Chalmers/GU Mathematics

EXAM

TMA947/MAN280 OPTIMIZATION, BASIC COURSE

Date: 07–12–17 Time: House V, morning Aids: Text memory-less calculator, English–Swedish dictionary Number of questions: 7; passed on one question requires 2 points of 3. Questions are not numbered by difficulty. To pass requires 10 points and three passed questions.

Examiner: Michael Patriksson Teacher on duty: Adam Wojciechowski (0762-721860)

Result announced: 08–01–08 Short answers are also given at the end of the exam on the notice board for optimization in the MV building.

Exam instructions

When you answer the questions

Use generally valid theory and methods.

State your methodology carefully.

Only write on one page of each sheet. Do not use a red pen.

Do not answer more than one question per page.

At the end of the exam

Sort your solutions by the order of the questions. Mark on the cover the questions you have answered.

Count the number of sheets you hand in and fill in the number on the cover.

EXAM TMA947/MAN280 — OPTIMIZATION, BASIC COURSE 1

Question 1

(The Simplex method)

Consider the following linear program:

minimize z = 2x_1 subject to x_1 −x_3 = 3, x_1 −x_2 −2x_4 = 1, 2x_1 +x_4 ≤ 7, x_1, x_2, x_3, x_4 ≥ 0.

a) Solve this problem by using phase I and phase II of the Simplex method.

(2p) Aid: Some matrix inverses that might come in handy are

1 1 0 0 1 0 0 2 1 −1 = 1 −1 0 0 1 0 0 −2 1 , 0 1 0 −2 1 0 1 2 1 −1 = 0.5 −0.5 0 1 0 0 −2.5 0.5 1 ,

1 1 0 0 1 −2 0 2 1 −1 = 1 −0.2 −0.4 0 0.2 0.4 0 −0.4 0.2 , 0 1 0 −1 1 0 0 2 1 −1 = 1 −1 0 1 0 0 −2 0 1 ,

0 1 0 −1 1 −2 0 2 1 −1 = 5 −1 −2 1 0 0 −2 0 1 .

b) If a primal LP is infeasible, what can you say about its LP dual?

(1p)

Question 2

(3p)

(the KKT conditions)

Consider the problem to find

f^∗ := infimum_x f(x),

subject to g_i(x) ≤ 0, i = 1, . . . , m,

where f : R^n → R and g_i : R^n → R, i = 1, 2, . . . , m, are given differentiable functions.

EXAM TMA947/MAN280 — OPTIMIZATION, BASIC COURSE 2

a) State the KKT conditions regarding locally optimal solutions to this prob-

(1p) lem.

b) Assume that there are two locally optimal solutions, x^1 and x^2, to the

(1p) problem at hand. Suppose that the feasible set at x^1 satisfies the linear independence constraint qualification (LICQ). Does the vector x^1 satisfy the KKT conditions? Does the vector x^2 satisfy the KKT conditions?

c) Assume instead that there are two vectors, x^1 and x^2, both satisfying the

(1p) KKT conditions. Assume also that these are the only KKT points. Suppose that the feasible set, at x^1, satisfies the linear independence constraint qualification (LICQ). Further, assume that there exists at least one locally optimal solution to the given problem. In terms of local or global optimality, what can be said about the vectors x^1 and x^2?

Question 3

(short questions on different topics)

a) Motivate whether the polyhedron in R^5 described by the system

(1p)

x_1+ 2x_2− x_3− 2x_4+ 4x_5 = 0, 2x_1− x_2+ 2x_3+ 3x_4+ x_5 = 4, x_1 , x_2 , x_3 , x_4 , x_5 ≥ 0,

has or has not an extreme point in (1, 0, 1, 0, 0)^T.

b) Consider the unconstrained minimization of a C^2 function f : R^n → R.

(1p) Suppose that, at x_k, ∇f(x_k) ≠ 0^n. In the Levenberg–Marquardt modification of Newton’s method, the Newton equation for determining the search direction p_k, ∇^2f(x_k)p_k = −∇f(x_k),

is modified, whenever necessary, such that a multiple γ_k > 0 of the unit matrix is added to the Hessian in order to make the (modified) Newton equation uniqely solvable. Show that this modification of the search direction always yields a descent direction.

EXAM TMA947/MAN280 — OPTIMIZATION, BASIC COURSE 3

c) Consider the problem to

(1p)

minimize f(x), subject to g_i(x) = 0, i = 1, . . . , m, x ∈ X,

where f and g_i, i = 1, . . . , m are convex functions and where X ⊆ R^n is a convex set. Is it true that each local minimum also is a global minimum? If so, motivate carefully. If not, present a counterexample.

Question 4

(3p)

(the separation theorem)

Given a closed and convex set C ⊂ R^n and a vector y ∈ R^n that does not belong to C, the separation theorem states a result on the existence of a separating hyperplane. State the separation theorem precisely, and establish its correctness with a proof.

Question 5

(LP duality and derivatives)

Consider the LP problem to find

v(b) := minimum

x ∈R^n

c^Tx, subject to Ax = b, (1) x ≥ 0^n,

where c ∈ R^n, A ∈ R^{m×n}, and b ∈ R^m.

a) Establish that the function v is convex.

(1p)

b) Suppose that locally around the vector b, v is finite; that is, suppose that the

(2p) LP problem (1) has finite optimal solutions for all right-hand side vectors close to b. Suppose, further, that for the given value of b, y^∗ ∈ R^m is an optimal solution to the corresponding LP dual problem. Prove that y^∗ is a subgradient of v at b. In particular, supposing that y^∗ is the unique optimal solution, establish that then v is differentiable at b, and ∇v(b) = y^∗.

EXAM TMA947/MAN280 — OPTIMIZATION, BASIC COURSE 4

Question 6

(3p)

(modelling)

Load balancing is a technique used to spread work between computers in order to get optimal resource utilization and decrease computing time.

You are about to numerically solve a partial differential equation, which has been discretized on a computational mesh, consisting of n elements. The amount of work should be distributed among a set of computers. In more detail, the elements of the computational mesh need to be assigned to the different computers. The amount of work per element is η flops (floating point operations). Obviously, an element can only be assigned to one computer.

To construct the final solution, the computers need to communicate with each other. The amount of work for communication depends on the boundary between the elements of the different computers. For each edge between two elements assigned to two different computers, the amount of work is ρ flops for each of the two computers. The communication between the computers can only be done after all have completed the work on the elements. This means that if one computer finishes early with the elements, it has to wait for the others.

For the sake of simplicity, assume that you only have two computers. Both can do ν flops per second. You have access to a list of all elements in the mesh,

EXAM TMA947/MAN280 — OPTIMIZATION, BASIC COURSE 5

as well as a list of all m edges between elements. For example, the list can be represented by a m-by-2 matrix E, where each row of E contains two indices to elements sharing an edge.

Your job is to formulate an optimization problem which assigns the elements to the two computers, so that you minimize the computing time (this includes both the work on the elements and the communication work). Your optimization problem can contain continuous, integer or binary variables, but the constraints and the objective function must be linear.

Question 7

(3p)

(Lagrangian Duality) By studying the non-linear program to

minimize z = n∑ i=1 x^2_i ,

subject to n∑ i=1 x_i = b,

where b > 0, use Lagrangian duality theory to derive the (special case of the Cauchy-Schwarz) inequality

n n∑ i=1 x^2_i ≥

(_n ∑ i=1 x_i

)_2 . Show also that equality holds if and only if x_1 = x_2 = . . . = x_n.

Good luck!