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2436587:9<;
=?>A@�B >�C�D%BFE!@HG�>�D�IKJML/NOB >:IMDQP�RS@�L.T�RMP�ISU�G�>AJMU:RMBWV�G�JKEYX[Z\L�RMN]D'>

y = kx + m
TYP�R

k,m ∈ R ^ =�>_@ L.T�R�P�I%@ B�>�C�D]`YG�R%DaUbV�G�IMB�L/>�Da>
x = n

Z\c�R%>YX�d/L�I
n ∈ R ^,e c/R%G�IMI

J�@�B E�EYG4L/@�B U�G%Igf.E�D'R*GhV�DaUbV�G�IMB�L/>�DaR�U�G�>iNjG�>kJMU:R�B V�GmlYX�TYGQZnG�@ @ D'>�JML/N

Ax + By + C = 0,
T�P�R

y = kx + m
IYD�opJ�V�G�RMG�RqN]L�I

A = k r B = −1
L.s#`

C = m
L.s#`

x = n
IYDto

JuV�G�RMG�RvN]L�I
A = 1 r B = 0

L.s#`
C = −n ^8w N%V�P�>:IxJ�XpP�RxT�D]E�y�>�UbIMD'RzB�E!@HG�>�D�I

J�L/N{J�G�I�B�Ju|YD'RMG�R
Ax + By + C = 0

Da>pR�P�I*@ B�>�C�Dm}nJMXhV.B�T�GmB�>bI�D
A = B = 0

TYXmT�DaI
G�>:IMB�>�d/Da>iP�R~`�D'@�GQE�@HG�>!DaI�D'@ @�DaR�IML/N]N�G%N�P�>�d/T�Da>�� ^=FI�IzG�>!>YG�IxJ�P�IMIvG�IMIxl�DaJMU:RMBWV�GkD'>�@ B�>�C�D4P�RKN]D'TA`�CMP�@ E�G�V�D'>�E�y�>!U:I

P = (x0, y0)E�X�@ B�>�C�Da>�L.s#`AD'>AR�B�UbI�>!B�>�d�J�V/D'UbIML/R
v =

(

v1

v2

) Z\c�RS@�B >�C�D'> r T�V�JKD'>�V/DaU:IML/RKJML/NOP�R
E�G�R�G�@�@ D'@ @,NjDaT�@ B�>�C�Da> ^�w N

R = (x, y)
P�RxD'>�d/L.T!Igf�s#U:@�B diE�y!>�UbI%EYXi@ B�>�C�Da>�JMXpP�R

−→
PR = tv

Z\c/R~>YX�d/L�I
t ∈ R ^�� U�L�L�RMT�B >YG�I�Z\L/RMN�l!@�B�R�T�DaI�I#G

(

x − x0

y − y0

)

=

(

tv1

tv2

) D'@�@ D'R {

x = x0 + tv1

y = y0 + tv2.��DaIMI�Gml�RMy�U�G�R�U�G�@ @HG�J~�n���.�'�.���Q�:���������n���������������Y� �b�h�:��¡¢����� ^£ >:I�G�dj>.y�G�IMI*V.B�`�G�R*D'>¤@ B�>�C�DKd/B V/Da>¤GhV
Ax + By + C = 0 ^ =?>¤RMB UbI�>�B >�d/J�V�D'UbI�L/R

d�D'JzG�V −−→
P0P1

TYP�R
P0

L.s#`
P1

P�Rxd/L.T!Igf.s#U.@ B�dbG[E�y�>�UbI�DaRzE�Xi@ B�>�C�Da>AL.s#`�Z\R�X�>AT�DaI�I#G
ZnX�R�NjG�>[@ B�>�C�Da>�J¥D'UbV�G�IMB�L/>[EYX%EYG�R�G�NjD�I�DaR�Z\L/R�N ^ =FIMI~G�>�>YG�I�J�P�I�I�P�R�G�IMI�`!D'@ I�D'>�U�Da@ I
JMP�IMI�G

x = t
}nL�N

B 6= 0 r G�>!>YG�RMJ
y = t

�,L.s#`]JMDaTYG�>]@�c/JMGKy�I
y = (1/B)(−At−C) rT�V�J

(

x
y

)

=

(

0
−C/B

)

+ t ·
(

1
−A/B

)

.

¦�P�R�B Z\R�X�>vJMDaR�V.B�G�I�I (

1

−A/B

)

= (1/B)
(

B
−A

) P�R�D'>%R�B�UbI�>!B�>�d/JuV/D'UbI�L�R ^�w N§V.B.B J�I#P�@�@ D�I
JMP�IMIMD'R

y = t
}nG�>:I�G�R

A 6= 0
��J�XQZnX�R~V.B

x = (1/A)(−Bt − C) r T�V�J
(

x
y

)

=

(

−C/A
0

)

+ t ·
(

−B/A
1

)

.

� T�DaI]`YP�RQZnG�@�@ DaI%ZnX�R4V.B�G�IMI (

−B/A
1

)

= (−1/A)
(

B
−A

) P�RQD'>¨RMB UbI�>�B >�d/J�V/DaUbI�L/R ^?�l�X�TYGQZnG�@�@ D'>[ZnX�R�V.B�G�@ @ IMJ�XQG�I�I (

B
−A

) P�R~D'>iRMB U:IM>�B�>!d/J�V/DaU:IML/R ^
w l!JMD'RuV/D'RMGiL.s#U.JMXiG�I�I

n =
(

A
B

) P�RSL/RuI�L/d/L�>YG�@8NjL�IKRMB UbI�>�B >�d/J�V/DaUbI�L/R�> (

B
−A

) L.st`
G�@�@WI�J�X4P�R

n =
(

A
B

) Da>pJMX]U�G�@�@�G�Tk���������Y�\���:���h���xI�B�@ @�@ B�>�C�D'>
Ax + By + C = 0 ^

©�ª��.� �?����«­¬Y®h¯]°²±
³�´�µ�³
y = 3x + 7 ¶�· µ�³i¸�®�³�¹h±8º�¸�»�±
¹�®Qºh¼�½

1y − 3x − 7 = 0 ¶¾¥³¿³�¼�»t½]®�°²¹�µ#¸�À6¼�»pÀn±
°
°�°²±
³�´�µ�³Á¯.µ#º�ÂbÃÄ®�¹ (

−3 1
)t º'ÃÄ®�À�À (

1 3
)t Å »�µ�³¿»�±�¸�ÀnÆ

³�±
³.¯�º�¹�µ#¸�À6¼�»¥Ç�È�»%°²±
³�´�µ�³ ¶FÉ¥Ê ³!¸�Àgµ�³
(0, 7)

°²±W¯h¯.µ�»*Ë�Ãk°²±
³�´�µ�³Aº'Ãk°²±
³�´�µ�³!ºjµ#¸�¹�®�Àn±Ì¼�³kË!Ã
Ë!®�»�®�½�µ�Àgµ�»\Ç�¼�»t½ÎÍ'°²±
»

(

x
y

)

=

(

0
7

)

+ t ·
(

1
3

)

.

¦*B I�I�B @ @ J�`YG�RqV�B,IMB IMI�G�ISEYX[@�B >�C�D'R�BFE�@�G�>�DaI ^ÐÏ G�TA`�P�>�T�DaRxL�NÑV.BFc/U�G�RKT!B�N]D'>�J�B�L/>�Da>
N]DaTk1�Ò*Ó�L r EYXKN]L�IMJ�V�G�R�G�>�T!D~JMP�IMI?d/D'J?DaUbV�G�I�B L/>�Da>mEYXKE�G�R�G�N]DaIMD'RuZ\L/RMNÔZ\c/R,D'>m@�B >�C�D
B<RMy�N]N]DaI�GhV





x
y
z



 =
−−→
OP0 + tv =





x0

y0

z0



 + t ·





v1

v2

v3



 ,
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T�P�R
P0 = (x0, y0, z0)

P�R,Da>mE�y�>!U:I?EYXS@�B >�C�Da>4L.s#`
v

D'>QRMB�UbIM>�B�>�d�J�V/DaU:IML/R ^�� R�y�N]NjD�I
U�G�>�NjG�>pB >:I�Dvd/DzDa>�@ B�>�C�DxN]D'T¤Da>�DaU:V�G�I�B L/>�GhV�I6f.E�D'>

Ax + By + Cz + D = 0}\T�DaI�I#G�l�@�B RQJML/N V�B�JMU�G�J�D¤D�IMIjE�@HG�>�� ^ �SP�R�D'N]L�IjU�G�>�NjG�>Äd/DiD'>�@ B�>�C�D�JML/N T�D
E!y�>�UbI�DaR*JML/N{y!E�E!Z
f.@�@ D'R����!�iJ�X�TYG�>YGmDaUbV�G�I�B L/>�DaR ^

����� 5
��X�I

π
V�G�R�GjD�IMIqE�@�G�>pB�RMy!NjN]DaI*L.s#`�G�>bI#G�d�G�I�I

n =
(

A B C
)t P�R*D'>¤>�L/RMNjG�@��

V�D'UbI�L/R~IMB�@ @ÐE�@�G�>�D�I r T�V�J
n

P�R�L/R�IML/d/L/>YG�@�N]L�I�V�G�R\C�DSV/DaUbI�L/R�J�L/N{P�R~E�G�R�G�@�@ D'@ @�NjDaT
E!@HG�>!DaI ^?w N

P0 = (x0, y0, z0)
P�R4D'>_|!o_E!y�>�UbI]B�E�@HG�>�DaIQL.s#`

P = (x, y, z)
D'>

d�L.T!Igf�s#U:@�B dmE�y�>!U:I*B�E�@�G�>�D�I r J�Xmd/P�@�@ D'R�G�@ @ I�JMXQG�I�I

0 = n · −−→P0P =





A
B
C



 ·





x − x0

y − y0

z − z0





= A(x − x0) + B(x − x0) + C(z − z0)

= Ax + By + Cz + (−Ax0 − By0 − Cz0).

w l!JMD'RuV/D'RMG[G�IMI
P0

G�>bI�L/d�J�V�G�RMGjDa>p|!opE!y�>�UbISJMX�G�I�I
x0, y0

L.s#`
z0

P�R*>YX�d�R�Gm|�o�G
I�G�@<J�X]G�I�I

D = −Ax0 − By0 − Cz0

P�R�D�IMI*l�DaJ�I�P�N%I�I�G�@ ^�Ï B<ZnX�R�G�@ @ IMJ�XQG�IMI

Ax + By + Cz + D = 0

P�R¥D'UbV�G�IMB�L/>�Da>[Z\c�R¥DaIMI�E�@HG�>jNjDaT[>�L�RMNjG�@ V/DaU:IML/RM> (

A B C
)t

. 	 L�I�D'RMG4G�>�G�@�L�d/B >
N]DaTiD'UbV�G�I�B�L�>�D'>kZ\c/R~D'>i@�B >�C�DSB<E�@HG�>!DaI r T�X

Ax + By + C = 0

P�R�DaUbV�G�IMB�L/>�Da>iZ\c�R�Da>p@ B�>�C�DqNjDaTi>�L/R�N�G�@ V/DaU:IML/RM> (

A B
)t

.

©�ª��.� �?����

�Sµ#º�À Å ½ µ#¸�¹�®�Àn±Ì¼�³�µ�³]Ç�È�»*Ë�°W®�³�µ�À�ºh¼�½{¯bÃ�»x¯.µ�³�¼�½ Ë Ê ³!¸�Àgµ�³
(1, 2, 3)¼�����ºh¼�½��!®�» (

4 5 6
)t ºh¼�½{³�¼�»t½]®�°²¹�µ#¸�Àg¼�» ¶�� ±,º'Ãh¯�¼�¹�®/³�®�ÀnÀ~µ#¸�¹�®�À�±Ì¼�³�µ�³ Å »�Ë�Ã

Ç�¼�»t½�µ�³
4x+5y +6z +D = 0

Ç�È�»�³�Ãh¯.¼�À
D ¶�� ®�³�Í�µ#º�À Å ½Q½�µ�»Kµ�³!¸�°W®�º�À

D
¯.µ�³�¼�½

®�ÀnÀ Ê À�³���ÀnÀ ´a®k®�À�À
(1, 2, 3)

°²±W¯h¯.µ�»�Ë!ÃvË�°W®�³�µ�ÀFº'Ã�®�ÀnÀ

0 = 4 · 1 + 5 · 2 + 6 · 3 + D = 32 + D.

· Å »�½�µMÂ Å »
D = −32

¼�����µ#¸�¹�®�À�±Ì¼�³�µ�³ Å »
4x + 5y + 6z − 32 = 0 ¶

��X�I
u =

(

x1 y1 z1

) L.st`
v =

(

x2 y2 z2

) V�G�R�G[IMV�XkB stU�D'EYG�RMG�@�@ D'@ @ G�V/DaUbI�L/R�D'R
J�L/N P�RvE�G�R�G�@ @�Da@ @�G[N]D'T�DaI�IzE�@HG�> ^ �qX¤P�RKV�G�R
C�D]V/DaUbI�L/R

w

JML/N P�RxEYG�R�G�@�@ D'@ @,NjDaT
E!@HG�>!DaI D'>j@�B >�CMP�R�U�L/N4l!B >YG�IMB L�>]G�V

u

L.s#`
v r w = su+ tv ^�� XvL/N

P0 = (x0, y0, z0)P�R*D'>p|!oiE�y�>�UbIqB�E�@�G�>�DaI*L.st`
P = (x, y, z)

P�R*Da>¤d/L.T!Igf�s#U:@�B d]E�y�>�UbIqB�E�@HG�>!DaI*J�X
d/P�@�@ D'R�G�IMI −−→

P0P = su + tv
Z\c/R~>YX�d�R�G

s, t ∈ R ^�� U�L.L�RMT�B >YG�IMZ\L�RMN�l�@ B�R�T�DaI�I#G




x − x0

y − y0

z − z0



 =





sx1 + tx2

sy1 + ty2

sz1 + tz2





D'@ @�D'R






x = x0 + sx1 + tx2

y = y0 + sy1 + ty2

z = z0 + sz1 + tz2.

��DaIMI�Gml�RMy�U�G�R�U�G�@ @HG�J��8�n�����b���Q�.���!�!�h�n���������������Y� �b�h�:��¡¢����� ^
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e c/RMJuI�JMU�GzV.BÐd/D�Da>[N]DaI�L.T]Z\c/R¥G�IMI¥l�D'RMP�U:>YG�}nN]B�>�JuI#Gb�?G�V�JuI#X�>!T�DaI
d

Z\R�X�>�D'>�E�y�>�UbI
P

IMB�@ @:D'>QRMP�IF@ B�>�C�D
L ^ £ V�JuI#X�>!T�DaI�d�D'J�C�yQGhV%G�V.J�I#X�>�T�DaI?N]D'@ @HG�>

P
L.s#`QT!D'>QE�y�>�UbI

QE�X
L

J�L/N P�R�J�X�T�G�>QG�IMI −→
PQ

P�R8L�R�I�L�d/L/>YG�@:N]L�I
L ^ �qD�IFd/P�@�@ D'R�G�@�@WI�JMX*G�IMI8l�DaJ�I#P�NjNjG

Q r Da@�@ D'R�B<V�G�R\C�DKZnG�@ @ |−→PQ| ^

R Q

P

L

��X�I
R

V�G�RMGkDa>A|!oAE�y!>�UbIzEYX
L r V.B�@ U�D'>AJ�L/N `!D'@�JuI ^ �SXiP�RSI�RMB�G�>�d/Da@�>

PQR
R�P�I �

V.B >�U:@�B dxL.st` −→
RQ =

−→
RPL r T~V¥J −→

RP � J¥L/RuI�L/d�L/>YG�@�GKE!RML�C�D'UbI�B L/>]EYX
L ^�
 D'T�`�CMP�@�EjG�V

�Ff:I�`�G�d/L/RMG�J�J�G�IMJ�ZnX�R~N�G�>�TYX

d = |−→PQ| =

√

|−→RP |2 − |−→RQ|2 =

√

|−→RP |2 − |−→RPL|2.
� �8���!���<�8�n����«���Í�ºhµ�»t¹�µ�»�®i®�À�À�Â.µ�³Y³�®�½�µ�À6¼'ÂKÇ Ê ³.¯.µ�»�®�»mÍ#ÃbÂ.µ4±¥À�¹�Ã�¼�����Àn»�µ]Â/±
Æ
½�µ�³!ºt±Ì¼�³Ðµ�» ¶�� ¼�Àgµ�»M®i¼��#¸hº'Ã[®�ÀnÀ¥¹�®�°�µ�À�®�¹�Ë Ê ³�¸�À6µ�³

R
±
³YÀ6µ�Ë!Ã�¹�µ�»#¸�®�»S»#µ#º Ê °²ÀÌ®�À6µ�À ¶

©�ª��.� �?����� � ®bÂ Å »�®�¹'º�ÀÌÃ�³�Â.µ�À
d

½�µ�°
°W®�³pË Ê ³!¸�Àgµ�³
P = (1, 2, 3)

¼�����°²±
³�´�µ�³
L¯�±
¹�µ�³�®�¹







x = 4 + t
y = 5 + 2t
z = 6 + 3t

�<Ã�À¥À�µ��
R = (4, 5, 6) ∈ L ¶ � ± �!®�»%®�ÀnÀ

v = (1, 2, 3)
Å »Qµ�³�»t±�¸�À�³Y±
³.¯�¹�µ#¸�Àg¼�»?Ç�È�»

L¼�����µ�³�µ�³ �Yµ�À
º�¹�µ#¸�À6¼�»�Ë!®�»�®�°
°�µ�°
°<½�µMÂ
v

¯.µ#ºz®�¹

e =
1

|v|v =
1√
14





1
2
3



 .

� ±�ÇaÃ�»zÂ Å »t½�µMÂk¼�½ −→
RQ

Å »zÂ.µ�³ ¼�»tÀg¼M¯.¼�³�®�°W®xË�»�¼6´�µ#¸�À�±Ì¼�³�µ�³�®�¹ −→
RP

Ë�Ã
L

®�À�À

∣

∣

∣

−→
RP

∣

∣

∣
=

∣

∣

∣

∣

∣

∣





−3
−3
−3





∣

∣

∣

∣

∣

∣

= 3
√

3.

∣

∣

∣

−→
RQ

∣

∣

∣
=

∣

∣

∣

−→
RPL

∣

∣

∣
=

∣

∣

∣
(
−→
RP · e)e

∣

∣

∣
=

∣

∣

∣

−→
RP · e

∣

∣

∣
|e| =

∣

∣

∣

∣

∣

∣

1√
14





−3
−3
−3



 ·





1
2
3





∣

∣

∣

∣

∣

∣

=
18√
14

.

d =
∣

∣

∣

−→
PQ

∣

∣

∣
=

√

∣

∣

∣

−→
RP

∣

∣

∣

2

−
∣

∣

∣

−→
RQ

∣

∣

∣

2

=

√

27 − 182

14
=

√

27(7 − 6)

7
= 3

√

3

7
.
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Ï B�J�U�Gj>.y�G�>�d�RMB�E�GmE�RML/l!@�D'N]DaI�G�I�I�l�D'R�P�U:>YG[G�V.J�I#X�>�T�DaI
d

N]D'@ @HG�>iDa>�E!y�>�UbI
P =

(x, y, z)
L.s#`�DaIMIvE!@HG�>

π
B?RMy!NjN]DaI ^ £ >:I#G�dpG�I�IvDaUbV�G�I�B L/>�Da>�Z\c/RKE�@�G�>�D�IzP�Rxd/BWV/D'>

G�V
Ax + By + Cz + D = 0 ^ �SX]P�R

e =
1√

A2 + B2 + C2





A
B
C





Da> >�L/RMNjG�@WV/D'UbI�L�RvIMB�@ @
π

G�V�@�P�>�d/T
1 ^ ��X�I

P0 = (x0, y0, z0)
V�G�R�G¤Da> d/L.T!Igf�s#U:@�B d

E!y�>�UbI�B<E�@�G�>�D�I ^ £ V�JuI#X�>!T�DaI*Z\RMX�>
P

IMB�@ @
π

d/DaJ�TYXmGhV[@HP�>!d/T�Da>pG�V[T�D'>iL/RuI�L/d/L�>YG�@HG
E!RML�C�D'UbI�B L/>�Da>pGhV −−→

P0P
E�Xm>�L/R�N�G�@ D'>[IMB�@�@ÐE�@�G�>�D�I ^!Ï B�ZnX�R�G�@ @ IMJ�XQG�I�I

d = |(e · −−→P0P )e| = |e · −−→P0P | =

∣

∣

∣

∣

∣

∣

1√
A2 + B2 + C2





A
B
C



 ·





x − x0

y − y0

z − z0





∣

∣

∣

∣

∣

∣

=
|Ax + By + Cz − (Ax0 + By0 + Cz0)|√

A2 + B2 + C2

=
|Ax + By + Cz + D|√

A2 + B2 + C2
,

T�P�R�T!D'>pJ�B�JuI#Gm@ B�U:`�D�I�Da>kZ\c/@ C�D'R~G�VkG�I�I
P0

@�B�d�d/DaR�B<E�@HG�>!DaI�J�X]G�@ @ IMJ�XQP�R

Ax0 + By0 + Cz0 + D = 0.
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