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Exam instructions

When you answer the questions

Use generally valid theory and methods.
State your methodology carefully.

Only write on one page of each sheet. Do not use a red pen.
Do not answer more than one question per page.

At the end of the exam

Sort your solutions by the order of the questions.
Mark on the cover the questions you have answered.
Count the number of sheets you hand in and fill in the number on the cover.
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Question 1
(the Simplex method)

Consider the following linear program:

minimize 2z = x1 +axry + x3,
subject to r1 +2xy — 223 < 0,
—I +x3 < -1,
r1, T2, x3> 0.

(2p) a) Solve this problem for & = —1 by using phase I and phase II of the simplex
method.

[Aid: Utilize the identity

a b\ 1 d —b
c d ad—be \—c a

for producing basis inverses.]

(1p) b) Which values of «a leads to an unbounded dual problem? Motivate without
additional calculations!

(3p) Question 2
(necessary local and sufficient global optimality conditions)

Consider an optimization problem of the following general form:

minimize f(x), (1a)
subject to x € S, (1b)
where S C R" is nonempty, closed and convex, and f : R" — RU {+o0} is in C!

on S.

Establish the following two results on the local/global optimality of a vector
x* € S in this problem.

PROPOSITION 1 (necessary optimality conditions, C'! case) If * € S is a local
minimum of f over S then

Vi) (x—x*) >0, xelsS (2)
holds.
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THEOREM 2 (necessary and sufficient global optimality conditions, C'! case) Sup-
pose that f : R" — R is convex on S. Then,

x” is a global minimum of f over S <= (2) holds.

Question 3
(Newton's method revisited)
Consider the unconstrained optimization problem to

minimize f(x),
subject to x € R",

where f:R" — R is in C! on R".

Notice that we may not have access to second derivatives of f at every point of
R"™. “Newton’s method” referred to below should be understood as follows: in
each iteration step, one solves the Newton equation, followed by a line search
with respect to f in the direction obtained.

a) Explain in some detail how Newton’s method can be extended to the above
problem.

b) Suppose now that f € C? on R™. Explain why Newton’s method must be
modified when the Hessian matrix is not guaranteed to be positive definite.
Also, provide at least one such modification.

Question 4
(modelling)

You are responsible for the planning of a soccer tournament where all 14 teams
in the Swedish national league will participate. The teams shall be put into two
groups of 7 each, in which all teams will play each other once. The winners of
the two groups will then play a final. The decision to make is which teams will
play in which group. The objective is to minimize the total expected travelling
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distance. The distances between the home towns of two teams ¢ and j are given
by the constants d;;(= d;;), i,j € {1,...,14}. The constants p;, i € {1,...,14},
represent the number of points team ¢ took in the national league last year.
Assume that the teams are sorted so that the team with the highest point is
represented by ¢ = 1, the team with second highest point by ¢ = 2, and so on.
The chance of a team ¢ winning its group is assumed to be the ratio between p;
and the sum of the p;’s in its group. You are not allowed to put the two teams
with the highest p;’s (team 1 and team 2) in the same group. Neither are you
allowed to arrange the groups so that the difference between the sum of points of
the teams in one group compared to the sum of points of the teams in the other
group exceeds 15% of the total number of points. All games are played at the
home ground of one of the two participating teams; which one is not important
since dij = dﬂ

Your task is to model this problem as a nonlinear (integer) program. All functions
defined have to be differentiable and explicit!

Figure 1: The 14 teams shall be put into two groups of 7 each.

[Note: Optimization problems of this type have been used, e.g., for the planning
of college baseball series in the US.]
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Question 5
(interior penalty methods)

Consider the problem to

minimize f(x) = (21 — 2)* + (z1 — 222)?,

subject to g(x) := 2% — 25 < 0.

We attack this problem with an interior penalty (barrier) method, using the
barrier function ¢(s) = —s~!. The penalty problem is to

mini%lize flx) +vxs(x), (1)
zeR™

where xgs(x) = ¢(g(x)), for a sequence of positive, decreasing values of the
penalty parameter v.

We repeat a general convergence result for the interior penalty method below.

THEOREM 3 (convergence of an interior point algorithm) Let the objective func-
tion f : R® — R and the functions g;, i1 = 1,...,m, defining the inequality
constraints be in C'(R™). Further assume that the barrier function ¢ : R — R
is in C' and that ¢'(s) > 0 for all s < 0.

Consider a sequence {xy} of points that are stationary for the sequence of prob-
lems (1) with v = vy, for some positive sequence of penalty parameters {vy}
converging to 0. Assume that limg_,, . = &, and that LICQ holds at .
Then, @ is a KK'T point of the problem at hand.

In other words,

xy stationary in (1)
Ty — & as k — 400 p = & stationary in our problem.
LICQ holds at @

a) Does the above theorem apply to the problem at hand and the selection of
the penalty function?

b) Implementing the above-mentioned procedure, the first value of the penalty
parameter was set to vg = 10, which is then divided by ten in each iteration,
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and the initial problem (1) was solved from the strictly feasible point (0,1)™.
The algorithm terminated after six iterations with the following results:
x ~ (0.94389,0.89635)T, and the multiplier estimate (given by v¢’ (g(xs)))
jtg = 3.385. Confirm that the vector xg is close to being a KKT point. Is
it also near-globally optimal? Why/Why not?

Question 6
(linear programming)
Consider the linear program

z(b) := maximum 2z; + 3x5 + 3,
subject to T1 — Tg + 223

4.771 -+ 2%2 — X3

IV INA A
=

Xy, T2,T3

(1p) a) For b = 2 its optimal dual solution is claimed to be y = (5/3,7/3)T.
Examine in a suitable way whether this is correct. (Here, it is not suitable
to first solve the linear program or its corresponding LP dual problem!)

(1p) b) Use linear programming duality to determine the value of z(b) for each
b > 0 and give a principal graphical description of the function z(b). Which
are its most important mathematical properties?

(1p) c) Find, for each b > 0 the marginal value of an increase of the right-hand
side of the second constraint, that is, find for each b > 0 the value of the

right derivative of the function z(b). Which marginal value is acheived for
b=27
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Question 7
(Lagrangian duality)
Consider the following linear programming problem:
minimize 2z = Ta, (1)
subject to T < g, (2)
221 + 31 > 6, (3)
x1, w9 >0. (4)

We will attack this problem by using Lagrangian duality.

a)

b)

Consider Lagrangian relaxing the complicating constraint (3). Write down
explicitly the resulting Lagrangian subproblem of minimizing the Lagrange
function over the remaining constraints. By varying the multiplier, con-
struct an explicit formula for the Lagrangian dual function. Plot the
dual function against the (only) dual variable, and state explicitly the La-
grangian dual problem.

Pick three primal feasible vectors and evaluate their respective objective
values. Pick also three dual feasible values and evaluate their respective
objective values. Using these six numbers, provide an interval wherein the
optimal value of both the primal and dual problem must lie, and thereby
also illustrate the Weak Duality Theorem.

Solve the Lagrangian dual problem from a). By using the primal-dual
optimality conditions from Chapter 6, generate the (unique) optimal primal
solution to the problem given above. Verify the Strong Duality Theorem.

Good luck!



