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1. c(dv) = (cd)v.

2. (c + d)v = cv + dv.

3. c(v + w) = cv + cw.

4. v + w = w + v.

5. u + (v + w) = (u + v) + w.
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(

1 2
3 4

)

+

(

7 8
9 10

)

=

(

1 + 7 2 + 8
3 + 9 4 + 10

)

=

(

8 10
12 14

)
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1 ≤ i ≤ m, 1 ≤ j ≤ p,
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=
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=
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=
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B

² ¬0�
��¬�ª-���EÒ����`¬0�r�)�`¬0�Ú�" 0¬� �¥-�l��¬Q¥-� Ò�����¬Q�¦¥-¯Õ�r� ® ¯Õ�� 0¬0�n�«���:��� AB

³	�:��Ñ0�¹ª-��Ð��l�
�r�«���:���
Ò���¯ ©�����ª-���À�±°" ±�&Ñ$¬0�n�

AB
²�¬0�b¯Õ�� 0¬K�`Ñ0�-��¬K��¬�ª-���E�±���

A
�±°"²¦¯Õ�� 0¬µ�`Ñ0�-��¬k ���¯Õ¥-�¦�:���

�����
B
³

ì R.S SfZ0WfP�~�L^Z±a}H�ï�H&S`O�T�H�_EP�~µJ�H\d���a.H\Mbj H\_EV�W�_�H�a�Z0MNZµP�~$Z�_�_
AB = BA �

SfZ�_NMNV�P �
S^� T�_�V�O T�V�]�Z�_�V�R0WµY0MBZ0T�To_�PN~)V�W@_NH�]0R0SfS^� _�Z�_�Voa�g-prGhH�_À]�Z�W)X��µ_lR�S a�Z0MNZIP�~hZ�_N_BJlZ0MNZIH\W
Z�a�j�H\SUY�Mbj�H�ßlW�V�H\M�Z0j�Z0To_�H\MNWlZ�_NV�a@_bZ�_�_[j�HiY0MbZ±a�R0T�V�]�ZK_Áu-ODgyxbGIH\_)Y0MbZ0T�T�_NP�~Ka�Y0T�j�V�L�_
a-V�]�_�V�L�_EZ�_�_Edl~�T�T�Z|MNH\jlZµOl~µR.MNj W�V�W�L0H&W�W�Y0M�SfZ0WfS^��T�_NV�O�T�Voc&H&MNZ0M�SfZ�_�M�V�P�H&M&g@GkY0M�H&S`R0_
� O�O m
u-T�T�H&M$S�Z�_�MNV�PNS^��T _�VoO�T�Vo]�Z�_NV�R.W H&WÈH\_�_`Z0W�_"Z�TbZ0W�j�MNZz_NMNH�a�T�V�L.ZÞM�Y�]-W H&MNH\L.T�H\M^a�Z0M�Z�a
j H|a-V�]@_NV�L�Z�P�_�HiY0M

•

 p � � xNq}p 
 �[x �

•

 p ��
 � xNq 
 ��
 
 �
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	���
���
�����������
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•
p ��
 � x 
 q � 
 
 � 


•

 p�c��[x�qkc�p 
 �[xNq}p�c 
 x �

�
j�Y0M

c ∈ R
g�GhH&WQm��.MNP>_"ZfZ�a�j�H&P�P�Z�M�H&L.T�H&M�P�Y�L.H&MIZ�_N_)j�H&WzY0M)Z0PNP�R-c&V�Z�_�VoaÚpnj�H�_hP�O�H&T�Z0M

V�W�L.H\W{MNR.T�T¶a�Z0MkS�Z�W{J��.M�XNZ�MkS^��T�_NV�O�T�Voc&H\M�Z�x[a-V�T�]0H�_|Y0MkT�~0W�L0_kVom�M�~0Wz��O O�H&W-J�Z0M�_im�M�~0W
j H\ßlW V�_�V�R.W�H\W�R-c"d�R-H&M�d��.M�_[a-V�]�_�V�L¦m��.M�Z�_N_�S^��T�_NV�O�T�Vo]�Z�_NV�R.W H&W�PN]�Z¦a�Z0MNZ`Z0W�a�Y0W�j�J�Z0M&g
�QZ0W P�]-� T�T�H�L.V�a.H�_Na-V�P¦]-� W�WlZÚj�H\ß�W�V�H\M�ZñH&W S^��To_�V�O�T�Vo]�Z�_NV�R0WÂH\T�H\SfH\W@_�a�V�P}V�Z0W�Z0T�R.L0V
S`H\jKj�H�ßlW�V�_NV�R.W H&Wim��.M�Z�j�j�V�_NV�R.W

�
S`H&W|j�H&W WlZ)R0OwH\M�Z�_�V�R0WKY0M�V�W@_�H�Z�T�T�PDT�V�]�Z[Z0W�a�Y0W j�JlZ0M

P�R.SUj�H\W�a-V�X���P�_)j H\ßlW�V�H&MNZ�_�g

�����+�B�
���n�����ãâDÑ0�
A

·�¬0��¬Ú���È�`¬0�r�e����¬0·º�rÓ ® m × n
³ 
��Iª-��Ð��l�«����¬0�k�±¤�Ül�¶ó&ÍF��¾

��Ü �±���`Ü�¢
A
¿
At

¿À�±���Çª-���z�`¬0�r�e���µ¬0·¦�nÓ ® n × m
�±��� ² ¬0�^��¯��������l�¸���

at
ij = aji,

Ò����
1 ≤ i ≤ m, 1 ≤ j ≤ n,

ª�§0�
at

ij

§0�^��¯��������l�
(i, j)

�
At

³


 W�W�R0MNT�� W�jlZµ� _�_�M�u-c"]�_[]�Z�WºSfZ0W�d H&T�_�H&W�]�H&T�_EP�Y0L.Z$Z�_N_�M�Z0j�H\MNWlZµV
A
J�T�V�M�]0R.T�� SfW H&M

V
At

g

ÊIË��-ÌÎÍF��½�� � ���$���
3 × 3

­¸�f¬0�n�e���

A =





1 2 3
4 5 6
7 8 9



 ,

Ò\Ñ0�i·±�

At =





1 4 7
2 5 8
3 6 9



 .

� <����	�F; A A¶C�
k<���
��h<����7AF;

ÙhVb]0R.SfS`H\M¦Vbj�H�_N_"ZñZ±a-PNW V�_N_¦m��.M^H&W�]0H\T�d H\_�P`P�]-� T�T[Z�_N_}V�W�PN]@MNY0W�]�ZñR0PNP¦_�V�T�T
2 × 2

�
SfZ�_NMNV�PNH&M

�
S`H&WQj H\_hL.~0M)Z�_N_)L.�.MNZfZ0T�T¼Z^j�H�ßlW�V�_NV�R.W H&M�S$u-ce]0H�_hSfH\M)L.H\W�H&M�H&T�T¼Z}R-c"dQa-V

~�_�H\MN]0R.S`SfH\MÀ_NV�T�T�j�H�_N_"Z|P�H&WlZ�MNH)Vl]@��M�PNH&W:g�GhH�_�]0R.S`S`H&M�Z�_N_F_"Z0T�Z0PFR0S�Z�a�J V�T�j�W�V�W L�Z0M
R-c"dÉH&WÉP�u-W�R0W@u-S _�V�T�T)Z±a-J�V�T�j�W�V�W�L�Z�MfY0Mfm���W�]�_�V�R.W�H\M&g��hY0M�j�H\_�L.Y0T�T�H&M`P�~È]�Z0T�T�Z0j�H
T�V�W�XNY0M�ZÈZ±a-J�V�T�j�W�V�W�L�Z�Mñp
m���W�]�_�V�R.W�H&M�x�Z0W�a�Y0W�j H&M�SfZ0W j�R-c"] Z�a4_�M�Z�j�V�_NV�R0W4_�H&M�SfH\W
Z�a-J�V�T�j�W�V�W�L�Z0M\g
ðFWÞa.H&]�_�R.M (

x
y

) ]�Z�W{J�H\_NM�Z0]�_"Z�PkPNR.SîH\W
2 × 1

�¸SfZ�_�M�V�PIR-c"dÞa�VB]�Z�W{jl~f_lH�ïÞS^��To_�V �
O T�V�c&H&MNZ¦H\W

2 × 2
� S�Z�_�MNV�PESfH\j�H&W�a.H&]�_NR.M&õ

(

a b

c d

)(

x

y

)

=

(

ax + by

cx + dy

)

.

��H\PN��To_"Z�_�H�_hJ�T�V�M�P�R.SÇP�u-W�H&PkH&WÞW@u�a.H&]�_�R.M\g��)_NL�~0H&W j�Hµm�M�~�WÞj�H\_�_"ZfL.�.M�a-V¶m��.T XNZ0W�j�H
j H\ßlW V�_�V�R.WDg
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2 × 2

­¸�`¬0�n�����
A =

(

a b
c d

) ³��(Ü ��¤��nó&Ü�¢ �B�r½nÆ¶�B�n�¶Å��-�
Ì ÜhÍ

A
ª-��Ð��l�«����¬��Kª�Ñ`�±���

v =

(

x

y

)

7→ Av =

(

a b

c d

) (

x

y

)

=

(

ax + by

cx + dy

)

.

Ï$���r�«¬¦�-���^���ñ¬0·�¨&�
¯oª0�l�
�-��Òe��Ñ0�z�`§0�-��ª-���{¬0·¦·0�" ��¸�������|�n�
¯
¯:���o�}��©\§0¯Õ·�³
ÊIË��-ÌÎÍF��½��ãâDÑ0�

A =
(

2 0
0 2

) ³¶ÏµÑº§0�

A

(

x

y

)

=

(

2 0
0 2

)(

x

y

)

=

(

2x
2y

)

= 2

(

x

y

)

,

�\Ñ
A

ª0¥�¨±¨&¯o¬0�i¯o§0�-��ª-���Û�±°"²Q¨���·�¬0��¬0�i�e�� ��r�l�
�-�-���{¬0·`¬0¯
¯o¬f·0�" ��¸���"���\³
�����+�B�
���n������� âDÑ0�

V
·�¬0��¬Ú�`§0�-��ª-���á¬0·{¬0¯
¯o¬Ú·0�" ��¸�������&³b��� ¬0·�¨&�
¯oª0�l�
�-�Þ�&§±�-�"�

·�¬0��¬$½n�r���&Ä�¤Þ���

f(u + v) = f(u) + f(v),
Ò����K¬0¯
¯o¬

u,v ∈ V,

f(cv) = c · f(v),
Ò����µ¬0¯
¯o¬

v ∈ V
�±°"²

c ∈ R.

ÊIË��-ÌÎÍF��½	� ëw§0�n�
f(v) = 2v

³�ÏµÑº§0�
{

f(u + v) = 2(u + v) = 2u + 2v = f(u) + f(v),
f(cv) = 2(cv) = (2c)v = (c · 2)v = c(2v) = c · f(v),

�\Ñ
f
§0�|¯Õ�
��©\§0�\³

ÊIË��-ÌÎÍF��½I��� Ï^��Ð��l�«����¬`�l¥
g
�±���

g

((

x

y

))

=

(

x2

y2

) ³¶ÏKÑº§0�

g

(

c

(

x

y

))

= g

((

cx

cy

))

=

(

c2x2

c2y2

)

= c2

(

x2

y2

)

= c2 · g

((

x

y

))

·±�
¯  ������
�l�Á�K§0�i¯Õ�� 0¬`���Nª
c · g

((

x

y

)) �yÒ����e¥-�Á��� ª�Ñ
c = 0

��¯
¯����
c = 1

¡0³ �I¯
¯Õ�
�&Ñ�§0�

g
×�

�D� ¯Õ�
��©\§0�&³

ÙhVlP�~0LKdlY�M7Z�_N_Fm���W�]�_�V�R.W�H&W`PNR0S�j ��J�J�T�Z0M�H\W`a.H&]�_�R0M�Y0M�Jl~0j H)H&WfT�V�W�XNY0MFZ�a�J V�T�j W�V�W L
R-c"dñH&WñSfZ�_�M�V�PNZ±a-J�V�Toj�W�V�W L�g��)P�XNY0Toa�Z�a.H&M�]0H\_µY0MkJ�H&L0MNH&O O�H&WÛSfZ�_NMNV�PNZ±a-J�V�T�j�W V�W�L�R-ced
T�V�W�XNY0MhZ�a-J�V�T�j�W�V�W�L�H&]�a-V�a�Z0T�H\W@_�ZñpnR-c"dñV¶m�R.M�_NP�Y�_�_�W�V�W�L.H&Wz]0R0SfS`H&MIa-VÀZ�_�_i]�Z�T�T�Zfj�H&S
m��0M[T�V�W�XNY0M�Z^Z�a-J�V�T�j�W�V�W�L�Z0M�x�õ
�:Ü ��ó�� 
�¬0�
©��7�f¬0�n�e���&¬0·�¨&�
¯oª0�l�
�-�h§0��¯Õ�
��©\§0�b�±°"²¦���¦·�§0�l�:§0��·�¬0��©���¯Õ�
��©\§0��¬0·�¨&�
¯oª0�l�
�-�
���z�`¬0�n�����&¬0·�¨&�
¯oª0�l�
�-�.³
�h��·±���&³ ÙhV7a-V�P�Z0MKm��.M�P�_^Z�_�_$H&WÈSfZ�_�M�V�P�Z�a-J�V�Toj�W�V�W�LQY�MµT�V�W�XNY0M&g ��~�_

f
a�Z0M�ZQH&WÈSfZ �

_NMNV�P�Z±a-J�V�T�j W�V�W�L�S4ZÀO
A �

j[a�P
f(v) = Av

gBGk~�mn~0MKa-V�H\W�T�V�L0_KM�Y0]@W�H\MNH\L.T�H\MNWlZ�m��.M
SfZ�_NMNV�PNH&M[Z�_�_

f(u + v) = A(u + v) = Au + Av = f(u) + f(v)
R-c"d

f(cu) = A(cu) = c(Au) = cf(u).

 T�To_�PN~}Y�M

f
T�V�W�XNY0M\g

ðÀ_�_kJ�H�a-V�PkZ�a�R.S$a�Y0W j�W�V�W L.H&W
�
jbaEPkZ�_�_Ia�Z0M
X�H$T�V�W�XNY0M)Z�a-J�V�T�j�W�V�W LfY0MIH\WzS�Z�_�MNV�P�Z�a �

J V�T�j�W�V�W�Lzmn~�M¦S�Z0WÈm�M�~0WÂWlY0P�_�ZñP�Z�_�P}PNR.S j H&PNP�� _�R0S L0H&M}H�_N_`M�H&c&H\O _�Z�_�_¦mn~{m�MNZ0S
SfZ�_NMNV�PNH&W:g
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_�Z¦P�_�Y0T�T�PbV�W m��.M[Y0M�Z�_N_�d�Vo_N_"Z^S�Z�_�MNV�PNH\W�P�R.SUP�a�Z0M�Z0M[SfR0_
H\W{L.Voa.H&WzT�V�W�XNY0M)Z±a-J�V�T�j W�V�W�L g�ðÀ_N_kP�a�Z0Mkd@��MhS�Z0WÞ]�Z0W{L.�0M�Z`ßlW�W�PkV¶m��0T XNZ0W�j HµH&W�]@T�Z
R-c"dQZ0W�a�Y0W�j�J�Z0M�Z}PNZ�_�P\g
�:Ü ��ófà����^Ü�ó�ó&Ü ��ó&�-��� éb�

f
§0�^���z¯Õ�
��©\§0�µ¬0·�¨&�
¯oª0�l�
�-�¦�&Ñ^�-�"�K�`¬0�n�����±���$Ò����

f
� �

¨"¬��±���
(ex, ey)

¡f¬0·
(

f(ex) f(ey)
)

,
ªÀ·���Ò�������� ¬� ���¯t¥��¦�:���ñ�-�"�f¬0·�¨&�
¯oª-���Â¬0·

ex

¥-��ª-���
f

�±°"²Îª-���Â¬0��ª0�N¬� ���¯Õ¥-�¦�:���
¬0·}¨&�
¯oª-���ñ¬0·

ey

¥-��ª-���
f
³

�h��·±���&³ 
 W@_"Z�LfZ�_�_
f
Y0M[H\WQT�V�W�XNY�M[Z�a-J�V�T�j�W�V�W L¦PNZ0S$_)Z�_N_

f(ex) = aex + cey =

(

a

c

)

f(ey) = bex + dey =

(

b

d

)

.

��~�_ (

x

y

)

= xex + yey

a�Z0M�Z`H&WÞL0R-j _Áu-c"]@T�V�L}a.H\]�_�R.M\g 
 SUa-V¶��_�W@u@_�_nXNZ0M)M�Y0]@W�H\MNH\L �
T�H&M�WlZ^m��.M[SfZ�_�M�V�P�R.O�H&MNZ�_�R.M�H&M�WlZ^R-c"dÞZ�_N_

f
Y�M�T�V�W�XNY�MEP�~¦mn~0Mba-V

f

((

x

y

))

= f(xex + yey) = xf(ex) + yf(ey)

= x(aex + cey) + y(bex + dey) = (ax + by)ex + (cx + dy)ey

=

(

ax + by

cx + dy

)

=

(

a b

c d

)(

x

y

)

.
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H\WQSfZ�_�M�V�P�Z�a-J�V�Toj�W�V�W L¦S4ZÀO�SfZ�_�M�V�P�H&W

(

a b

c d

)

=
(

f(ex) f(ey)
)

.
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��+² ¬0�µ¬0�n�

f(ex) = f

((

1
0

))

=

(

2
0

)

,

f(ey) = f

((

0
1

))

=

(

0
2

)

,

�\Ñ��`¬0�n�����±�����-�"�$¬0·
(

f(ex) f(ey)
)

=

(

2 0
0 2

)

.
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