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Methodofchoice

Considertheunconstrainedoptimizationproblemto

minimize
x∈R

nf(x),(1)

wheref∈C
0

onR
n

(fiscontinuous).Mostly,weassumethat

f∈C
1

holds(fiscontinuouslydifferentiable),sometimesevenC
2
.

�Sizeoftheproblem(n)?

�Are∇f(x)and/or∇
2
f(x)available;towhatcost?

�Whatitisthegoal?(Global/localminimum,stationarypoint?)

�Whataretheconvexitypropertiesoff?

�Dowehaveagoodestimateofthelocationofastationarypoint

x
∗
?(Canweuselocally-onlyconvergentmethods?)
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Example:curvefittingbyleast-squares

�Supposewehavemdatapoints(ti,bi)believedtoberelatedas

x1+x2exp(x3ti)+x4exp(x5ti)=bi,i=1,...,m,

withunknownparametersx1,...,x5.(Here,exp(x)=e
x
.)The

bestdescriptionminimizesthetotal“residualerror,”givenby

thenormoftheresidual

fi(x):=bi−[x1+x2exp(x3ti)+x4exp(x5ti)],i=1,...,m.

�Resultingoptimizationproblem:

min
x∈R

5f(x):=
m∑

i=1

|fi(x)|
2
=

m∑

i=1

(bi−[x1+x2exp(x3ti)+x4exp(x5ti)])
2
.

�Veryoftensolvedproblemtypewithinnumericalanalysisand

mathematicalstatistics.
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Typicalalgorithm

Step0.Startingpoint:x0∈R
n
.Setk:=0.

Step1.Searchdirection:pk∈R
n
.

Step2.Steplength:αk>0suchthatf(xk+αkpk)<f(xk)holds.

Step3.Letxk+1:=xk+αkpk.

Step4.Terminationcriterion:Iffulfilled,thenstop!Otherwise,let

k:=k+1andgotostep1.
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Notes

�Thefigurewasplottedusingseveralthousandsoffunction

evaluations.

�Neverpossibleinreality!(Andtotalwasteoftime.)

�An“orienteeringmap”neverexists.

�Algorithmsareinherentlylocal,onlybasedoninfoatthecurrent

pointxk,thatis,f(xk),∇f(xk),and∇
2
f(xk).

�Possiblyalsoonpreviouspointspassed.

�Analgorithmisa“near-sightedmountainclimber”whentrying

toreachthesummit.

�Themountainclimberisinadeepfogandcanonlycheckher

barometerfortheheightandfeelthesteepnessoftheslopeunder

herfeet.
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Step1:Searchdirections.

�If∇f(x0)6=0
n
,thenp=−∇f(x0)isadescentdirectionforf

atx0.(Partofnecessaryconditionproof!)

�Thissteepestdescentdirectionsolvestheproblemto

minimize
p∈R

n
,‖p‖=1

∇f(x)
T
p.

�SupposeQ∈R
n×n

isasymmetric,positivedefinitematrix.

Thenp=−Q∇f(x0)isadescentdirectionforfatx0,because

∇f(x0)
T
p=−∇f(x0)

T
Q∇f(x0)<0,

duetothepositivedefinitenessofQ.

�Specialcase:Q=I
n

yieldsteepestdescent.

�Specialcase:Q
−1

=∇
2
f(x0),iftheHessianispositivedefinite.

ThisisNewton’smethod.
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Additionalrequirements

|∇f(xk)
T
pk|≥s1‖∇f(xk)‖

2
,and‖pk‖≤s2‖∇f(xk)‖,

or

−
∇f(xk)

T
pk

‖∇f(xk)‖·‖pk‖
≥s1,and‖pk‖≥s2‖∇f(xk)‖.

�Purpose:preventthedescentdirectionstodeteriorateinquality,

andpreventprematureconvergence.

�∇f(xk)
T
pkisthedirectionalderivativeoffatxkinthe

directionofpk.Makesureitstaysawayfromzero!

�Also,makesurethatpkstaysboundedandthatittendstozero

ifandonlyif∇f(xk)does.

�Theseconditionsholdfortheaboveexamples.
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Newton’smethod

�Steepestdescentismostoftennotaverygoodalgorithm.Why?

�Itfailstotakeintoaccountmorethaninformationabout∇f.

�Let

f(x+p)−f(x)≈ϕx(p)=∇f(x)
T
p+

1

2
p

T
∇

2
f(x)p.

Minimizebysettinggradientofϕx(p)tozero:

∇pϕx(p)=∇f(x)+∇
2
f(x)p=0

n
.

�n=1:f
′
(x)+f

′′
(x)p=0=⇒p=−f

′
(x)/f

′′
(x).

�Providesdescentiff
′′
(x)>0:f

′
(x)p=−[f

′
(x)]

2
/f

′′
(x)<0.

�CorrespondingstoryinR
n
:p=−[∇

2
f(x)]

−1
∇f(x),yields

descentatnon-stationarypointsif∇
2
f(x)ispositivedefinite!
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WhydowenotalwayschooseNewtondirections?

�Lackofpositivedefiniteness.∇
2
f(x)isnotpositivedefinite

(PD).Solution:adddiagonalmatrixsothattheresultisPD:

∇
2
f(x)+γI

n
forγ>0largeenough.

�Note:Ifvalueofγisverylarge=⇒∼steepestdescent.

�Name:Levenberg–Marquardt.

�Lackofenoughdifferentiability.Iff6∈C
2
,whatdowedo?

�n=1:thesecantmethod:

f
′′
(xk)≈

f
′
(xk)−f

′
(xk−1)

xk−xk−1

.

�n>1:quasi-Newton:chooseapproximatematrixBksothat

Bk(xk−xk−1)=∇f(xk)−∇f(xk−1),

andmorechoices(theabovedoesnotspecifytheentirematrix!).
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�Computationalburden.Itmaybetoomuchtoaskforto

solvealinearsystemmanytimeswhenn>1000orso;itis

enoughtodosomeworkonthelinearsystemandstillgeta

descentproperty.(Seenotesforanexample.)
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Step2:Linesearch

�Approximatelysolvetheone-dimensionalproblemto

minimize
α≥0

ϕ(α):=f(xk+αpk).

Itsoptimalityconditionsarethat

ϕ
′
(α

∗
)≥0,α

∗
·ϕ

′
(α

∗
)=0,α

∗
≥0,

thatis,

∇f(xk+α
∗
pk)

T
pk≥0,α

∗
·∇f(xk+α

∗
pk)

T
pk=0,α

∗
≥0,

holds.

�Ifα
∗
>0,thenϕ

′
(α

∗
)=0holds,hence∇f(xk+α

∗
pk)

T
pk=0.

�Thesearchdirectionpkisorthogonaltothegradientoffatthe

pointxk+α
∗
pk.



12

'

&

$

%

−5
−4

−3
−2

−1
0

1
2

3
4

5
−5

−4

−3

−2

−1

0

1

2

3

4

5 PSfragreplacements

α
∗

α
∗

α

pk

xk

ϕ(α)

Figure1:Alinesearchinadescentdirection.
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Approximatelinesearch

�Nopointsolvingtheone-dimensionalproblemexactly!Why?

Theoptimumtotheentireproblemlieselsewhere!

�Interpolation:Usef(xk),∇f(xk),∇f(xk)
T
pktomodela

quadraticfunctionapproximatingfalongpk.Minimizeitby

usingtheanalyticformulaforquadratics.

�Newton’smethod:Repeattheimprovementsgainedfroma

quadraticapproximation:α:=α−ϕ
′
(α)/ϕ

′′
(α).

�Goldensection:Derivative-freemethodthatshrinksaninterval

whereϕ
′
(α)=0lies.
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Armijorule

�Idea:quicklygenerateastepαwhichprovides“sufficient”

decreaseinf.Note:f(xk+αpk)≈f(xk)+α·∇f(xk)
T
pk,valid

forsmallvaluesofα>0.

�Requirement:wegetadecreaseinfwhichisatleastafraction

ofthatpredictedintheright-handsideabove.Letµ∈(0,1)be

thisfraction.Acceptablesteplengthsareα>0satisfying

ϕ(α)−ϕ(0)≤µαϕ
′
(0),(2a)

thatis,

f(xk+αpk)−f(xk)≤µα∇f(xk)pk.(2b)
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Figure2:Theinterval(R)acceptedbytheArmijosteplengthrule.
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Typicalconvergenceresult

�Supposethatf∈C
1
,andthatforthestartingpointx0itholds

thatthelevelsetlevf(f(x0))={x∈R
n
|f(x)≤f(x0)}is

bounded.ConsidertheiterativealgorithmdefinedonPage1,

withthefollowingchoicesforeachk:

–pksatisfiesthesecondsufficientdescentconditiononPage7;

–‖pk‖≤M,whereMissomepositiveconstant;and

–theArmijosteplengthruleisused.

Then,thesequence{xk}isbounded,thesequence{f(xk)}is

descending,lowerboundedandthereforeconverges,andevery

limitpointof{xk}isstationary.

�Forconvexfeverylimitpointisgloballyoptimal.
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Step4:Terminationcriteria

�Lessonnumberone:Cannotterminatebasedontheexact

optimalityconditions,because∇f(x)=0
n

exactlynever

happens!

�Unfortunatethatwemustcomparewithzero.Comparethe

lowerboundingideainChapter4.

�Therecommendationisthecombinationofthefollowing:

1.‖∇f(xk)‖≤ε1(1+|f(xk)|),ε1>0small;

2.f(xk−1)−f(xk)≤ε2(1+|f(xk)|),ε2>0small;and

3.‖xk−1−xk‖≤ε3(1+‖xk‖),ε3>0small.

�Why?Needtocovercasesofverysteepandveryflatfunctions.

�Mayneedtouse∞-norm:‖x‖∞:=max1≤j≤n|xj|,forlargen.
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�Problemwiththescalingoftheproblem:If

xk−1=(1.44453,0.00093,0.0000079)
T
,

xk=(1.44441,0.00012,0.0000011)
T
;

‖xk−1−xk‖∞=‖(0.00012,0.00081,0.0000068)
T
‖∞

=0.00081.

�Smallabsoluteerrorbutlargerelativeerror!

�Bettertoapplythealgorithmfromascaledproblemwhere

elementsofxhavesimilarmagnitude.
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WhyistheC
1

propertyimportant?

�SupposefisonlyinC
0
,notC

1
.Example:

f(x):=maximum
i∈{1,...,m}

{c
T
ix+bi},x∈R

n
.

�Thisisapiece-wiselinearandconvexfunction.

�Itisdifferentiablealmosteverywhere,butnotattheoptimal

solution!

�Ignoringnon-differentiabilitymayleadtotheconvergencetoa

non-optimalpoint.

�Convexfunctionsalwayshassubgradients,correspondingtoall

thepossibleslopesofthefunction.

�MoreonthesewhenlookingatLagrangianduality!
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Trustregionmethods

�Trustregionmethodsusequadraticmodels(asNewton).

�Avoidslinesearchesbyboundingthelengthofthesearch

direction,atthesametimeinfluencingitsdirection.

�Letψk(p):=f(xk)+∇f(xk)
T
p+

1

2p
T
∇

2
f(xk)p.

�Themodelψkistrustedinaneighbourhoodofxk:‖p‖≤∆k.

�Veryusefulwhen∇
2
f(xk)isnotpositivesemi-definite.

�Easytominimizeψk(p)subjectto‖p‖≤∆k.

�Idea:when∇
2
f(xk)isbadlyconditioned,thevalueof∆kshould

bekeptlow(moreofasteepestdescentmethod);if∇
2
f(xk)is

wellconditioned,∆kshouldbecomelargetoallowforunitsteps

(Newton!fastconvergence).

�If∆kissmallenough,f(xk+pk)<f(xk)holds.
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�Evenif∇f(xk)=0
n

holds,f(xk+pk)<f(xk)stillholds,if

∇
2
f(xk)isnotpositivedefinite.

�Progressfromstationarypointsifsaddlepointsorlocalmaxima.

�Robust,quitepopular.

�Updateoftrustregionsizebasedonameasureofsimilarity

betweenthemodelψkandf:Let

ρk=
f(xk)−f(xk+pk)

f(xk)−ψk(pk)
=

actualreduction

predictedreduction
.

Ifρk≤µletxk+1=xk(unsuccessfulstep),else

xk+1=xk+pk(successfulstep).
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Thevalueofµisupdatedinthefollowingmanner,dependingon

thevalueofρk:

µ<

pk≤µ=⇒∆k+1=
1

2∆k,

pk<η=⇒∆k+1=∆k,

pk≥η=⇒∆k+1=2∆k.
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Minimizingimplicitfunctions

�Commoninengineeringandnaturalscienceapplicationsthatf

isnotexplicitlygivenbutthroughasimulation:

x∈R
n

>Simulation>y∈R
m

�Wishistominimizeafunctionofbothxandy:f(x,y);findthe

vectorxthatgivesthebestresponseyforf.

�Theformoftheresponsey=y(x)fromtheinputxisnormally

unknown.

�Cannotdifferentiatex7→f(x,y(x)).

�Twodistinctpossibilities!
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�(1)Numericaldifferentiationoffbyusingadifferenceformula:

�Letei=(0,0,...,0,1,0,...,0)
T

betheunitvectorinR
n
.Then,

f(x+αei)=f(x)+αe
T
i∇f(x)+(α

2
/2)e

T
i∇

2
f(x)ei+...

=f(x)+α∂f(x)/∂xi+(α
2
/2)∂

2
f(x)/∂x

2
i+...

�So,forsmallα>0,

∂f(x)

∂xi

≈
f(x+αei)−f(x)

α
(forwarddifference)

∂f(x)

∂xi

≈
f(x+αei)−f(x−αei)

2α
(centraldifference)

�Valueofαtypicallysettoafunctionofthemachineprecision;if

toolarge,wegetabadapproximationofthepartialderivative,

whileatoosmallvaluemightresultinnumericalcancellation.

�mayworkwellifthesimulationisaccurate,otherwisebad

derivativeinformation.
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�(2)Derivative-freemethodsareavailable.(Notcounting

subgradientmethods,becausetheydemandftobeconvex!)

Eitherbuildsexplicitmodelsf̂oftheobjectivefunctionby

evaluatingfattestpoints,orevaluatesfatgridpointsthatare

movedaround,shrunkorexpanded.Names:Nelder–Mead,

Patternsearch.


