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A [*\^] R
n × n _a` V�T \cb�d�e�f R

n _ag�]ih Taj \ v 6= 0 d j `k[�\
dmlon V�RZV�TpT

A g�]�\�h V \qd j `r`tsvu T bxw�uyb�h V�T b j"R `^]zn/] TMT{T|V u λ w8l v }3nCg�d
Av = λv, λ ∈ R,

h V u~u V dC���"\$] R�Ev��EvI���Eo��KYL��/T b
u
u A eS� V u�] T
λ h V u~u V dC���"\$] TMT5Eo��EvI��8���"��E�T b
u
u A e

�S��Ev���CE��SN � e��Al T
A = s · I g V \ V ` V�T \cb�dY] R d j `�dih V u V \�`^]zn T|V u ] T

s e���lt[*\V u
u V g�]ih T�j \�]�\�] X ] R g�]ih Taj \�]�\�`^]zn/] X ] R g"[�\�nv] T
s e

� e� �]�\ V u
uy`¡[ RUT d�l�u¢l T
A g V \ V ] R n�b VYXvj"R�V uy` V�T \cb�d A = n�b VYX

(a1, a2, . . . , an) e£ ` ei [�\qd TWV�R n V \�nH¤ V d�g�]ih Taj \ R s�`t`^]�\ i d�l X [�u
u�]�\ V�TpT
Aei = aiei,

d�l ei [�\ V u~u T d�l/] R ] X ] R g�]ih Taj \ T b
u
u A `^]zn/] X ] R g"[�\�nv] T
ai e

¥ e��Al T
A =

(

cos t − sin t
sin t cos t

) g V \ V \ j"T|V�T b j"R h"\cb RvX¦j \cb Xvj gYb R hH]�u R t ` j"T s�\�d�e £ `
t 6∈ {0, π} d�lqd V h R�V \ A ] X ] R g�]ih Taj \i]�\�} TM§ nHl�[�\ V u¢n�\cb X v

j�¨i©
Av w V \ V u
u�]�u
u V e

ª e��Al T
A g V \ V w�\ j�« ]ih T b j"R ] R b R

3 w8l xy _�w�u V�R ] T }{n¬g�d

A =





1 0 0
0 1 0
0 0 0



 .

��l X [�u
u�]�\ V�TpT

A





0
0
1



 = 0 ·





0
0
1



 ,

d�l (0 0 1)t [�\­] R ] X ] R g�]ih Taj \^`^]zn¦] X ] R g"[�\�nv] T
0 e £ ` v = (x y 0)t [�\

] R g�]ih T�j \�b xy _�w�u V�R ] T d�l�[�\ Av = v d�l V u
u V nv]idid V [�\®] X ] R g�]ih T�j \�]�\¯`^]zn
] X ] R g"[�\znv] T

1 e�°?�"\ V u
u V$V�R n�\ V g�]ih Taj \i]�\�[�\ v
jY¨i©

Av ] « w V \ V u
u�]�u
u V d�ltnv]idid V
[�\�nv]$] R n V ] X ] R g�]ih T�j \�]�\ R�V e

± I5���8�"�AI5JMI²�³N £ ` v [�\¡] R ] X ] R g�]ih T�j \ T b
u
u A `^]zn´] X ] R g"[�\�nv] λ
jY¨i©

c 6= 0 e
�¯l X [�u
u�]�\ V�TMT

A(cv) = c(Av) = c(λv) = λ(cv),

dml cv [�\ jY¨ hYd�lµ] R ] X ] R g�]ih T�j \�`^]zn�d V `t` V ] X ] R g"[�\�nv]�e�¶*wU] ¨ b|]�u
u T h V�R ` V�R´V u
u T bMn
g"[�u «mV ] R ] X ] R g�]ih Taj \�`^]zn X b
g�] R u¢[ RvX n"} T ]�·µh V�R ` V�R g"[�u «mV ] R ] R8© ] T d�g�]ih T�j \me
¸�¹�º¬»"¼�½®¾µ¼�½$¿�À�ºzÁ�»o½U¼�À�Â*Àm½oÃ"Á�ºzÄ�À=ÅvÆcÇtÀ�Â*Àm½oÃ*Àm»oÈzÅ*ºzÀmºÉ½�Á�º¬¾µ¼�½tÊ ½oÈzÀ?ÇU¼�º¬À�½�»oË~¼9ÌM¼�Ë�Ë
Ä�Íµ¾µ¼�½­»"¼�½´Ë Î*Ï�¼¡Ä8ÀmÈ9Â*ÀmÅ*¾µÀ�È�º�Ê�Ïz»HÈiÐ$Ñ)Î�ËÓÒz¼�½�Ä8À¯¾¡ÀmÈzÅvÄ�ÌÔ¹�½�Â*Àmº�¼�º�Ê²Õ�º�Ê�½�ÆmÊ�ÕAÖU¾¡À�½­Ê
Õ8º�¼�»HÈ�Ê »�À�½�À�½8ÄU¼�Ï�È�ÌÔÎ*º=Ïz¾µÍt¾^¼"È�ºzÊ ÏzÀmº�×�ØqÊAÇU¼�º

Ax = λx ⇔ Ax − λx = 0 ⇔ (A − λI)x = 0
ÏzÍ

(A − λI)x = 0
ÇU¼�º9¼�Ë�Ë ÈzÏ�Í®Àm½ÙÊ�Æi»�À�Ú|È�ºzÊ¢ÃvÊ~¼�Ë�Ë Î*Ï�½�Ê�½�Â8×�Û9À�ÈzÈ�¼�Á�ºSÀm»HÃ�Ê¢Ã�¼�Ë À�½HÈq¾¡À�Ä

¼"ÈzÈ
det(A − λI) = 0.Ü ØqÊ�¾µÍ�Ï�ÈzÀÝÇU¼Þ¾¡Ê ½�Ï�È/Àm½ß½8Å*Ë�Ë º�¼�ÄàÀ�Ì
È�À�º­á¯¼�¹�ÏzÏâÚWÀ�Ë Ê�¾¡Ê¢½U¼�ÈzÊ Å*½�×äã^åC»HÃ�¼�È�Ê Å*½�Àm½O¾µÀmÄ

Ä8ÀmÈ�Àmºz¾¡Ê�½�¼�½oÈzÀ�½Ý»"¼�Ë�Ë~¼�Ï9ÌÔÎ*ºqÄ�Àm½æ�8ç���ç8��KYEo��JMèmK�JMè���çéEo���8ç8K�JÔL�I�EvI³ÅvÆcÇæÁ�ºqÀ�½æÕ�Å*Ë¢êHÚ
½8Å*¾¡À�»HÃ�¼�ÈzÊ�Å*½�¼�ÃFÂ*ºz¼�Ä

n
×
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�S��Ev���CE������ ]id T [�` ] X ] R g"[�\�nv] RæjY¨i© ] X ] R g�]ih T�j \�]�\ T b
u
u�` V�T \cb�dY] R

A =

(

3/4 1/4
1/4 3/4

)

.

��] R h V \ V h T ]�\cb�d T b�dih V ]ih"g V�T b j"R ] R ¤�uyb
\
0 = |A − λI| =

∣

∣

∣

∣

(

3/4 1/4
1/4 3/4

)

−

(

λ 0
0 λ

)∣

∣

∣

∣

=

∣

∣

∣

∣

3/4 − λ 1/4
1/4 3/4 − λ

∣

∣

∣

∣

= (3/4 − λ)2 − 1/16

gYb
u hH] T [�\$]ih"gYb
g V u�] RUT `^]zn
(3/4 − λ)2 = 1/16 ⇔ λ =

3

4
±

√

1

16
=

3

4
±

1

4
=

{

1
1

2

f X ] R g�]ih Taj \�]�\ R�V [�\�u��Yd R b RvXHV \ T b
u
u (A − λI)x = 0 ����\ λ = 1
jY¨i©

λ = 1/2 e
λ = 1 �

(A − 1 · I) =

(

−1/4 1/4
1/4 −1/4

)

⇔

(

−1/4 1/4
0 0

)

� b��ml�\ x =
(

t
t

) }Cd�l T ]�· x =
(

1
1

) [�\$] R ] X ] R g�]ih Taj \ T b
u~u)] X ] R g"[�\znv] T
1 e

λ = 1/2 �
(A −

1

2
· I) =

(

1/4 1/4
1/4 1/4

)

⇔

(

1/4 1/4
0 0

)

� b��ml�\ x =
(

t
−t

) }Cd�l T ]�· x =
(

1
−1

) [�\$] R ] X ] R g�]ih Taj \ T b
u
u)] X ] R g"[�\�n�] T
1/2 e

Ø9Ê�Ï�Í�ÂtÊ�À���À�¾¡Õ�Ë À�½/ÅYÃ�¼�½/¼�ÈzÈ=¼�½oÈ�¼�Ë�À�È?À�Â*Àm½oÃ�Á�ºzÄ�Àm½�ÈzÊ�Ë Ë�À�½/¾µ¼�È�º�Ê�Ï{»"¼�½FÃ"¼�ºzÊ À�ºz¼8×�å¬Ì~Ú
ÈzÀ�º�ÏzÅ*¾�»"¼�ºz¼�»HÈ�À�º�Ê�ÏâÈ�Ê�Ï�»"¼�À�»HÃ�¼"È�Ê�Å�½�À�½¡ÌÔÎ*ºCÀ�½

n×n
Úa¾µ¼�È�º�Ê Ï�Á�ºCÀmÈzÈÉÕ�Å*Ë¢ê�½8Å*¾ ¼�ÃtÂ*º�¼�Ä

n
Ï�Í/»"¼�½�Ä�ÀmÈ¯ÇU¼�¼�Ë�Ë¢ÈqÌÔºzÍ�½

0
È�Ê Ë�Ë

n
Ü º�À�ÀmË�Ë�¼HãSÀ�Â*Àm½oÃ�Á�ºzÄ�Àm½A×�ØÉ¼�ÄæÏzÅ�¾kÁ�ºqÃvÊ�»HÈ�Ê ÂH¼�ºzÀ

Á�½Ù¼�½HÈi¼�Ë ÀmÈ�À�Â*Àm½oÃ�Á�ºzÄ�Àm½ÝÁ�ºS¼�½HÈi¼�Ë ÀmÈ�Ë�Ê ½"ÒzÁ�ºâÈ�Å�¿�À�ºzÅvÀm½�Ä�À�ÀmÂ*À�½HÃ*À�»HÈ�Å�ºzÀ�ºm×�Ø9Ê²Ï�Í�ÂµÈUÀ��
¼"ÈzÈ¡À�½³Ï�»"¼�Ë�½8Ê�½�Â�Ïz¾µ¼�È�ºzÊ¢Ï

A = s · I
¿U¼�ºz¼æÇU¼�Ä�À�ÀmÈ�È^ÀmÂ*Àm½oÃ�Á�º�Ä�À

s
Ö�¾¡À�½³¼"ÈzÈµ¼�Ë�Ë�¼

Ã�À�»HÈ�Å*º�À�º�Ã"¼�º�À�Â*Àm½oÃ*Àm»oÈzÅ*ºzÀmºtÏzÍÙ¼�È�È�Ä�À�½¦ÇU¼�º
n

Ë�Ê ½"ÒzÁ�ºâÈ¯Å*¿�ÀmºzÅvÀ�½8Ä�À�ÀmÂ*À�½HÃ*À�»HÈ�Å�ºzÀ�ºm×
ÛSÀ�ÏzÏz¼�»"¼�½ÙÄ�ÀmÏzÏz¹�È�Å*¾;Ã"Á�ËÓÒz¼�ÏSÏzÍ�¼�ÈzÈSÄ�À�¿�Ë Ê�º�Å*º�ÈzÅ*Â*Å*½�¼�Ë~¼�×�Û9ÀmÈ�Èi¼�Á�ºSÏ�¼�½HÈ9ÌÔÎ*º�Ï�êv¾®Ú
¾¡À�È�ºzÊ Ïz»"¼´¾µ¼�ÈzºzÊ�Ï�À�º�Ê?¼�Ë�Ë�¾¡Á�½8Ç�ÀmÈ�ÅvÆiÇ ÃvÊ3ÇU¼�º�ÌÔÎ*Ë Òz¼�½�Ä�ÀµÏ�ÍÙ»"¼�Ë Ë~¼�Ä�À�èm��Eo��K��"ç��pè�ç�K�è
ÌÔÎ�º=Ï�êv¾µ¾¡À�È�ºzÊ Ïz»"¼t¾µ¼�È�º�Ê�Ï�À�º�×
	 ç8K�è�NQPSRUT|VYX V�TpT

A [�\æ] R
n × n _a` V�T \cb�d�e9��l ©8V \ A n d TM§o¨ hH] R'j \ T�jzXvj"R�V u V

] X ] R g�]ih Taj \�]�\ j ` jY¨i© ] R n V d T=j ` A [�\qd § `t`^] T \cb�dih�e
ÛSÀmÈ�ÌÔ¹�Ë�Ë Ï�ÈiÁ�½�Ä�Ê ÂH¼$¿�ÀmÃvÊ ÏzÀ�ÈSÌÔÎ*º�Ä�Àm½�½U¼¡Ï�¼�ÈzÏ9Á�º�»�Å�¾µÕ�Ë Ê�ÆmÀ�ºz¼�È�Ö8¾µÀm½�ÌÔÎ*Ë Òz¼�½�Ä�ÀqÃvÊ�»HÈ�Ê ÂH¼
Ä8À�Ë ºzÀ�Ï�¹�Ë È�¼�È�Á�º=Ê ½oÈ�À�ÏzÍ®Ï�Ã�Í�º�ÈS¼�ÈzÈ�¿�À�Ã�Ê Ï�¼�

	 ç8K�è��'PSRUT|VYXZV�TpT

A [�\�] R d § `t`^] T \cb�dih n × n _a` V�T \�b�dmeÉ�¯lZ[�\�] X ] R g�]ih Taj \�]�\ u

\�]idawU]ih T b
g�] v
j \ TajzXvj"R�V u V/j ` nv] © �"\ T b
u
u j uyb�h V ] X ] R g"[�\�nv] R

µ \i]idawU]ih T b
g�] λ e
� ]�gYb�d�e�
 ½HÈi¼�Â�¼"ÈzÈ

A
Á�ºÉÏ�êv¾¡¾µÀ�È�º�Ê�Ïz»�ÖHÄ=Ã{Ï?¼�È�È

A = At
ÖoÏ�¼�¾�È{¼�ÈzÈ

u
ºzÀmÏzÕ�À�»HÈ�Ê¢Ã*À

vÁ�º5À�Â*Àm½oÃ*Àm»oÈzÅ*ºzÀmº¬È�Ê Ë�Ë
A

¾µÀmÄ$¾¡Å�È�ÏâÃ�¼�ºz¼�½�Ä�À{À�Â*Àm½oÃ"Á�ºzÄ�Àm½
µ

ºzÀmÏzÕ�Àm»oÈzÊ Ã*À
λ

ÄUÁ�º
µ 6= λ

×
��À�Ä�¼�½�Ä�ºz¼¯Å*ºzÄµÏ�Í¯ÂHÁ�Ë Ë�Àmº�¼�ÈzÈ

Au = µu
ÅvÆcÇ

Av = λv
×vÛ9ÀmÈ3Â*Á�Ë�Ë À�º�¼"ÈzÈ{¿�À�Ã�Ê Ï�¼�¼�ÈzÈ

u · v = 0
×
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á�À�½8Å*¾r¼�ÈzÈ�¹8Èz½oêoÈzÈÔÒz¼¡¼�ÈzÈ
A = At

ÅvÆcÇ­¼�È�È
x · y = xty

Ï�ÍtÌMÍ�º?ÃvÊ�¼�ÈzÈ

(Ax) · y = (Ax)ty = (xtAt)y = xt(Aty) = xt(Ay) = x · (Ay),

ÌÔÎ�º�Â*ÅvÄ�È�êvÆi»vË Ê�Â*¼^Ã*À�»HÈ�Å�ºzÀmº
x

ÅvÆcÇ
y

×�ØqÊ¬ÇU¼�º�¼�ÈzÈ
Au = µu

ÅvÆiÇ
Av = λv

ÃvÊ�Ë »�ÀmÈ
Â�À�º

(Au) · v = (µu) · v = µ(u · v)
ÅvÆcÇ

u · (Av) = u · (λv) = λ(u · v).

��À�½­Àm½�Ë�Ê Â�È=ÅYÃ�¼�½­Á�º
(Au) · v = u · (Av)

ÏzÍ
µ(u · v) = λ(u · v)

ÖUÄ?Ã3Ï

(µ − λ)(u · v) = 0.

å¬Ì
ÈzÀ�ºzÏ�Å*¾
µ 6= λ

Ï�ÍtÌÔÎ*Ë Ò�À�º?Ä�À�ÈS¼�ÈzÈ
u · v = 0

ÅvÆiÇ�¿�ÀmÃvÊ ÏzÀmÈSÁ�º=»vË�¼�º�È�×
�

Ñ5Î*º¯Ê Æc»�ÀcÚaÏâê�¾¡¾¡ÀmÈzºzÊ�Ï�»"¼�¾µ¼�È�º�Ê�Ï�À�º�»"¼�½�ÊÉÏâÈ�Å*ºâÈ�Ï�ÀmÈzÈ�Ã"¼�Ä�ÏzÅ*¾ Ç�À�Ë Ï�È�Ê�½HÈ�º�Á��A¼8× �´¼�½
Ã�ÀmÈ3Ä�ÅvÆi»¡¼"ÈzÈ{¼�½oÈ�¼�Ë�À�ÈÉË�Ê ½"ÒzÁ�ºâÈ�Å*¿�ÀmºzÅvÀm½�Ä�ÀSÀ�Â*Àm½oÃ*Àm»oÈzÅ*ºzÀmº3Ê�½HÈ�À�Á�ºÉ¾¡Ê�½�Ä8ºzÀ�Á�½�¼�½oÈi¼�Ë�À�È
Å�Ë�Ê »"¼$ÀmÂ*À�½HÃ�Á�º�Ä�À�½ 

	 ç8K�è�� f X ] R g�]ih Taj \�]�\ T b
u
u j uyb�h V ] X ] R g"[�\�nv] R [�\�uyb R�« [�\ T=j ¤�]�\ j ] R nv]�e
� ]�gYb�d�e�� Í"È

v1, . . . ,vn

Ã�¼�º�¼
n

Ï�ÈaêvÆc»�Àm½�À�Â*Àm½oÃ*Àm»oÈzÅ*ºzÀmº�È�Ê�Ë Ë
A

¾µÀmÄÝ¾µÅ�È�Ï�Ã"¼�º�¼�½8Ä�À
Å�Ë�Ê »"¼¯ÀmÂ*Àm½oÃ�Á�º�Ä�À�½

λ1, . . . , λn

× ��À�Ä/¼�½�Ä�º�¼�Å*º�Ä�ÏzÍ$Á�º
Avi = λivi

ÅvÆcÇ
λi 6= λj

Å*¾
i 6= j

×
Ñ5Î*º�¼�È�È�ÃvÊ Ï�¼¡¼"ÈzÈ�À�Â*Àm½oÃ*Àm»oÈzÅ*ºzÀmºz½U¼^Á�º�Ë Ê�½"ÒzÁ�º�È?Å*¿�À�º�ÅvÀ�½�Ä8À¯Ï�Í®ÂHÁ�Ë Ë�Àmº?Ä�À�È�Õ�Àmº�Ä�À��U½8Ê¢Ú
ÈzÊ�Å�½�¼�È�È�ÃvÊ Ï�¼¡¼"ÈzÈ

0 = c1v1 + · · · + cnvn

Ü ,�ã
¿�¼�º�¼tÇU¼�º=Ä�À�½/È�º�Ê ÃvÊ~¼�Ë ¼$Ë Î*Ïz½8Ê�½�Â�À�½

c1 = · · · = cn = 0
×

Ø9Ê�Â*Î�º�À�ÈzÈS¿�À�Ã�Ê ÏS¾¡À�Ä�Ç"ÒzÁ�Ë Õ­¼YÃFÊ�½�Ä�¹8»oÈzÊ�Å*½/Î�Ã*À�º
n

×
	�¾
n = 1

ÏzÍ^Á�º�Ä�À�È�È�ºzÊ¢ÃvÊ~¼�Ë¢È
Ïz¼�½HÈ�Ö�ÈaêFÀ�Â�À�½oÃ�À�»HÈ�Å*º�À�º9Á�º=Ï�»vÊ Ë�ÄU¼�ÌÔº�Í�½/½�Å*Ë Ë Ã*Àm»oÈzÅ*ºz½/ÏzÍ

0 = c1v1

Ç�¼�º�¿�¼�º�¼$È�º�Ê ÃvÊ~¼�Ë�Ë�Î�Ïz½�Ê ½�Â�×

 ½oÈ�¼�Â®½o¹�¼�ÈzÈ=Ä�À�È�¼�Ë�Ë¢È�Ê¢Ä�ÂHÁ�Ë Ë À�º3Å�¾ ¾µ¼�½F¾µ¼�½FÇU¼�º

n− 1
Å*Ë�Ê »"¼�ÀmÂ*À�½HÃ*À�»HÈzÅ*ºzÀmº�ÅvÆcÇ

ÀmÂ*Àm½oÃ�Á�ºzÄ�Àm½�ÌÔÎ*ºÉ½UÍ�Â*Å�È{Â�Ê Ã*ÀmÈ
n > 1

×HØqÊ�Ï�»"¼�ÃvÊ�Ïz¼�¼�ÈzÈ{Ê�ÏzÍ�ÌM¼�Ë�ËUÂHÁ�Ë Ë À�º�Ä�À�È?ÅvÆi»oÏ�Í�Å*¾
¾µ¼�½ZÇ�¼�º

n
ÏâÈ�êvÆi»�À�½A×�Ø9Ê¬¾$¹�Ë¢È�Ê Õ�Ë Ê¢Æ�Àmº�¼�ºS¿UÍ�ÄU¼FÏ�Ê�Ä�Å�ºqÊ Ü ,YãS¾µÀmÄÝ¾µ¼�È�º�Ê�ÏzÀm½

A
Ü ÌÔº�Í�½

Ã"Á�½�ÏâÈ�À�º�ã=ÅvÆiÇ�ÌMÍ�º

0 = A(c1v1 + · · · + cnvn) = c1Av1 + · · · + cnAvn = c1λ1v1 + · · · + cnλnvn.

	q¾;ÃvÊC¾$¹�Ë¢È�Ê Õ�Ë¢Ê Æ�Àmº�¼�º Ü ,�ãS¾µÀmÄ
λ1

ÅvÆiÇæÏ�¹�¿8Èzº�¼�Ç�Àmº�¼�º�Ä�À$ÈzÃ�ÍFÀm»oÃ"¼�È�Ê Å*½�Àmºz½U¼FÏ�Í�ÌMÍ�º
ÃvÊ�¼�È�È

0 = c2(λ1 − λ2)v2 + · · · + cn(λ1 − λn)vn.åC½�Ë Ê�Â�ÈSÊ�½�Ä�¹8»oÈzÊ�Å*½8Ï�¼�½HÈi¼�ÂH¼�½�Ä�À�ÈqÏzÍ^ÂHÁ�Ë�Ë ÀmºS¼�ÈzÈ
v2, . . . ,vn

Á�ºSË�Ê ½"ÒzÁ�º�È�Å*¿�ÀmºzÅvÀ�½8Ä�À$Ï�Í
À�Ì
È�ÀmºzÏzÅ�¾

λ1 − λi 6= 0
Å*¾

i > 1
Ï�Í�ÇU¼�º^Ä�À�½8½U¼¦À�»HÃ�¼�ÈzÊ�Å*½ ¿U¼�ºz¼¦Ä8À�½ È�ºzÊ¢ÃvÊ~¼�Ë ¼

Ë Î*Ï�½�Ê�½�Â�À�½
c2 = · · · = cn = 0

×�ÛqÁ�ºz¾¡À�Ä�ºzÀmÄ�¹�Æ�Àmº�¼�Ï Ü ,�ã{È�Ê�Ë Ë
0 = c1v1

ÅvÆcÇ�ÄUÁ�ºz¾¡ÀmÄ
Á�º

c1 = 0
ÅvÆi»oÏ�Í8×�Ø9Ê²ÇU¼�ºS¼�Ë�Ë¢È�ÏzÍtÃ�Ê Ï�¼�È9¼�ÈzÈSÄ�ÀmÈ9¿U¼�ºz¼��U½�½8ÏqÄ8À�½´È�º�Ê ÃvÊ�¼�Ë�¼®Ë Î*Ïz½8Ê�½�Â�À�½

ÈzÊ�Ë Ë Ü ,�ã3ÅvÆiÇ´¼�Ë�Ë ÈzÏ�Í$¼�ÈzÈ
v1, . . . ,vn

Á�º=Ë�Ê ½"ÒzÁ�ºâÈ?Å*¿�À�º�ÅvÀ�½�Ä8À�Ö
Û9Á�ºz¾¡À�Ä^»"¼�½^ÃvÊ�¾¡À�Ä^Ç"ÒzÁ�Ë Õ�¼�ÃµÊ ½�Ä�¹�»HÈ�Ê Å*½�Ïz¼ ��Ê�Å*¾¡ÀmÈÉÄ�ºz¼�Ï�Ë�¹8ÈzÏ�¼�ÈzÀ�½F¼�È�È3À�Â*Àm½oÃ*Àm»oÈzÅ�Ú
º�À�º=ÈzÊ�Ë Ë�Å�Ë�Ê »"¼$À�Â�À�½HÃ�Á�ºzÄ8À�½ÙÁ�º�Ë Ê�½"ÒzÁ�º�È?Å*¿�ÀmºzÅvÀ�½8Ä�À�×
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ÑUºzÍ�½/Ä�À�½8½U¼¡Ïz¼�È�Ï=ÌMÍ�º?ÃvÊ�Ä�Ê�º�À�»HÈ�ÌÔÎ�ËÓÒz¼�½8Ä�À 

	 ç8K�è�� f R�� h"g V n�\ V�T b�dih�� ` V�T \cb�dÝ`^]zn k

j uyb�h V ] X ] R g"[�\�nv] RQ©8V \�l T `tb R d T�j"R ] k
uäb R�« [�\ T5j ¤�]�\ j ] R nv]�] X ] R g�]ih Taj \�]�\�e8¶*wU] ¨ b|]�u
u T�X [�u
u�]�\ V�TpT ] R

n×n _a` V�T \cb�d3`^]zn n
j uyb�h V

] X ] R g"[�\�nv] R�©8V \ n d Tp§H¨ hH] R uyb R�« [�\ T�j ¤�]�\ j ] R nv]$] X ] R g�]ih T�j \�]�\9d j ` V u
u T d�l^s T�X �"\t] R
¤ V dC���"\ R

n e
å¬È�È�ÃvÊ�»HÈ�Ê Â�È=ºzÀmÏz¹�Ë¢Èi¼�È=ÌMÍ�º=¾^¼�½/¼YÃ^ÌÔÎ*ËÓÒz¼�½�Ä�ÀqÀ�½�»oË�¼®ºzÁ�»o½�Ê�½�Â*¼�º=Ä�Á�º?Ã�Ê�¹�È�½oêoÈzÈÔÒz¼�º�¼�ÈzÈ
¾$¹8Ë È�Ê Õ8Ë Ê »�¼�È�Ê Å�½�¼�ÃÝÈi¼�Ë�¾¡À�Ä�¾µ¼�ÈzºzÊ�Ï¯Á�º�»�Å�¾µ¾$¹8È�¼�È�Ê¢Ã�× 
 ½HÈi¼�Â´¼�ÈzÈ

Av = λv
Ö�ÄUÁ�º

λ ∈ R
×UÛqÍ®ÂHÁ�Ë�Ë Àmº

A2v = A(Av) = A(λv) = λ(Av) = λ · λv = λ2v

v = (A−1A)v = A−1(Av) = A−1(λv) = λ(A−1v),

ÏzÍ
A−1v = (1/λ)v

×��­ÀmÄFÇ�ÒzÁ�Ë�Õ^¼YÃ¡Àm½�À�½�»�ÀmË�Ê�½8Ä�¹�»HÈ�Ê Å*½^ÏzÍ�Â*Àm½�À�ºz¼�Ë�Ê ÏzÀmº�¼�º�ÃvÊ�Ä�À�ÈzÈ�¼
ÈzÊ�Ë Ë 

	 ç8K�è��'PSRUT|VYX®V�TMT

v [�\q] R ] X ] R g�]ih Taj \ T b
u
u A `^]�n®] X ] R g"[�\�nv] T
λ })nCg�d Av = λv e

�¯l X [�u
u�]�\ V�TpT
v [�\t] R ] X ] R g�]ih T�j \ T b
u
u Am ���"\ V u
u V m ∈ Z `^]zn�] X ] R g"[�\�nv] T

λm }
n¬g�d

Amv = λmv.

ÛSÀ�½�½U¼ZÏz¼�È�Ï$»"¼�½ ¾^¼�½ ¿8ËY¼Ù¼�½oÃ"Á�½�ÄU¼´È�Ê Ë�ËÉ¼�ÈzÈt¼YÃvÂ*Î�º�¼­Ã�¼�Ä ÏzÅ*¾ ÇUÁ�½�Ä�À�º$¾¡À�Ä
An½�Á�º

n → ∞
ÅvÆiÇ´Ä�À�½ÙÂ�À�ºSÅvÆi»oÏ�Í^Àm½ÙÂ*ºz¹8½�Ä­ÌÔÎ*º�½v¹�¾¡À�º�Ê�Ïz»�¼µ¾¡ÀmÈzÅvÄ�À�ºS¼�ÈzÈS¿�À�ºzÁ�»o½U¼

ÀmÂ*Àm½oÃ�Á�ºzÄ�Àm½A×

 ½oÈ�¼�ÂÝ½v¹ ¼�È�È

A
Á�ºtÀ�½

n × n
ÚW¾^¼"È�ºzÊ Ï�¾µÀmÄ

n
Ë�Ê ½"ÒzÁ�ºâÈ$Å*¿�À�º�ÅvÀ�½�Ä8À�À�Â�À�½oÃ�À�»HÈ�Å*º�À�º

v1, . . . ,vn

¾¡À�Ä¯¾¡Å�ÈzÏ�Ã�¼�ºz¼�½�Ä�À�ÀmÂ*À�½HÃ�Á�º�Ä�À�½
λ1, . . . , λn

×�ØqÊo¼�½oÈi¼�º²¼�È�È�ÃvÊHÇU¼�º�Å*º�Ä�½U¼�È
Ä8À�¾;Ï�Í�¼�ÈzÈ

|λ1| > |λ2| ≥ · · · ≥ |λn|
×�ÛqÍ^¹8ÈzÂ*Î*ºSÀ�Â*Àm½oÃ*Àm»oÈzÅ*ºzÀmºz½U¼FÀm½Z¿U¼�ÏSÌÔÎ*º

R
nÅvÆiÇ�ÄUÁ�º�¾µÀmÄ�»�¼�½­Àm½­Â�ÅvÄ8È�êvÆi»oË�Ê ÂtÃ*À�»HÈzÅ*º

x
Ï�»oºzÊ Ã"¼�Ï�Ï�Å*¾

x = c1v1 + · · · + cnvn

Ä�Á�º
c1, . . . , cn

Á�º
x

»�ÅvÀ
	¡Æ�Ê À�½HÈ�Àmº�Ê�¿U¼�ÏzÀ�½
v1, . . . ,vn

×8ØqÊ�ÌMÍ�º�¼�ÈzÈ
Ax = A(c1v1 + · · · + cnvn) = c1Av1 + · · · + cnAvn = c1λ1v1 + · · · + cnλnvn,

ÅvÆiÇ�¾¡À�º�¼�Ë�Ë ¾µÁ�½oÈ3ÌMÍ�º=¾µ¼�½/Å*¾ ¾µ¼�½�¼�½HÃ�Á�½�Ä8À�º�Ïz¼�È�Ï�À�½­Å�Ã"¼�½­¼�ÈzÈ
Amx = c1λ

m
1 v1 + · · · + cnλ

m
n vn.

Ø9Ê��a½�Å*ºz¾¡Àmº�¼�º�
SÂ�À�½�Å�¾r¼�ÈzÈ=¾$¹�Ë¢È�Ê Õ�Ë¢Ê ÆmÀ�º�¼�¾µÀmÄ
1/λm

1

Ö�Ä�Á�º5Ò�¹
λ1

Á�º?Ä�À�È�À�Â*Àm½oÃ�Á�ºzÄ�À
¾¡ÀmÄ�Ï�ÈzÎ*ºzÏâÈ�¿�ÀmË�Å�Õ�ÕA×UÛqÍtÌMÍ�º?ÃvÊ

(1/λm
1 )Amx = c1v1 + c2

λm
2

λm
1

v2 + · · · + cn

λm
n

λm
1

vn.

å¬Ì
ÈzÀ�ºzÏ�Å*¾
λm

i /λm
1

ÂHÍ�º®¾¡Å�È
0

ÄUÍ
m

Ã�Á �8Àmºµ¾¡Å�È®ÅHÁ�½�Ä�Ë�Ê Â*Ç�À�È�Àm½ÞÏzÍæ»�Å*¾¡¾¡À�º Ü À�½
Ë�Á�¾¡Õ�Ë Ê¢ÂÙ¾$¹�Ë¢È�Ê Õ�À�Ë~ã¯¼YÃ

Amx
¼�ÈzÈt½UÁ�º�¾^¼´ÏzÊ�ÂZÀmÂ*À�½HÃ*À�»HÈ�Å*º�½

v1

½UÁ�º
m

¿�Ë Ê�º�ÏâÈ�Î*º�ºzÀ
ÅvÆiÇ Ï�ÈzÎ*ºzº�À Ü ÊS¼�Ë Ë~¼ZÌM¼�Ë�Ë�Å*¾

c1 6= 0
ãc×ÉØ9Ê�ÌMÍ�º^¼�Ë�Ë¢È�ÏzÍæÀm½àÀmÂ*À�½HÃ*À�»HÈzÅ*º�ÈzÊ�Ë Ë=Ä�ÀmÈ^ÈzÊ�Ë�Ë

¿�ÀmË�Å�Õ�Õ�ÀmÈ�ÏâÈ�Î*º�Ï�È�¼�À�Â*Àm½oÃ"Á�ºzÄ�À�È�×5Û9À�ÈzÈ�¼´Á�º¯Ä8À�½�Ï�Í�»"¼�Ë�Ë�¼�Ä�Àt�CL�K�E�I²è���EHKYL���EvI ÅvÆcÇ
Ä8À�½�ÌÔ¹8½�Â*À�ºz¼�º�¿�¼�º�¼tÅ*¾ Ä�À�È ��½�½�Ï�À�ÈzÈ�Ï�ÈzÎ*ºzÏâÈi¼ Ü ÈzÊ�Ë Ë�¿�À�Ë�Å�Õ�Õ�ÀmÈiã?À�Â�À�½oÃ"Á�ºzÄ8À�×
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�S��Ev���CE�� � � b¡dih VQT b TpT|V w8lOnv] R��{§"TpTMR b RvX d�` j nv]�u
u�d j ` gYb «�j ¤Y¤ V nv]�`^]zn�w�lX \csYwHwU�"g R b RvX ] R d j ` [�\tsYwHw X b � T � e�����b�¤ j hH] R e � b ©8V nv]¡nH[�\ V�TMT g�]ih Taj \ R
xn g V \

] R
3 _ag�]ih T�j \=d j ` ¤�]idih"\i]�g © sv\9`¡l RvXHV d j ` ¤ j nHnv]SbAd T�j \�d T|V n�} T [ T�j \ T \�]idawU]ih T b
g�]Cw8l

u V*R n�dm¤ §�X nv] R ]Ô� T ]�\ n l�\me²�$]idid V g V \�\�]�u V�T ]�\ V nv] X ] R�j `
xn+1 = Axn,

nH[�\ P��




0.96 0.01 0.015
0.03 0.98 0.005
0.01 0.01 0.98



 .

£ ` x0 [�\�nv] R sv\�daw�\�s RvX uyb XHV ¤�]Ô� j uxh R b RvX dÔ���"\�nv]�u R b RvX ] R d�l�¤�uyb
\ V u
u T d�l
xn = Anx0.

£ ` ` V�R \�["h R�V \Ss T ] X ] R g"[�\�nv] R�V ���"\ A d�l?�ml�\S` V�R­V�TpT nv]q[*\ 1 } 0.97 \�]idawU]ih T b
g�]
0.95 e � b�dY]�\ V�TpT nv] T
	�RUR d T \�] j uyb�h V ] X ] R g"[�\�nv] RÙjY¨i© nH[�\c`^]zn 3 uyb R�« [�\ TÉj ¤�]�\ j ] R nv]
] X ] R g�]ih Taj \�]�\ v1,v2,v3 d j ` ` V�R u¢[ TpT h V�R ¤�]�\�["h R�V^R [�\�` V�R´©8V \$] X ] R g"[�\�nv] R�V e� s/h V�R gYbCs TMT \ §H¨ h V nv] R s�\�daw�\cs RvX uyb XHV g�]ih Taj \ R x0 b�¤ V dY] R

v1,v2,v3

X ] R�j `
x0 = c1v1 + c2v2 + c3v3,

���"\ R l X \ VZT|V u c1, c2

jY¨i©
c3 e £ ` gYb�s TMRU§�TMT «mV \/n�b�dih"sHdid�b j"R ] R j g V�R j ` w j"T ] R dY]�\jY¨i© ] X ] R g"[�\�nv] R d�l��ml�\�gYb

xn = Anx0 = An(c1v1 + c2v2 + c3v3)

= c1λ
n
1v1 + c2λ

n
2v2 + c3λ

n
3v3 = c1 · 1

nv1 + c2 · 0.97
nv2 + c3 · 0.95

nv3.

� [�\ n
X l�\�` j"TÉj [ R n8uyb X"© ] T ] R d�l X l�\ 0.97n

jY¨i©
0.95n ¤ilHn V ` j"T

0 d�l xn

R [�\�` V \
dcb X c1v1 e�°3�"\znv]�u R b RvX ] R h j `t`^]�\ V u
u T d�l V�TpT5R [�\c` V d�b X � ] R `ts�u T bxwU]�u V g �t] X ] R g�]ih"_Taj \ R v1 e £ ` ` V�R \�["h R�V \ts T�jY¨i©ÝR�j \c`^]�\ V \ v1 d�l V�TMT d�sv`t` V�RéV g­]�u�]�`^] RUT ] R
[�\ 1 d�l��ml�\�` V�R

v1 =





7/30
13/30
1/3



 ≈





0.2333
0.4333
0.3333



 ,

gYb
u hH] T ` V�R `^� « uyb X ] R h�[ RUR ]�\®b X ] R �c\�l R�X \csYwHw��"g R b RvX ] R e���] TpT|V ¤�] Tp§ nv]�\ T ]�· V*TMT
]Ô� T ]�\
�
u¢l RvX�T bMn��Cd�l�h j `t`^]�\9] R�T \�]zn « ]znv]�u V g�¤�]Ô� j uxh R b RvX ] RFV�TMT ¤ j w8l�u V�R n"d�¤ §�X nv] R e£ ¤�d�]�\�g�]�\ V�V�TpT n�] R�R�V ���"\�nv]�u R b RvX [�\ j ¤�]�\ j ] R nv] V g=d T|V \ T g�]ih Taj \ R e � � [ R^V g j \�n R b RvX
w8l�wU]ih V \ X b
g�] T gYb�d V�TMT gYb)`¡l�d T ] ©8V

c1 6= 0 }�`^] R d�l®h j `t`^]�\ V u
u T bMn V�TpT g V \ V � V u
u�] T
nHlµgYb ©8V \$] R d TWV \ T g�]ih T�j \�`^]zn�w j d�b T b
g V h jYj \zn�b R�V�T ]�\me �£ ¤�d�]�\�g�]�\ VtV�TMT nv] T b RUT ]Sg V \�] R d�uysv`9w V�TpT

1 g V \�] TMT ] X ] R g"[�\znv] jY¨i©^V�TpTCV u
u V®V�R n�\ V
] X ] R g"[�\�nv] R g V \^`tb R n�\�]/[ R

1 e?�$] T ���"u « ]�\ V g®w�\ j ¤�u�]�`^] T d R�V�T sv\�gYb
uxhH] T gYbql T ]�\c_
h j `t`^]�\ T b
u
u�d�] R�V \i]�e


