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Basicideas

�Anonlinearlyconstrainedproblemmustsomehowbe

converted—relaxed—intoaproblemwhichwecansolve

(alinear/quadraticorunconstrainedproblem).

�Wesolveasequenceofsuchproblems.

�Tomakesurethatwetendtowardsasolutiontothe

originalproblem,wemustimposepropertiesofthe

originalproblemmoreandmore.

�Howisthisdone?

�Insimplerproblemlikelinearlyconstrainedones,aline

searchinfisenough.
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�Formoregeneralproblems,wheretheconstraintsare

normallymanipulated,thisisnotenough.

�Wecanincludepenaltyfunctionsforconstraintsthat

werelax.

�WecanproduceestimatesoftheLagrangemultipliers

andinvokethem.

�Wewilllookatbothtypesofapproaches.
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Penaltyfunctions

�Considertheoptimizationproblemto

minimizef(x),

subjecttox∈S,
(1)

whereS⊂R
n

isnon-empty,closed,andf:R
n
→Ris

differentiable.

�Basicideabehindallpenaltymethods:toreplacethe

problem(1)withtheequivalentunconstrainedone:

minimizef(x)+χS(x),
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where

χS(x)=

{
0,ifx∈S,

+∞,otherwise,

theindicatorfunctionofthesetS.

�Feasibilityistoppriority;onlywhenachieving

feasibilitycanweconcentrateonminimizingf.

�Computationallybad:non-differentiable,discontinuous,

andevennotfinite(thoughitisconvexprovidedSisa

convexset).Needtobenumerically“warned”about

beinginfeasibleornear-infeasible.

�Replacetheindicatorfunctionwithanumerically

betterbehavingfunction.
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Exteriorpenaltymethods

�SUMT—SequentialUnconstrainedMinimization

Techniques—weredevisedinthelate1960sbyFiacco

andMcCormick.Theyarestillamongthemore

popularonesforsomeclassesofproblems,although

therearelatermodificationsthataremoreoftenused.

�Suppose

S={x∈R
n
|gi(x)≤0,i=1,...,m,

hj(x)=0,j=1,...,`},

gi∈C(R
n
),i=1,...,m,hj∈C(R

n
),j=1,...,`.
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�Chooseafunctionψ:R→R+suchthatψ(s)=0if

andonlyifs=0[typicalexamplesofψ(·)willbe

ψ1(s)=|s|,orψ2(s)=s
2
].ApproximationtoχS:

νχ̌S(x):=ν

(m∑

i=1

ψ
(
max{0,gi(x)}

)
+
∑̀

j=1

ψ
(
hj(x)

))
.

�ν>0isapenaltyparameter.

�Differenttreatmentofinequality/equalityconstraints

sinceanequalityconstraintisviolatedwhenever

hj6=0,whileaninequalityconstraintisviolatedonly

whengi>0;equivalenttomax{0,gi(x)}6=0.
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Example

�LetS={x∈R
2
|−x2≤0,(x1−1)

2
+x

2
2=1}.

�Letψ(s)=s
2
.Then,

χ̌S(x)=[max{0,−x2}]
2
+[(x1−1)

2
+x

2
2−1]

2
.

�Graphofχ̌S,andS:
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Propertiesofthepenaltyproblem

�Weassumetheproblem(1)hasanoptimalsolutionx
∗
.

�Weassumethatforeveryν>0theproblemto

minimize
x∈�

nf(x)+νχ̌S(x)(2)

hasatleastoneoptimalsolutionx
∗

ν.

�χ̌S≥0;χ̌S(x)=0ifandonlyifx∈S.

�TheRelaxationTheorem7.1statesthattheinequality

f(x
∗

ν)+νχ̌(x
∗

ν)≤f(x
∗
)+χS(x

∗
)=f(x

∗
)holdsfor

everypositiveν.(Lowerboundontheoptimalvalue.)
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Thealgorithmanditsconvergenceproperties

�Assumethattheproblem(1)possessesoptimal

solutions.Then,everylimitpointofthesequence{x
∗

ν},

ν→+∞,ofgloballyoptimalsolutionsto(2)is

globallyoptimalintheproblem(1).

�Ofinterestforconvexproblems.Whataboutgeneral

problems?
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�Theorem13.4:Letf,gi(i=1,...,m),andhj

(j=1,...,`),becontinuouslydifferentiable.Further

assumethatthepenaltyfunctionψiscontinuously

differentiableandthatψ
′
(s)≥0foralls≥0.

Considerasequence{xk}ofstationarypointsin(2),

correspondingtoapositivesequenceofpenalty

parameters{νk}convergingto+∞.Assumethat

limk→+∞xk=x̂,andthattheLICQholdsatx̂.Then,

x̂isaKKT-pointfor(1).
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�FromtheproofwecanobtainestimatesofLagrange

multipliers:theoptimalityconditionsof(2)givesthat

µi≈νkψ
′
[max{0,gi(xk)}]andλj≈νkψ

′
[hj(xk)].
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Interiorpenaltymethods

�Incontrasttoexteriormethods,interiorpenalty,or

barrier,functionmethodsconstructapproximations

insidethesetSandsetabarrieragainstleavingit.

�Ifagloballyoptimalsolutionto(1)isontheboundary

ofthefeasibleregion,themethodgeneratesasequence

ofinteriorpointsthatconvergetoit.

�Weassumethatthefeasiblesethasthefollowingform:

S={x∈R
n
|gi(x)≤0,i=1,...,m}.

�Weneedtoassumethatthereexistsastrictlyfeasible

pointx̂∈R
n
,i.e.,suchthatgi(x̂)<0,i=1,...,m.
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�ApproximationofχS:

νχ̂S(x):=

{
ν
∑m

i=1φ[gi(x)],ifgi(x)<0,i=1,...,m,

+∞,otherwise,

whereφ:R−→R+isacontinuous,non-negative

functionsuchthatφ(sk)→∞forallnegative

sequences{sk}convergingtozero.

�Examples:φ1(s)=−s
−1

;φ2(s)=−log[min{1,−s}].

�Thefamousdifferentiablelogarithmicbarrierfunction

φ̃2(s)=−log(−s)givesrisetothesameconvergence

theory,ifwedropthenon-negativityrequirementonφ.
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Example

�ConsiderS={x∈R|−x≤0}.Choose

φ=φ1=−s
−1

.Graphofthebarrierfunctionνχ̂Sin

Figure1forvariousvaluesofν(notehowνχ̂S

convergestoχSasν↓0!):
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Figure1:Thegraphofνχ̂Sforvariouschoicesofν.Notetheloga-

rithmicscale.
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Algorithmanditsconvergence

�Penaltyproblem:

minimizef(x)+νχ̂S(x)(3)

�Convergenceofglobalsolutionsto(3)toglobally

optimalsolutionsto(1)straightforward.Resultfor

stationary(KKT)pointsmorepractical:
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�Theorem13.6:Letfandgi(i=1,...,m),be

continuouslydifferentiable.Furtherassumethatthe

barrierfunctionφiscontinuouslydifferentiableand

thatφ
′
(s)≥0foralls<0.

Considerasequence{xk}ofstationarypointsin(3)

correspondingtoapositivesequenceofpenalty

parameters{νk}convergingto0.Assumethat

limk→+∞xk=x̂,andthattheLICQholdsatx̂.Then,

x̂isaKKT-pointfor(1).

�Ifweuseφ(s)=φ1(s)=−1/s,thenφ
′
(s)=1/s

2
,and

thesequence{νk/g
2
i(xk)}convergestowardsthe

Lagrangemultiplierµ̂icorrespondingtotheconstraint

i(i=1,...,m).
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Interiorpoint(polynomial)methodforLP

�ConsiderthedualLPto

maximizeb
T
y,

subjectto

{
A

T
y+s=c,

s≥0
n
,

(4)

andthecorrespondingsystemofoptimalityconditions:




A
T
y+s=c,

Ax=b,

x≥0
n
,s≥0

n
,x

T
s=0.
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�Applyabarriermethodfor(4).Subproblem:

minimize−b
T
y−ν

n∑

j=1

log(sj)

subjecttoA
T
y+s=c.

�TheKKTconditionsforthisproblemis:




A
T
y+s=c,

Ax=b,

xjsj=ν,j=1,...,n.

(5)

�Perturbationinthecomplementaryconditions!
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�UsingaNewtonmethodforthesystem(5)yieldsa

veryeffectiveLPmethod.Ifthesystemissolved

exactlywetracethecentralpathtoanoptimal

solution,butpolynomialalgorithmsaregenerally

implementedsuchthatonlyoneNewtonstepistaken

foreachvalueofνkbeforeitisreduced.

�Apolynomialalgorithmfinds,intheoryatleast

(disregardingthefiniteprecisionofcomputer

arithmetic),anoptimalsolutionwithinanumberof

floating-pointoperationsthatarepolynomialinthe

dataoftheproblem.
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Sequentialquadraticprogramming(SQP)methods:

Afirstimage

�Westudytheequalityconstrainedproblemto

minimizef(x),(6a)

subjecttohj(x)=0,j=1,...,`,(6b)

wheref:R
n
7→Randhj:R

n
7→RareinC

1
onR

n
.
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�TheKKTconditionsstatethatatalocalminimumx
∗

offoverthefeasibleset,wherex
∗

satisfiessomeCQ,

thereexistsavectorλ
∗
∈R

`
with

∇xL(x
∗
,λ

∗
):=∇f(x

∗
)+

∑̀

j=1

λ
∗

j∇hj(x
∗
)=0

n
,

∇�L(x
∗
,λ

∗
):=h(x

∗
)=0

`
.

�AppealingtofindaKKTpointbydirectlyattacking

thissystemofnonlinearequations,whichhasn+`

unknownsaswellasequations.
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�Newton’smethod!Sosupposethatfandhj

(j=1,...,`)areinC
2

onR
n
.Supposewehavean

iterationpoint(xk,λk)∈R
n
×R

`
.

�Nextiterate(xk+1,λk+1):

(xk+1,λk+1)=(xk,λk)+(pk,vk),where

(pk,vk)∈R
n
×R

`
solvesthesecond-order

approximationofthestationarypointconditionforthe

Lagrangefunction:
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∇
2
L(xk,λk)

(
pk

vk

)
=−∇L(xk,λk),

thatis,
[
∇

2
xxL(xk,λk)h(xk)

h(xk)
T

0
m×m

](
pk

vk

)
=

(
−∇xL(xk,λk)

−h(xk)

)
.(7)

�Interpretation:theKKTsystemfortheQPproblemto

minimize
p

1

2
p

T
∇

2
xxL(xk,λk)p+∇xL(xk,λk)p,(8a)

subjecttohj(xk)+∇hj(xk)
T
p=0,j=1,...,`.

(8b)
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�Objective:second-orderapproximationoftheLagrange

functionwithrespecttox.Constraints:first-order

approximationsatxk.Thevectorvkappearingin(7)

isthevectorofLagrangemultipliersfortheconstraints

(8b).

�Unsatisfactory:(a)Convergenceisonlylocal.(b)The

algorithmrequiresstrongassumptionsaboutthe

problem.
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ApenaltyfunctionbasedSQPalgorithm

�Newproblem:

minimizef(x),(9a)

subjecttogi(x)≤0,i=1,...,m,(9b)

�Penaltyfunction:

P(x)=maximum{0,g1(x),...,gm(x)}.
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�Interestingconnectionbetweenpenaltyfunctionand

solutionsto(9):Proposition13.10:Supposethatx
∗

is

alocalminimumoffoverthefeasiblesetofthe

problem(9),whichsatisfiesthelinearindependenceCQ

(LICQ)andtogetherwithLagrangemultipliersµ
∗

satisfiestheKKTconditionsaswellasasecond-order

sufficiencycondition.Then,ifthevalueofcislarge

enoughsuchthat

c>
m∑

i=1

µ
∗

i,

thenthevectorx
∗

isastrictlocalminimumofthe

functionf+cP.
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�SQPmethodsarebasedonacombinationofamethod

forminimizingf+cPforsomeparameterc>0anda

methodforupdatingcinordertotrytoachievethe

(unknown)thresholdvaluestatedintheProposition.

Intheconvexcase,theresultwillbeagloballyoptimal

solution;inothercases,aKKTpoint.
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�Letcbegiven.Solvetheproblemto

minimize
(p,ξ)

∇f(x)
T
p+

1

2
p

T
Hkp+cξ,(10a)

subjecttogi(x)+∇gi(x)
T
p≤ξ,i=1,...,m,

(10b)

whereHk∈R
n
×nissymmetric,positivedefinite.

�Theresultingsearchdirectionpkisadirectionof

descentforf+cPatxk(Proposition13.11).Wethen

letxk+1=xk+αkpk,whereαkisdeterminedbyan

exactlinesearchortheArmijorule.
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�Occasionally,wefixξtozeroin(10);thisisamore

exactrepresentationofthesecond-orderapproximation

oftheoriginalproblem.Ifithasnosolution—goback

totherealproblem(10).Ifithasasolution,thenwe

updatethevalueofcasfollows:

c:=maximum

{
c,

m∑

i=1

µi+β

}
,

whereµiistheLagrangemultipliervalueforthe

constraintiintheproblem(10),andβissomepositive

scalar.

�ThesolverfminconisanSQPmethod.
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Numericalconsiderations

�Ill-conditioning:Penaltymethodsingeneralsufferfrom

ill-conditioning.Forsomeproblems,likeLP,the

ill-conditioningisavoidedthankstothespecial

structureofLP.

�ExactpenaltySQPmethodssufferlessfrom

ill-conditioning,andthenumberofQP:sneededcanbe

small.Theycan,however,costalotcomputationally.


