

0
∗

h
old

s).

5

'&

$%

L
P

-b
a
se

d
a
lg

o
r
ith

m
,
I:

T
h
e

F
r
a
n
k
–
W

o
lfe

m
e
th

o
d

�

T
h
e

F
ran

k
–W

olfe
(1952)

m
eth

o
d

is
b
ased

on
a

fi
rst-ord

er
ap

p
rox

im
ation

of
f

arou
n
d

th
e

iterate
x

k .

T
h
is

m
ean

s
th

at
th

e
relax

ed
p
rob

lem
s

are
L
P

s,
w

h
ich

can
th

en
b
e

solved
b
y

u
sin

g
th

e
S
im

p
lex

m
eth

o
d
.

�

R
em

em
b
er

th
e

follow
in

g
fi
rst-ord

er
con

d
ition

[P
rop

osition
4.20(b

)]:
If

x
∗
∈

X
is

a
lo

cal
m

in
im

u
m

of

f
on

X
th

en∇
f
(x

∗)
T
(x

−
x
∗)

≥
0,

x
∈

X
,

(2)

h
old

s.



1
0

'&

$%

C
o
n
v
e
r
g
e
n
c
e

�

T
h
eorem

12.1:
S
u
p
p
ose

th
at

X
⊆

R
n

is
a

n
on

-em
p
ty,

b
ou

n
d
ed

p
oly

h
ed

ron
,
an

d
th

at
th

e
fu

n
ction

f
is

in
C

1

on
X

.
S
u
p
p
ose

th
at

in
S
tep

2
of

th
e

F
ran

k
–W

olfe

algorith
m

,
w

e
eith

er
u
se

an
ex

act
lin

e
search

or
th

e

A
rm

ijo
step

len
gth

ru
le.

T
h
en

,
th

e
seq

u
en

ce
{
x

k }
is

b
ou

n
d
ed

,
{f

(x
k )}

is
d
escen

d
in

g,
an

d
every

lim
it

p
oin

t

(at
least

on
e

ex
ists)

is
station

ary
;
fu

rth
er,

th
e

seq
u
en

ce

{z
k (y

k )}
→

0.

If
f

is
con

vex
on

X
,
th

en
every

lim
it

p
oin

t
is

glob
ally

op
tim

al.

1
1

'&

$%

T
h
e

c
o
n
v
e
x

c
a
se

:
L
o
w

e
r

b
o
u
n
d
s

�

R
em

em
b
er

th
e

follow
in

g
ch

aracterization
of

con
vex

fu
n
ction

s
in

C
1

on
X

[T
h
eorem

3.44(a)]:

f
is

con
vex

on
X

⇐
⇒

f
(y

)
≥

f
(x

)
+
∇

f
(x

)
T
(y

−
x

),
for

all
x
,y

∈
X

.
�

S
u
p
p
ose

f
is

con
vex

on
X

.
T

h
en

,
f
(x

k )
+

z
k (x

k )
≤

f
∗

(low
er

b
ou

n
d
,
L
B

D
),

an
d

f
(x

k )
+

z
k (x

k )
=

f
∗

if
an

d

on
ly

if
x

k
is

glob
ally

op
tim

al.

�

U
tilize

th
e

low
er

b
ou

n
d

as
follow

s:
w

e
k
n
ow

th
at

f
∗
∈

[f
(x

k )
+

z
k (x

k ),f
(x

k )].
S
tore

th
e

b
est

L
B

D
,
an

d

ch
eck

in
S
tep

4
w

h
eth

er
[f

(x
k )

−
L
B

D
]/|L

B
D
|
is

sm
all,

an
d

if
so

term
in

ate.

8

'&

$%

T
h
e

se
a
r
c
h
-d

ir
e
c
tio

n
p
r
o
b
le

m

−
5

0
5

1
0

−
5 0 5

1
0

1
5

2
0

P
S
frag

rep
lacem

en
ts

x
k

y
k

p
k ∇

f
(x

k )

X

9

'&

$%

A
lg

o
r
ith

m
d
e
sc

r
ip

tio
n
,
F
r
a
n
k
–
W

o
lfe

S
te

p
0
.

F
in

d
x

0
∈

X
,
for

ex
am

p
le

an
y

ex
trem

e
p
oin

t
in

X
.

S
et

k
:=

0.

S
te

p
1
.

F
in

d
a

solu
tion

y
k

to
th

e
p
rob

lem
to

m
in

im
ize

y
∈

X
z

k (y
)

:=
∇

f
(x

k )
T
(y

−
x

k ).
(4)

L
et

p
k

:=
y

k
−

x
k

b
e

th
e

search
d
irection

.

S
te

p
2
.

A
p
p
rox

im
ately

solve
th

e
p
rob

lem
to

m
in

im
ize

f
(x

k
+

α
p

k )
over

α
∈

[0,1].
L
et

α
k

b
e

th
e

step
len

gth
.

S
te

p
3
.

L
et

x
k
+

1
:=

x
k
+

α
k p

k .

S
te

p
4
.

If,
for

ex
am

p
le,

z
k (y

k )
or

α
k

is
close

to
zero,

th
en

term
in

ate!
O

th
erw

ise,
let

k
:=

k
+

1
an

d
go

to
S
tep

1.



1
4

'&

$%

�

T
h
e

id
ea

b
eh

in
d

th
e

S
im

p
licial

d
ecom

p
osition

m
eth

o
d

is
to

gen
erate

th
e

ex
trem

e
p
oin

ts
v

i
w

h
ich

can
b
e

u
sed

to
d
escrib

e
an

op
tim

al
solu

tion
x

∗,
th

at
is,

th
e

vectors

v
i
w

ith
p
ositive

w
eigh

ts
α

i
in

x
∗

=
K

∑i=
1

α
i v

i.

�

T
h
e

p
ro

cess
is

still
iterative:

w
e

gen
erate

a
“w

ork
in

g

set”
P

k
of

in
d
ices

i,
op

tim
ize

th
e

fu
n
ction

f
over

th
e

con
vex

h
u
ll

of
th

e
k
n
ow

n
p
oin

ts,
an

d
ch

eck
for

station
arity

an
d
/or

gen
erate

a
n
ew

ex
trem

e
p
oin

t.

1
5

'&

$%

A
lg

o
r
ith

m
d
e
sc

r
ip

tio
n
,
S
im

p
lic

ia
l
d
e
c
o
m

p
o
sitio

n

S
te

p
0
.

F
in

d
x

0
∈

X
,
for

ex
am

p
le

an
y

ex
trem

e
p
oin

t
in

X
.

S
et

k
:=

0.
L
et

P
0

:=
∅.

S
te

p
1
.

L
et

y
k

b
e

a
solu

tion
to

th
e

L
P

p
rob

lem
(4).

L
et

P
k
+

1
:=

P
k
∪
{k

}.

1
2

'&

$%

F
in

a
l
c
o
m

m
e
n
ts

�

F
ran

k
–W

olfe
u
ses

lin
ear

ap
p
rox

im
ation

s—
w

ork
s

b
est

for
alm

ost
lin

ear
p
rob

lem
s.

�

F
or

h
igh

ly
n
on

lin
ear

p
rob

lem
s,

th
e

ap
p
rox

im
ation

is

b
ad

—
th

e
op

tim
al

solu
tion

m
ay

b
e

far
from

an
ex

trem
e

p
oin

t.

�

In
ord

er
to

fi
n
d

a
n
ear-op

tim
u
m

req
u
ires

m
an

y

iteration
s—

th
e

algorith
m

is
slow

.

�

A
n
oth

er
reason

is
th

at
th

e
in

form
ation

gen
erated

(th
e

ex
trem

e
p
oin

ts)
are

forgotten
.

E
ven

if
w

e
keep

th
e

lin
ear

su
b
p
rob

lem
s,

w
e

can
d
o

b
etter

b
y

storin
g

an
d

u
tilizin

g
th

is
in

form
ation

.

1
3

'&

$%

L
P

-b
a
se

d
a
lg

o
r
ith

m
,
I
I:

S
im

p
lic

ia
l
d
e
c
o
m

p
o
sitio

n

�

R
em

em
b
er

th
e

R
ep

resen
tation

T
h
eorem

9.9
(sp

ecial

case
for

b
ou

n
d
ed

p
oly

h
ed

ra):
L
et

P
=

{
x
∈

R
n
|
A

x
=

b
;

x
≥

0
n},

b
e

n
on

-em
p
ty

an
d

b
ou

n
d
ed

,
an

d
V

=
{
v

1,...,v
K
}

b
e

th
e

set
of

ex
trem

e

p
oin

ts
of

P
.

E
very

x
∈

P
can

b
e

rep
resen

ted
as

a

con
vex

com
b
in

ation
of

th
e

p
oin

ts
in

V
,
th

at
is,

x
=

K
∑i=

1

α
i v

i,

for
som

e
α

1 ,...,α
k
≥

0
su

ch
th

at
∑

Ki=
1
α

i
=

1.



1
8

'&

$%

C
o
n
v
e
r
g
e
n
c
e

�

B
ased

on
th

e
fact

th
at

it
d
o
es

at
least

as
w

ell
as

th
e

F
ran

k
–W

olfe
algorith

m
.

�

C
on

vergen
ce

is
fi
n
ite

if
th

e
restricted

m
aster

p
rob

lem
s

(R
M

P
s)

are
solved

ex
actly,

an
d

th
e

m
ax

im
u
m

n
u
m

b
er

of
vectors

kep
t

is
at

least
as

m
an

y
as

are
n
eed

ed
to

sp
an

x
∗.

�

M
u
ch

m
ore

effi
cien

t
th

an
th

e
F
ran

k
–W

olfe
algorith

m
in

p
ractice.

�

W
e

can
solve

th
e

R
M

P
s

effi
cien

tly,
sin

ce
th

ey
are

alm
ost

u
n
con

strain
ed

.

1
9

'&

$%

A
n

illu
str

a
tio

n
o
f
F
W

v
s.

S
D

�

A
large-scale

n
on

-lin
ear

n
etw

ork
fl
ow

p
rob

lem
w

h
ich

is

u
sed

to
estim

ate
traffi

c
fl
ow

s
in

cities.

�

T
h
e

m
o
d
el

is
over

th
e

sm
all

city
of

S
iou

x
F
alls

in
N

orth

D
akota,

w
h
ose

rep
resen

tation
h
as

24
n
o
d
es,

76
lin

k
s,

an
d

528
p
airs

of
origin

an
d

d
estin

ation
.

�

T
h
ree

algorith
m

s
for

th
e

R
M

P
s

w
ere

tested
—

a
N

ew
ton

m
eth

o
d

an
d

tw
o

grad
ien

t
p
ro

jection
m

eth
o
d
s

(see
th

e

n
ex

t
section

).
A

M
A

T
L
A

B
im

p
lem

en
tation

.

�

R
em

arkab
le

d
iff

eren
ce—

T
h
e

F
ran

k
–W

olfe
m

eth
o
d

su
ff
ers

from
very

sm
all

step
len

gth
b
ein

g
taken

.

1
6

'&

$%

S
te

p
2
.

L
et

(µ
k ,ν

k
+

1 )
b
e

an
ap

p
rox

im
ate

solu
tion

to
th

e

restricted
m

aster
p
rob

lem
to

m
in

im
ize

(µ
,

�

)
f



µ
x

k
+

∑

i∈
P

k
+

1

ν
i y

i



,
(5a)

su
b
ject

to
µ

+
∑

i∈
P

k
+

1

ν
i
=

1,
(5b

)

µ
,ν

i
≥

0,
i
∈
P

k
+

1 .
(5c)

S
te

p
3
.

L
et

x
k
+

1
:=

µ
k
+

1 x
k
+

∑

i∈
P

k
+

1 (ν
k
+

1 )
i y

i.

S
te

p
4
.

If,
for

ex
am

p
le,

z
k (y

k )
is

close
to

zero,
or

if

P
k
+

1
=

P
k ,

th
en

term
in

ate!
O

th
erw

ise,
let

k
:=

k
+

1

an
d

go
to

S
tep

1.

1
7

'&

$%

�

T
h
is

b
asic

algorith
m

keep
s

all
in

form
ation

gen
erated

,

an
d

ad
d
s

on
e

n
ew

ex
trem

e
p
oin

t
in

every
iteration

.

�

A
n

altern
ative

is
to

d
rop

colu
m

n
s

(vectors
y

i )
th

at

h
ave

received
a

zero
w

eigh
t,

or
to

keep
on

ly
a

m
ax

im
u
m

n
u
m

b
er

of
vectors.

(S
tated

in
th

e
N

otes.)

�

S
p
ecial

case:
m

ax
im

u
m

n
u
m

b
er

of
vectors

kep
t

=
1

=
⇒

th
e

F
ran

k
–W

olfe
algorith

m
!

�

W
e

ob
v
iou

sly
im

p
rove

th
e

F
ran

k
–W

olfe
algorith

m
b
y

u
tilizin

g
m

ore
in

form
ation

.
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2

'&

$%

������

P
S
frag

rep
lacem

en
ts

X

y

x
∗
−

∇
f
(x

∗)

x
∗

N
X

(x
∗)

2
3

'&

$%

�

L
et

p
:=

P
ro

jX
[x

−
α
∇

f
(x

)]−
x

,
for

an
y

α
>

0.
T

h
en

,

if
an

d
on

ly
if

x
is

n
on

-station
ary,

p
is

a
feasib

le
d
escen

t

d
irection

of
f

at
x

.

�

T
h
e

grad
ien

t
p
ro

jection
algorith

m
is

n
orm

ally
stated

su
ch

th
at

th
e

lin
e

search
is

d
on

e
over

th
e

p
ro

jection

arc,
th

at
is,

w
e

fi
n
d

a
step

len
gth

α
k

for
w

h
ich

x
k
+

1
:=

P
ro

j
X

[x
k
−

α
k ∇

f
(x

k )],
k

=
1,...

.
(6)

h
as

a
go

o
d

ob
jective

valu
e.

U
se

th
e

A
rm

ijo
ru

le
to

d
eterm

in
e

α
k :

2
0

'&

$%

0
10

20
30

40
50

60
70

80
90

100
10

−
11

10
−

10

10
−

9

10
−

8

10
−

7

10
−

6

10
−

5

10
−

4

10
−

3

10
−

2

10
−

1
S

ioux F
alls netw

ork

C
P

U
 tim

e (s)

Max relative objective function error
S

D
/G

radient P
−

1
S

D
/G

radient P
−

2
S

D
/N

ew
ton

F
rank−

−
W

olfe

F
ig

u
re

1
:

T
h
e

p
erfo

rm
a
n
ce

o
f
D

S
D

v
s.

F
W

o
n

th
e

S
io

u
x

F
a
lls

n
etw

o
rk

.

2
1

'&

$%

Q
P

-b
a
se

d
a
lg

o
r
ith

m
:

T
h
e

g
r
a
d
ie

n
t

p
r
o
je

c
tio

n

a
lg

o
r
ith

m

�

T
h
e

grad
ien

t
p
ro

jection
algorith

m
is

b
ased

on
th

e

p
ro

jection
ch

aracterization
of

a
station

ary
p
oin

t

(S
ection

4.4):
x
∗

is
a

station
ary

p
oin

t
if

an
d

on
ly

if

x
∗

=
P

ro
j
X

[x
∗
−
∇

f
(x

∗)].



2
6

'&

$%

Q
u
a
d
r
a
tic

su
b
p
r
o
b
le

m
s—

h
o
w

a
r
e

th
e
y

so
lv

e
d
?

�

S
tate

th
e

K
K

T
con

d
ition

s
for

th
e

strictly
con

vex
Q

P

p
rob

lem
w

h
ich

d
eterm

in
es

th
e

p
ro

jection
.

�

A
d
d

slack
variab

les.

�

R
esu

lt:
A

sy
stem

of
lin

ear
in

eq
u
alities

an
d

eq
u
alities

p
lu

s
tw

o
sets

of
com

p
lem

en
tarity

con
d
ition

s
of

th
e

form

x
j ν

j
=

0
an

d
s

i µ
i
=

0.

�

S
et

u
p

a
P

h
ase

I
p
rob

lem
for

th
e

lin
ear

in
eq

u
ality

sy
stem

,
an

d
treat

th
e

com
p
lem

en
tarity

con
d
ition

s

im
p
licitly,

as
follow

s:
if

x
j

(resp
ectively,

v
j )

is
a

b
asic

variab
le,

th
en

v
j

(resp
ectively,

x
j )

m
u
st

n
ot

b
e

an

en
terin

g
variab

le.
S
am

e
for

th
e

p
air

(s
i ,µ

i ).

2
4

'&

$%

P
S
frag

rep
lacem

en
ts

X

x
k

x
k
−

ᾱ
∇

f
(x

k )

x
k
−

(ᾱ
/2)∇

f
(x

k )

x
k
−

(ᾱ
/4)∇

f
(x

k )

x
k
−

α
∇

f
(x

k )

2
5

'&

$%

C
o
n
v
e
r
g
e
n
c
e

�

T
h
eorem

12.3
(sim

p
lifi

ed
):

S
u
p
p
ose

th
at

X
⊆

R
n

is

n
on

-em
p
ty,

com
p
act

an
d

con
vex

.
C

on
sid

er
th

e
iterative

algorith
m

d
efi

n
ed

b
y

th
e

iteration
(6),

w
h
ere

th
e

step

len
gth

α
k

is
d
eterm

in
ed

b
y

th
e

A
rm

ijo
step

len
gth

ru
le

alon
g

th
e

p
ro

jection
arc.

T
h
en

,
th

e
seq

u
en

ce
{
x

k }
is

b
ou

n
d
ed

,
th

e
seq

u
en

ce
{f

(x
k )}

is
d
escen

d
in

g,
low

er

b
ou

n
d
ed

an
d

th
erefore

h
as

a
lim

it,
an

d
every

lim
it

p
oin

t
of

{
x

k }
is

station
ary.

�

G
rad

ien
t

p
ro

jection
b
ecom

es
steep

est
d
escen

t
w

ith

A
rm

ijo
lin

e
search

w
h
en

X
=

R
n!

�

C
on

vergen
ce

argu
m

en
ts

sim
ilar

to
steep

est
d
escen

t
on

e.


