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Feasible-directionmethods

�Considertheproblemtofind

f
∗

=minimumf(x),(1a)

subjecttox∈X,(1b)

X⊆R
n

non-empty,closedandconvexset;f:R
n
7→R

isC
1

onX.

�Mostmethodsfor(1)manipulatetheconstraints

definingX;insomecasesevensuchthatthesequence

{xk}isinfeasibleuntilconvergence.Why?

�Consideraconstraint“gi(x)≤bi,”wheregiis

nonlinear.



2

'

&

$

%

�Checkingwhetherpisafeasibledirectionatx,orwhat

themaximumfeasiblestepfromxinthedirectionofp

is,isverydifficult.

�Forwhichsteplengthα>0doesithappenthat

gi(x+αp)=bi?Thisisanonlinearequationinα!

�AssumingthatXispolyhedral,theseproblemsarenot

present.
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Feasible-directiondescentmethods

Step0.Determineastartingpointx0∈R
n

suchthat

x0∈X.Setk:=0.

Step1.Determineasearchdirectionpk∈R
n

suchthat

pkisafeasibledirection.

Step2.Determineasteplengthαk>0suchthat

f(xk+αkpk)<f(xk)andxk+αkpk∈X.

Step3.Letxk+1:=xk+αkpk.

Step4.Ifaterminationcriterionisfulfilled,thenstop!

Otherwise,letk:=k+1andgotoStep1.
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Notes

�Similarformasthegeneralmethodforunconstrained

optimization.

�Justaslocalasmethodsforunconstrained

optimization.

�Searchdirectionstypicallybasedontheapproximation

off—relaxation!

�Linesearchessimilar;notethemaximumstep.

�Terminationcriteriaanddescentbasedonfirst-order

optimality(remembertheunconstrainedconditionthat

∇f(x
∗
)=0

∗
holds).
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LP-basedalgorithm,I:TheFrank–Wolfemethod

�TheFrank–Wolfe(1952)methodisbasedona

first-orderapproximationoffaroundtheiteratexk.

ThismeansthattherelaxedproblemsareLPs,which

canthenbesolvedbyusingtheSimplexmethod.

�Rememberthefollowingfirst-ordercondition

[Proposition4.20(b)]:Ifx
∗
∈Xisalocalminimumof

fonXthen

∇f(x
∗
)
T
(x−x

∗
)≥0,x∈X,(2)

holds.
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�Rememberalsothefollowingequivalentstatement:

minimum
x∈X

∇f(x
∗
)
T
(x−x

∗
)=0.(3)

�Followsthatif,givenaniteratexk∈X,

minimum
y∈X

∇f(xk)
T
(y−xk)<0,

andykisasolutiontothisLPproblem,thenthe

directionofpk:=yk−xkisafeasibledescentdirection

withrespecttofatx.

�Thesearchdirectionistowardsanextremepoint[one

thatisoptimalintheLPoverXwithcosts∇f(xk)].

�ThisisthebasisoftheFrank–Wolfealgorithm.
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�Note:WemustassumethatXisboundedinorderto

ensurethattheLPalwayshasafinitesolution.The

algorithmcaninfactbeextendedtoallowfor

unboundedsolutionstotheLP,andtherebyextending

theFrank–Wolfemethodforgeneralpolyhedra;the

searchdirectionsthenareeithertowardsanextreme

point(finitesolutiontoLP)orinthedirectionofan

extremerayofX(unboundedsolutiontoLP).
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Thesearch-directionproblem
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Algorithmdescription,Frank–Wolfe

Step0.Findx0∈X,forexampleanyextremepointin

X.Setk:=0.

Step1.Findasolutionyktotheproblemto

minimize
y∈X

zk(y):=∇f(xk)
T
(y−xk).(4)

Letpk:=yk−xkbethesearchdirection.

Step2.Approximatelysolvetheproblemtominimize

f(xk+αpk)overα∈[0,1].Letαkbethesteplength.

Step3.Letxk+1:=xk+αkpk.

Step4.If,forexample,zk(yk)orαkisclosetozero,then

terminate!Otherwise,letk:=k+1andgotoStep1.
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Convergence

�Theorem12.1:SupposethatX⊆R
n

isanon-empty,

boundedpolyhedron,andthatthefunctionfisinC
1

onX.SupposethatinStep2oftheFrank–Wolfe

algorithm,weeitheruseanexactlinesearchorthe

Armijosteplengthrule.Then,thesequence{xk}is

bounded,{f(xk)}isdescending,andeverylimitpoint

(atleastoneexists)isstationary;further,thesequence

{zk(yk)}→0.

IffisconvexonX,theneverylimitpointisglobally

optimal.
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Theconvexcase:Lowerbounds

�Rememberthefollowingcharacterizationofconvex

functionsinC
1

onX[Theorem3.44(a)]:

fisconvexonX⇐⇒

f(y)≥f(x)+∇f(x)
T
(y−x),forallx,y∈X.

�SupposefisconvexonX.Then,f(xk)+zk(xk)≤f
∗

(lowerbound,LBD),andf(xk)+zk(xk)=f
∗

ifand

onlyifxkisgloballyoptimal.

�Utilizethelowerboundasfollows:weknowthat

f
∗
∈[f(xk)+zk(xk),f(xk)].StorethebestLBD,and

checkinStep4whether[f(xk)−LBD]/|LBD|issmall,

andifsoterminate.
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Finalcomments

�Frank–Wolfeuseslinearapproximations—worksbest

foralmostlinearproblems.

�Forhighlynonlinearproblems,theapproximationis

bad—theoptimalsolutionmaybefarfromanextreme

point.

�Inordertofindanear-optimumrequiresmany

iterations—thealgorithmisslow.

�Anotherreasonisthattheinformationgenerated(the

extremepoints)areforgotten.Evenifwekeepthe

linearsubproblems,wecandobetterbystoringand

utilizingthisinformation.



13

'

&

$

%

LP-basedalgorithm,II:Simplicialdecomposition

�RemembertheRepresentationTheorem9.9(special

caseforboundedpolyhedra):Let

P={x∈R
n
|Ax=b;x≥0

n
},benon-emptyand

bounded,andV={v
1
,...,v

K
}bethesetofextreme

pointsofP.Everyx∈Pcanberepresentedasa

convexcombinationofthepointsinV,thatis,

x=
K∑

i=1

αiv
i
,

forsomeα1,...,αk≥0suchthat
∑

K

i=1αi=1.
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�TheideabehindtheSimplicialdecompositionmethod

istogeneratetheextremepointsv
i
whichcanbeused

todescribeanoptimalsolutionx
∗
,thatis,thevectors

v
i
withpositiveweightsαiin

x
∗

=
K∑

i=1

αiv
i
.

�Theprocessisstilliterative:wegeneratea“working

set”Pkofindicesi,optimizethefunctionfoverthe

convexhulloftheknownpoints,andcheckfor

stationarityand/orgenerateanewextremepoint.
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Algorithmdescription,Simplicialdecomposition

Step0.Findx0∈X,forexampleanyextremepointin

X.Setk:=0.LetP0:=∅.

Step1.LetykbeasolutiontotheLPproblem(4).

LetPk+1:=Pk∪{k}.
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Step2.Let(µk,νk+1)beanapproximatesolutiontothe

restrictedmasterproblemto

minimize
(µ,�)

f





µxk+
∑

i∈Pk+1

νiyi





,(5a)

subjecttoµ+
∑

i∈Pk+1

νi=1,(5b)

µ,νi≥0,i∈Pk+1.(5c)

Step3.Letxk+1:=µk+1xk+
∑

i∈Pk+1(νk+1)iy
i
.

Step4.If,forexample,zk(yk)isclosetozero,orif

Pk+1=Pk,thenterminate!Otherwise,letk:=k+1

andgotoStep1.
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�Thisbasicalgorithmkeepsallinformationgenerated,

andaddsonenewextremepointineveryiteration.

�Analternativeistodropcolumns(vectorsyi)that

havereceivedazeroweight,ortokeeponlya

maximumnumberofvectors.(StatedintheNotes.)

�Specialcase:maximumnumberofvectorskept=1=⇒

theFrank–Wolfealgorithm!

�WeobviouslyimprovetheFrank–Wolfealgorithmby

utilizingmoreinformation.
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Convergence

�Basedonthefactthatitdoesatleastaswellasthe

Frank–Wolfealgorithm.

�Convergenceisfiniteiftherestrictedmasterproblems

(RMPs)aresolvedexactly,andthemaximumnumber

ofvectorskeptisatleastasmanyasareneededto

spanx
∗
.

�MuchmoreefficientthantheFrank–Wolfealgorithmin

practice.

�WecansolvetheRMPsefficiently,sincetheyare

almostunconstrained.
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AnillustrationofFWvs.SD

�Alarge-scalenon-linearnetworkflowproblemwhichis

usedtoestimatetrafficflowsincities.

�ThemodelisoverthesmallcityofSiouxFallsinNorth

Dakota,whoserepresentationhas24nodes,76links,

and528pairsoforiginanddestination.

�ThreealgorithmsfortheRMPsweretested—aNewton

methodandtwogradientprojectionmethods(seethe

nextsection).AMATLABimplementation.

�Remarkabledifference—TheFrank–Wolfemethod

suffersfromverysmallsteplengthbeingtaken.
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QP-basedalgorithm:Thegradientprojection

algorithm

�Thegradientprojectionalgorithmisbasedonthe

projectioncharacterizationofastationarypoint

(Section4.4):x
∗

isastationarypointifandonlyif

x
∗

=ProjX[x
∗
−∇f(x

∗
)].
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�Letp:=ProjX[x−α∇f(x)]−x,foranyα>0.Then,

ifandonlyifxisnon-stationary,pisafeasibledescent

directionoffatx.

�Thegradientprojectionalgorithmisnormallystated

suchthatthelinesearchisdoneovertheprojection

arc,thatis,wefindasteplengthαkforwhich

xk+1:=ProjX[xk−αk∇f(xk)],k=1,....(6)

hasagoodobjectivevalue.UsetheArmijoruleto

determineαk:
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Convergence

�Theorem12.3(simplified):SupposethatX⊆R
n

is

non-empty,compactandconvex.Considertheiterative

algorithmdefinedbytheiteration(6),wherethestep

lengthαkisdeterminedbytheArmijosteplengthrule

alongtheprojectionarc.Then,thesequence{xk}is

bounded,thesequence{f(xk)}isdescending,lower

boundedandthereforehasalimit,andeverylimit

pointof{xk}isstationary.

�Gradientprojectionbecomessteepestdescentwith

ArmijolinesearchwhenX=R
n
!

�Convergenceargumentssimilartosteepestdescentone.



26

'

&

$

%

Quadraticsubproblems—howaretheysolved?

�StatetheKKTconditionsforthestrictlyconvexQP

problemwhichdeterminestheprojection.

�Addslackvariables.

�Result:Asystemoflinearinequalitiesandequalities

plustwosetsofcomplementarityconditionsoftheform

xjνj=0andsiµi=0.

�SetupaPhaseIproblemforthelinearinequality

system,andtreatthecomplementarityconditions

implicitly,asfollows:ifxj(respectively,vj)isabasic

variable,thenvj(respectively,xj)mustnotbean

enteringvariable.Sameforthepair(si,µi).


