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The Relaxation Theorem /
e Problem: find
f* = infimum f(@), (1a)
subject to & € 5, (1b)

where f: R"™ — R given function, S C R".

e A relaxation to (1) is a problem of the following form: to find
fr = infimum fr(x), (2a)
T
subject to ¢ € Sg, (2b)

where fr:R" — R is a function with fr < f on S, and Sg O S.

\

\o Relaxation Theorem: (a) [relaxation] ff, < f*. /
(b) [infeasibility] If (2) is infeasible, then so is (1).

(c) [optimal relaxation] If the problem (2) has an optimal solution,
x},, for which it holds that

xR €S and  fr(zg) = f(zR), (3)
then x%; is an optimal solution to (1) as well.
e Proof portion. For (c), note that
f(@R) = fr(zk) < fr(z) < f(®), xES

e Applications: Frank—Wolfe algorithm (linearizing f yields lower
bounds on f*, see Chapter 12); exterior penalty methods yield
lower bounds on f* (see Chapter 13); Lagrangian relaxation
yields lower bound on f* (this chapter!).

N /

Lagrangian relaxation J

e Consider the optimization problem to find

f* = infimum f(x), (4a)
subject to x € X, (4b)
gi(xz) <0, i=1,...,m, (4c)

where f: R" — R and g; : R* — R (i =1,2,...,m) are given
functions, and X C R”.

e For this problem, we assume that
—o0 < f* < oo, (5)

that is, that f is bounded from below and that the problem has
at least one feasible solution.




\ e For a vector p € R™, we define the Lagrange function /

L(z,p) = f(®)+ ) pgi(@) = f(x) + n"g(x). (6)
=1

1=

e We call the vector u* € R™ a Lagrange multiplier if it is
non-negative and if f* = infyex L(x, u*) holds.
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Lagrange multipliers and global optima /

Let u* be a Lagrange multiplier. Then, x* is an optimal solution
to (4) if and only if «* is feasible in (4) and
S mamgww L(x, u"), and wigi(x*)=0, i=1,...,m.
(IS

(7)
Notice the resemblance to the KKT conditions! If X = R"™ and
all functions are in C! then “z* € argmingex L(zx, u*)” is the
same as the force equilibrium condition, the first row of the KKT

conditions. The second item, “u}g;(x*) = 0 for all ¢’ is the

complementarity conditions.

Seems to imply that there is a hidden convexity assumption here.

\

Yes, there is. We prove a Strong Duality Theorem later.

\ The Lagrangian dual problem associated with ﬁrm/
Lagrangian relaxation

o Let

¢(p) := infimum L(z, p) (8)

be the Lagrangian dual function, defined by the infimum value of
the Lagrange function over X.

e The Lagrangian dual problem is to

maximize g(p), (9a)
m

subject to p > 0™. (9b)

For some p, g(p) = —oc is possible; if this is true for all > 0™,

*

¢* := supremum q(p)
n>om

K equals —o0. K

N

The effective domain of ¢ is Dy :={ p € R™| ¢(p) > —o0 }. J
The effective domain D, of q is convex, and q is concave on D,.
Proof. Let € € R™, u,p € R™, and « € [0,1]. We have that

L(x,ap+ (1 - a)p) = aL(z,p) + (1 — a)L(z, p).
Take the inf over & € X on both sides; then,

inf L(xz,ap+ (1 —a)p) = inf {aL(z,pn)+ (1 —a)L(xz, )}

zeX rzeX
o . B _
2 inf aL(z,p)+ inf (1-a)l(z, A)
=a inf L(z,pu)+(1-a) nf Lz, p),

since a € [0,1], and “sum of inf” may be smaller than “inf of
sum.” Hence,

glap+ (1 —a)pn) = aq(p) + (1 — a)q(p).

/




\ This inequality has two implications: if p and & belong to Dy,
then so does ap + (1 — a)f, so D, is convex, and further, ¢ is
concave on D. O

e That the Lagrangian dual problem always is convex (we indeed
maximize a concave function!) is very good news!
e But we need still to show how a Lagrangian dual optimal

solution can be used to generate a primal optimal solution.

N /

Weak Duality Theorem /
e Let  and p be feasible in (4) and (9), respectively. Then,
a(p) < f(=).
In particular,
¢ <[

holds.
If g(pu) = f(x), then the pair (x, p) is optimal in its respective
problem.

Proof. For all g > 0™ and & € X with g(x) < 0™,

¢(p) = infimum L(z, p) < f(z) + pg(z) < f(=),

SO

¢" = supremum ¢(p) < infimum f(x) = f*.

n>0m zeX:g(z)<0™ K

\ e Weak duality is also a consequence of the Relaxation Theorem: /
For any p > 0™, let

S:=XnN{xecR"|g(x)<0™}, (10a)
Sp =X, (10b)
fr = L(p,). (10c)

Apply the Relaxation Theorem.
o If ¢* = f*, we say that there is no duality gap. If there exists a

Lagrange multiplier vector, then by the weak duality theorem,
this implies that there is no duality gap. The converse is not true
in general: there may be cases where no Lagrange multiplier
exists even when there is no duality gap; in that case though, the

Lagrangian dual problem cannot have an optimal solution.

N /
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On the statement of the problem (4) J

There are several ways in which the problem can be defined.

Constraints can be placed within the definition of the ground set
X (kept intact), or within the explicit constraints defined by the
functions g; (Lagrangian relaxed).

How to distinguish between the two, that is, how to decide
whether a constraint should be kept or be Lagrangian relaxed,
depends on several factors.

Keeping more constraints within X may result in a smaller
duality gap, and with fewer multipliers also result in a simpler
Lagrangian dual problem.

On the other hand, the Lagrangian subproblem defining the dual
function then becomes more complex and difficult to solve.

There are few rules to follow: experiment and experience! K
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\ Global optimality conditions / \o Proof. Suppose that (11) is satisfied. We apply the Relaxation /
. . . . Theorem as follows. Consider the identification in (10), with
e The following system characterizes every optimal primal and .
. . . . pu=p*>0" and xr = x*. Note these equivalences:
dual solution. It is applicable only in the presence of Lagrange . . . . .
L. . . . . 1. The relaxed solution, x g, is a Lagrangian optimal solution.
multipliers; in other words, the system (11) is consistent if and . . Do
. ) o ) (Lagrangian optimality is fulfilled.)
only if there exists a Lagrange multiplier but no duality gap. ) Lo )
) . ) . . 2. That g € S means that it is feasible in the primal problem.
e The vector AS*.“ t.J N‘m a pair of A.%EE& primal solution and (Primal feasibility is fulfilled.)
Lagrange multiplier if and only if 3. That f* = f} means that (u*)Tg(z*) = 0. (Complementary
pt>0om, (Dual feasibility) (11a) slackness is fulfilled.)
z* € arg min Lz, u*), (Lagrangian optimality) (11b) So, if (11) is satisfied, then the vector (x*, u*) is a pair of
zeX optimal primal solution and Lagrange multiplier.
z'e X, g(x')<0™, (Primal feasibility) (11c) Conversely, if (z*, p*) is a pair of optimal primal solution and
wigi(x®*)=0, i=1,...,m. (Complementary slackness) (11d) Lagrange multiplier, then they are particularly primal and dual
feasible, respectively. The last two equations in (11) then follow
/ \ / from the previous theorem on global optima. _H_K
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Saddle points /

e The vector (x*, u*) is a pair of optimal primal solution and
Lagrange multiplier if and only if * € X, u* > 0™, and (x*, u*)
is a saddle point of the Lagrangian function on X x R, that is,

L(z® p) < L(x*, p") < L(w,p"),  (z,p) € X xRY,  (12)

holds.

\ Strong duality for convex programs, Eﬁwo&coﬂo:J

e Results so far have been rather non-technical to achieve:
convexity of the dual problem comes with very few assumptions
on the original, primal problem, and the characterization of the
primal—dual set of optimal solutions is simple and also quite
easily established.

e In order to establish strong duality, that is, to establish sufficient
conditions under which there is no duality gap, however takes
much more.

e In particular, as is the case with the KKT conditions we need
regularity conditions (that is, constraint qualifications), and we

also need to utilize separation theorems.

- /
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Strong duality Theorem
Consider the problem (4), where f : R” — R and g;
(i=1,...,m) are convex functions and X C R" is a convex set.

For this problem, we introduce the following Slater condition:

Jz € X with g(x) < 0™. (13)

Suppose that (5) and Slater’s CQ (13) hold for the (convex)
problem (4).

(a) There is no duality gap and there exists at least one Lagrange
multiplier pu*. Moreover, the set of Lagrange multipliers is
bounded and convex.

(b) If the infimum in (4) is attained at some x*, then the pair
(x*, p*) satisfies the global optimality conditions (11).

\
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(c) If the functions f and g; are in C' then the condition (11b) /
can be written as a variational inequality. If further X is open

(for example, X = R") then the conditions (11) are the same as
the KKT conditions.

e Similar statements for the case of also having linear equality

constraints.
e If all constraints are linear we can remove the Slater condition.

e If f is linear then we can state the following: If both the primal
and dual problems have feasible solutions, then they both have
optimal solutions, and their optimal values are the same. We will
prove this elegantly in the LP chapters!

\
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What is the dual of an LP problem?

Consider the linear program to

minimize c’x, (14a)

x
subject to Az = b, (14b)
x> 0", (14c)

where A is an m x n matrix and ¢ (respectively, b) is an n-vector
(respectively, m-vector). If we let X := R, then the Lagrangian

dual problem is to

maximize b* A, (15a)
XER™
subject to ATA < c. (15b)

/
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¢(A) := infimum

~

= @Hvﬁismwwcg (c—A™XN) Tz,

e The reason why we can write it in this form is that

ﬁnee + AT (b - K»HVW

x>0"

so that
biA,
q(A) =

—0Q,

it ATAx<e,
otherwise.

e More: A unrestricted, because we can write Ax = b as
Ax < b; —Axz < —b. Introduce p* and p~. Lagrange function:
cTe+ (ut — pu)T(b— Azx). Substitute A = pt — pu~.

e If both the primal and dual problems have feasible solutions,
then they both have optimal solutions, satisfying strong duality

e More about dual problems in the LP chapters!

(cTx* = bTA").
K
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\ Examples, I: An explicit, differentiable dual /
problem

e Consider the problem to
EEWEN@ f(x) == 22 + 22,
subject to x1 + z2 > 4,
x; >0, j=12.

e We consider the first constraint to be the complicated one, and
hence define g(x) := —x1 — 22 + 4 and let
X HHAAHH“&MV _ T N OV .w = HVMW

N /
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\ e The Lagrangian dual function is /

¢(p) = minimum L(w, u) := f(@) — pla1 + 22 — 4)

= 4y + minimum {z? + 23 — px; — pre}
zeX

= 4y + minimum {z? — pz;} + minimum {z3 — pzs}, p > 0.
120 z2>0

e For a fixed p > 0, the minimum is attained at
21 (p) = §,22(p) = 5.

e Substituting this expression into g(u), we obtain that
2

q(p) = f((p) = p@1(p) + w2 (p) —4) = 4p — 5.

e Note that ¢ is strictly concave, and it is differentiable everywhere
(due to the fact that f, g are differentiable and x() is unique).

e We then have that Vg(u) =4 —p=0<=p=4. Aspu=4>0,
it is the optimum in the dual problem!

/ pr=dixt = (o (1), 22 ()" = (2,2)T. \

21

\. Also: f(x") = q(u*) = 8. /

e This is an example where the dual function is differentiable. In
this particular case, the optimum «* is also unique, and is

automatically given by x* = x(u).

22

\ Examples, II: An implicit, non-differentiable Q:.&J
problem

e Consider the linear programming problem to
minimize f(x):= —x1 — xa,
T
subject to 2z1 + 229 < 3,
0 m T m MQ
0<axy <1.

e The optimal solution is * = (3/2,0)T, f(z*) = —3/2.

- /
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\o Consider Lagrangian relaxing the first constraint, obtaining / \o Primal feasibility means that 2-2a+2-0< 3 < « < 3/4. /
L(xz,p) = —x1 — 22 + p(221 + 422 — 3); e Further, complementarity means that
q(p) = —3u+ meamwﬂ {(-14+2u)z1} + BWMWEACHB {(=1+4p)z2} w* - (205 4+ 4z — 3) = 0 <= a = 3/4, since p* # 0. We conclude
=i 0= that the only primal vector  that satisfies the system (11)
=345u, 0<pu<1/4, together with the dual optimal solution p* = 1/2 is
=9 =24 p, 1/4<pu<1/2, x* = (3/2,0)T.
—3p, 1/2<p. e Observe finally that f* = ¢*.
e We have that pu* = 1/2, and hence ¢(u*) = —3/2. For linear
programs, we have strong duality, but how do we obtain the
optimal primal solution from p*? ¢ is non-differentiable at p*.
We utilize the characterization given in (11).
e First, at p*, it is clear that X (u*) is the set { Am%v [0<a<1}
Among the subproblem solutions, we next have to find one that
/ is primal feasible as well as complementary. \ / K
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\ *Subgradients of convex functions / \ *Differentiability of the Lagrangian dual ?:QQOBHJ

e Let f:R™ +— R be a convex function. We say that a vector
p € R" is a subgradient of f at & € R™ if

fly) = f()+p(y—z), yeR" (16)
e The set of such vectors p defines the subdifferential of f at x,
and is denoted Jf(x).
e This set is the collection of “slopes” of the function f at .

e For every x € R™, df(x) is a non-empty, convex, and compact
set.

e The convex function f is differentiable at « exactly when there
exists one and only one subgradient of f at x, which then is the
gradient of f at x, V f(x).

N /

Introduction

e Consider the problem (4), under the assumption that
fyg: (i=1,...,m) are continuous; X is nonempty and compact. (17)
e Then, the set of solutions to the Lagrangian subproblem,

X (p) := argminimum L(x, ), pEeER™, (18)

zeX
is non-empty and compact for every u.

e We develop the sub-differentiability properties of the function q.

- /
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\ *Subgradients and gradients of ¢ / \o Let p € R™. Then, dq(p) = conv{g(z) | x € X(p) }. /
e Suppose that, in the problem (4), (17) holds. e Let p € R™. The dual function q is differentiable at p if and only
if X is a singl set, that is, if the value of th
e The dual function q is finite, continuous and concave on R™. If if{g(z) @< Atv bis m.mEm.@n.o: vm.? that is, it the value o .H ¢
. . . . . vector of constraint functions is invariant over the set of solutions
its supremum over R’ is attained, then the optimal solution set x to the L o subprobl Th A that
therefore is closed and convex. () to the Lagrangian subproblem. en, we qave taa
e Let p € R™. Ifx € X (), then g(x) is a subgradient to q at p, Va(p) = g(z),
that is, g(x) € 9q(p). for every € X ().
_ m .
* Proof. Let pu € R™ be arbitrary. We have that e This result holds in particular if the Lagrangian subproblem has
q(p) = Emambuwa Ly, ) < f(x) + be,ﬁev a unique solution, that is, X (u) is a singleton set. In particular,
Y - - - this property is satisfied if further X is a convex set, f is strictly
=flx)+(p—p) gl@)+p g@) =qp) +(p—p) g, convex on X, and g; (i =1,...,m) are convex, in which case q is
il
which implies that g(x) € dq(p). O even in C. O
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*A subgradient method for the dual problem /

Subgradient methods extend gradient projection methods from
the C* to general convex (or, concave) functions, generating a
sequence of dual vectors in R’ using a single subgradient in each
iteration.

The simplest type of iteration has the form

Piy1 = Projem [y + argy] (19a)
= [py, + kgl + (19Db)
= (maximum {0, (k)i + ak(gp)i} )iz, (19¢)

where g;, € 0g(py,) is arbitrarily chosen.

We often use g;, = g(xk), where x;, € argminimumgex L(x, ).

/

Main difference to C! case: an arbitrary subgradient g, may boy
be an ascent direction!

Cannot do line searches; must use predetermined step lengths ay.

Suppose that p € R is not optimal in (9). Then, for every
optimal solution p* € U* in (9),

[Bsr = 17l <l = 7]l
holds for every step length «y, in the interval

ar € (0,2[q" — q(p)]/11gkl?)- (20)

Good news: If the step length is small enough we get closer to

every optimal solution!

/




Polyak step length rule: /

o <an <20 —am)l/lgil? -0, k=12... (21)
o > 0 makes sure that we do not allow the step lengths to
converge to zero or a too large value.
Bad news: Utilizes the knowledge of the optimal value ¢*!

Exists also other step length rules:

ap >0, k=1,2,..., lim ay = 0;

k—o0

WuQm = +o00. (22)
s=1

Called the divergent series step length rule. Additional condition
often added:

> a? < +oo. (23)
s=1

\
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\o Suppose that the problem (4) is feasible, and that (17) and ﬁmv/

\

hold.

e (a) Let {u,} be generated by the method (19), under the Polyak
step length rule (21), where o is a small positive number. Then,

{p} converges to an optimal solution to (9).

e (b) Let {p,} be generated by the method (19), under the
divergent step length rule (22). Then, {q(p:)} — ¢*, and
{disty«(py,)} — 0.

e (c) Let {p,} be generated by the method (19), under the
divergent step length rule (22), (23). Then, {u,} converges to an
optimal solution to (9). O

\
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