
EXERCISE 9-10: LINEAR PROGRAMMING DUALITYNICLAS ANDR�EASSONRules for the 
onstru
tion of the LP dual problemprimal/dual 
onstraint dual/primal variable
anoni
al inequality () � 0non-
anoni
al inequality () � 0equality () unrestri
tedExer
ise 1 (
onstru
ting the LP dual). Consider the linear programmaximize z = 6x1 �3x2�2x3+5x4subje
t to 4x1 +3x2�8x3+7x4 = 11; (1)3x1 +2x2+7x3+6x4 � 23; (2)7x1 +4x2+3x3+2x4 � 12; (3)x1; x2 � 0;x3 � 0;x4 free:Constru
t the linear programming dual.Exer
ise 2 (
onstru
ting the LP dual). Consider the linear programminimize z = 
Txsubje
t to Ax = b;l � x � u:(a) Constru
t the linear programming dual.(b) Show that the dual problem is always feasible (independent of A, b, l, andu).Exer
ise 3 (
onstru
ting an optimal dual solution from an optimal BFS). Considerthe linear program in standard formminimize z = 
Tx (P)subje
t to Ax = b;x � 0n:Date: February 22, 2005. 1



2 EXERCISE 9-10: LINEAR PROGRAMMING DUALITYAssume that an optimal BFS, x� = (xTB ;xTN )T, is given by the partition A =(B;N). Show that y = (B�1)T
Bis an optimal solution to the LP dual problem.Exer
ise 4 (appli
ation of the Weak and Strong Duality Theorems). Consider thelinear program minimize z = 
Tx (P)subje
t to Ax = b;x � 0n;and the perturbed problem tominimize z = 
Tx (P')subje
t to Ax = ~b;x � 0n:Show that if (P) has an optimal solution, then the perturbed problem (P') 
annotbe unbounded (independent of ~b).Exer
ise 5 (appli
ation of the Weak and Strong Duality Theorems). Consider thelinear program minimize z = 
Tx (P)subje
t to Ax � b:Assume that the obje
tive fun
tion ve
tor 
 
annot be written as a linear 
ombi-nation of the rows of A. Show that (P) 
annot have an optimal solution.Exer
ise 6 (appli
ation of the Weak and Strong Duality Theorems). Consider thelinear program minimize z = 
Tx (P)subje
t to Ax � b;x � 0n:Constru
t a polyhedron that equals the set of optimal solutions to (P).Exer
ise 7 (appli
ation of the Weak and Strong Duality Theorems). Consider thelinear program minimize z = 
Tx (P)subje
t to Ax � b;x � 0n:Let x� be an optimal solution to (P) with the optimal obje
tive fun
tion value z�,and let y� be an optimal solution to the LP dual of (P). Show thatz� = (y�)TAx�:



EXERCISE 9-10: LINEAR PROGRAMMING DUALITY 3Exer
ise 8 (linear programming primal-dual optimality 
onditions). Consider thelinear program maximize z = �4x2 +3x3 +2x4 �8x5subje
t to 3x1 +x2 +2x3 +x4 = 3;x1 �x2 +x4 �x5 � 2;x1; x2; x3; x4; x5 � 0:Find an optimal solution by using the LP primal-dual optimality 
onditions.Exer
ise 9 (linear programming primal-dual optimality 
onditions). Consider thelinear program (the 
ontinuous knapsa
k problem)maximize z = 
Tx (P)subje
t to aTx � b;x � 1n;x � 0n;where 
 > 0n, a > 0n, b > 0, and
1a1 � 
2a2 � � � � � 
nan :Show that the feasible solution x given byxj = 1; j = 1; : : : ; r � 1; xr = b�Pr�1j=1 ajar ; xj = 0; j = r + 1; : : : ; n;where r is su
h that Pr�1j=1 aj < b and Prj=1 aj > b, is an optimal solution.Exer
ise 10 (KKT versus LP primal-dual optimality 
onditions). Consider the linearprogram minimize z = 
Tx (P)subje
t to Ax � b;where A 2 Rm�n , 
 2 Rn , and b 2 Rm . Show that the KKT optimality 
onditionsare equivalent to the LP primal-dual optimality 
onditions.Exer
ise 11 (Lagrangian primal-dual versus LP primal-dual). Consider the linearprogram minimize z = 
Txsubje
t to Ax � b:Show that the Lagrangian primal-dual optimality 
onditions are equivalent to theLP primal-dual optimality 
onditions.Exer
ise 12 (sensitivity analysis: perturbations in the right-hand side). Consider thelinear program minimize z = �x1 +2x2 +x3subje
t to 2x1 +x2 �x3 � 7;�x1 +2x2 +3x3 � 3 + Æ;x1; x2; x3 � 0:



4 EXERCISE 9-10: LINEAR PROGRAMMING DUALITY(a) Show that the basi
 solution that 
orresponds to the partition xB = (x1; x3)Tis an optimal solution to the problem when Æ = 0.(b) Find the values of the perturbation Æ 2 R su
h that the above BFS is optimal.(
) Find an optimal solution when Æ = �7.


