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n d�e�fWg�h Nji h x1, x2, . . . , xn k�l f N fWgjm�h i�b d Nonqp4r d lts f N
n

∑

i=1

aixi = b,

u k0l ai d.vxw b k0lEy!z h i h0{R| MEi�i}ORQTS�UWV�X~_�Y:[]\!^!_�Qa`�S8�����L�W_~Y.� s f u
m f'gjm�h itb d N f l d.vxw

n d�e�fWg�h Nji h k�l w�fW{ i f N g0fW{ i m � i�� vxg0f N � p u h N h�f'gjm�h itb d N f l d.vxw�f N { ��� N�b N���i�b { {qf iti
� p u h N:i � � � i f s�k0l f N

n � itb�n fW{A�td s ��h itb � y f l h l h�{�{�h4fWgjm�h i�b d N f l N h�|�Cb iti h i f z nqp u f i { b N�� k0l h%f'gjm�h itb d N �t� � � i f s f i






x + 2y + 3z = 12
3y − 8z = 14

20z = 40�Hb g�h N g0d l i ��g l b m�h u f i�i h��td s Ax = b � u k0l
A =





1 2 3
0 3 −8
0 0 20



 , x =





x
y
z



 , b =





12
14
40



 .

� h i l b �tf N
A g�h0{ {�h0� r � l [�`AYj���jQaY.S�_���^�_~X�QR� d.v#w b g�h0{�{�h0� r � l}����� Y:X�OaY.�8�W\�Y:[]_�`�X |MEr
i f l ��d s u f N � b � i h�f'gjm�h itb d N f N eqh l h b N�N fWw p { {�f l z � p�rTp l m bHr l p0N u f N�N h�h iti

z = 2 |L� k iti f l m bEN. ¡b N u f i�i h b u f N h N u l h�f'gjm�h i�b d N f N£¢ �td s eqh l h b N�N fWw p {�{ f l y
d.v#w z ¤J� p¥rTp l m b

3y = 14 + 16 � u m¦� y = 10 |�§ s m b�N.  � k iti f l b N u fW�t��hZm k�l u f N
b,r � l � i h¨f'gjm�h i�b d N f N � p¨rTp l m b

x = 12 − 2 · 10 − 3 · 2 = −14 |�© iti u f i e�{ fWmª� p
w k0l f N g0f'{ i h iti eqh l h«�   v'v'fW�t� b m i �   e�� i�b�  f l h u fJd�{ b g�h¬m�h l b h0e�{�f l N hHw k N�� f l �th s¥s h N
s f u h iti g0d.f�­Zv b f N:i s h i l b �tf N k0l i l b h N���  { k0l |!®Hf i�i h r � l r h l h N u f«e l   g�h l g�h0{�{�h0� r � l¯ ^�[�°!_���± ¯ �W_�Qa_~±L_�Qa`�S |
© N:i h �«N:  h iti g0d.f�­Zv b f N:i s h i l b ��f N4b�N:i f k0l i l b h N��0  { k�l | �Hb m�f i h iti m b g�h N²� � l h u f N
�~m�f l i l b h N��0  { k0l*s w*h�fW{�f s f N:i k0l h l h u d n f l h itb d N f l d.v#w u f i w k0l { b�� h k0l h iti u fW�t��hb N:i f k N u l h l {���� N�b�N!� � sZk N�� u f N d s³s h N´b�N g:{   u f l h l w!� � f l {�f u ��m�fWg i d l N ��d s f N
f z i l hog0d�{�d N�N | ¢ ®Hf iti hoe l   g�h l g�h0{�{�h0� r � l _�`�_~^�OR��^�_~X�Qa�'Y�S |µ¤¶© iti e �:i h i m p l h u f lw�h l  �n�n f N eqh l { b � f N·b�N�� f N fW¸�fWg i d.v#w¡h iti s   { itb n { b v'f l hZf N l h u s f u f itiHi h0{��tg b { ir l p0N·N d�{�{L�¹m�h l h l f N eqh l i s d i h i�i s   { i�b n { b vWf l h�e p u hZ{�f u f N s f u i h�{�f i%¢ f r
i f l �td sm b*b N g:{   u f l h i w�� � f l {�f u f i �td s f N f z i l hºg0d�{�d N�N ¤�|�»,� l u f N£i l f u � fPf'{ f s f Nji k0l h
l h u d n f l h i d l N h i�i h u�u f l h�f N s   { itb n f'{Ah�m¨f N l h u i�b {�{�f N h N�N h N � p h Nji h � h iti

E1 = a11x1 + · · · + a1nxn − b1 = 0

d.v#w
E2 = a21x1 + · · · + a2nxn − b2 = 0

k�l i m p { b�N�� k0l h%f'gjm�h itb d N f l �Hb �tg�h�m b ��h�h i�i
{

E1 = 0
E2 = 0

d.v#w
{

E1 = 0
E2 + kE1 = 0

w�h l ��h sZs h´{ ��� N�b N�� h l |�§ s u f iPr � l � i h´f'gjm�h itb d N �t� � � i f s f i k0l  �n�n!r
� { { i � p k0l !n�n f N eqh l { b�� f N u f i h N u l h%d.v#g:� p u f i |�© Nji h �4N.  h i�i u f i h N u l h k0l u f i | MEr
i f l �td s
E1 = 0 � pºrTp l m b

E2 = −kE1 = 0 � p h0{ { i � p k0l d.v#g:� p u f i�r � l � i hº� � � i f s f i
 !n�n!r
� {�{ i d.v#w u k0l�s f u k0l �th0g0f N g:{�h l | �¶b wqh l h0{�{ i � p m b ��h i h iti u f¡f'{ f s f Nji k0l h
l h u d n f l h itb d N f l N h b�Nji f k N u l h l {��0� N�b N�� � sZk N!� u f N |
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





3x + 6y + 9z = 36
2x + 7y − 2z = 38
4x + 11y + 24z = 102.

.

$%�'&)(�

�*� 	,+.-���	��/��"0����
1�2� 	��435��� ��6 7*�*68"#	96;:/<975	�
1=2	96�����	����>��
1�4���?=?=




3 6 9 36
2 7 −2 38
4 11 24 102



 .

@A	96B	�=2	�"#	��/��C�
��8
��*65��D/	�
9���������E	�
��F(�&)(�
G� �




3 6 9 36
2 7 −2 38
4 11 24 102



 ⇔





1 2 3 12
2 7 −2 38
4 11 24 102



 ⇔





1 2 3 12
0 3 −8 14
0 3 12 54



 ⇔





1 2 3 12
0 3 −8 14
0 0 20 40



 .

HI	���������
1�����57�3J=KC�
��#��� ���>	�"L:���
M� �N
O	96*���A=P<Q�1�R"S:T�BU�����(��?��3'U������?��35�������V� -�:4� �W&)(�

z = 2 X y = 10

� -�:
x = −14 Y

®¬f iti h�� k i�i h i�i �~m�f l r � l h i d i h0{ s h i l b ��f N¨itb { {]f N �~m�f l i l b h N��0  { k0l¦s h i l b �Cd.v#wo�tf u h N
e�h0g p�i �   e!� i�b i�  f l h�g�h0{ {�h0� r � l[Z ^q±����'Y.ORQT�cQTS�^�_�Qa`�S |
§ s m b k0l bAi l f u b s f N � b d N f l � p k0l f N { b�N�� k�l f'gjm�h itb d N

a1x1 + a2x2 + a3x3 = b

fWgjm�h itb d N f N r � l f iti«n {�h N | � h N g�h N u p ��f²{��0� N�b N�� h l N h i�b {�{Lf iti fWgjm�h itb d N ��� � � i f s
s f u i l f%fWg:m�h i�b d N f l �td s �tg k0l N�b�N!� � n� !N g i f l N h s f'{ {�h Noi l f n {�h N |]��d s m b � p0��nqp
� l  �n�n �~m N�b�N!� f Nc¢ h0{ i f l N h i�b m iJitb i�i h b h�m�� N�b i�i[\ | 1 | 1�b e�d0g0f N ¤Jg�h N u f N!N h¥�tg k0l N�b�N!�
m�h l h b�N�� f N:itb�N�� ��f NPn! �N g i ��f N { b�N�� f¶fW{�{ f l f iti w!f'{ i*n {�h N |�®Hf i k0l h�{�{ i � p%b�N:i f�h0{�{ i�b u
��d s b f z f s n {�f i h i�i s h NcrTp l f N f N u h  �N!b gº{���� N�b�N!� |E§¶e��tf l m�f l h u d.v#gch iti d sh�{�{�hZfW{�f s f N:i¶nqp u b h � d N h�{�f Nªb u f N i l b h N���  { k0l h s h i l b �tf N k0l ��g b { u h r l p0NªN d�{�{�� prTp l m b f N� �N�b g�{ ��� N!b�N���r l p0N e�h0g p�i �   e�� i�b i� !itb d N f NZr � l b m�h l � f¬� i f � e�fW� i k�s � N k � i h
m�h l b h0e�f'{  �N�b g i | M<r
i f l �td s h�{�{�h f'{ f s f N:i�nqp u b h � d N h0{ f N k0l �tg b { u h r l p0N�N d�{�{�d sd.v#w f N u h�� i d s u f i f lts b�N h N:i f N r � l g0d.fW­¥v b f Nji s h i l b �tf N

A k0l ��g b { u r l p�N N d�{ {¢
� h l r � l�] ¤¦� p²rTp l m b f No �N�b g�{ ��� N�b N�� d s det A 6= 0 |� h u w k N u f l d s det A = 0 ] �¶bAitb i�i h l n�p²r ��{ � h N u f¶f z f s n f'{�^
����Y.���<Y�O`_a�
	���
��������8�>������=b"0����
1�2� 	��





1 2 3 1
2 4 3 2
3 6 a 4



 ,

6*C�

a

C�
#�c( 75���[����= Y $d�T� 	�
0:�C�
e�����[�*� 	,+.-���	��/��"0����
1�2� 	��
A

:���

det A = 0

	,&1f
�!	�
O� ��" 65	4����(g&h<�
��������*��=2���/�E	�
1�c�SC�
A	��i"j3J=b���kD/	�=[���A����
����c6�
�� Yjl " � �m3J�n&h<�

o ��3*��� 	�=b�?"j�?�c���������p�F(q&)(�
m� �




1 2 3 1
2 4 3 3
3 6 a 4



 ⇔





1 2 3 1
0 0 −3 1
0 0 a − 9 1



 ⇔





1 2 3 1
0 0 1 −1/3
0 0 a − 9 1



 ⇔





1 2 3 1
0 0 1 −1/3
0 0 0 1 + (a − 9)/3



 .
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HI	��e���2�����g	��������������E	��pC�
[�/3
0 = 1 + (a− 9)/3

� ��" :���
�=2< ���/�?�57#��"L� -�:B	��c6*�����
��" �*�����������/�>	��

a = 3 Y H 	���� �/���4��=?=b�?�F(SU1��
���=2< ���/�?�57 ��"
a = 3 Y�� �/��� 7 �/3

a = 3 Y H (q&)(�
m� �




1 2 3 1
0 0 1 −1/3
0 0 0 0



 ,

� �?= �*	��E75	�

x3 = −1/3 Y�� 	96*����&)(�
 � � �?�575	��d� �?=?=k�*��
 D�(

x2

	,&1�>	�
O� ��" � � :���
[	��g�E��=?=K�
� ���c6�
��j6���� 75���c��=2	�=2	�"8	��/�!	�� Y HM(jC�


x2

���*6M"0���BUF
13*����
T����=?=K�;	���� X�Q ����
����*U�	�= � -�:
� �[����� �FC������

x2 = t
6*C�


t
C�
 	���D���
9��"#	��!	�
 Y HI	�� &h<�
O����� 	��������������E	��V75	�
p6*(

x1 = 1 − 2t − 3 · (−1/3) = 2 − 2t
� -�:�� �'&)(�
m=2< ���/�?�575	��







x1 = 2 − 2t
x2 = t
x3 = −1/3,

� �?= �*	��`C�
 	��������������E	��M&h<�
 	�� =b�?�
	h	RD�(mD���
9��"#	��!	�
?&h� 
1" Y
�Hb � p0�ob f z f s n {�f i h i�i m b y v#g¡h N:itb�N�� f N b N�� f N fW{�{ f l d k N u { b �0i s p0N�� h¨{ ��� N!b�N�� h ld s det A = 0 | � h N g�h N � f N f l h�{ b �tf l h%m p l i l fW�td N f s h N�� d.vxw b h�{�{ s¥k N w�f i wqh l m b
r �0{ � h N u f¶m b g itb�� h l f'�   { i h i |
� ^!_��B�
�N��� �����*6�
������2�����`	��������������������Q���!	�" "#	96 �*� 	,+.-���	��/��"0����
1�2�

A
:���
M	��435�/�2�

=P<Q�1�/�?�57A��" � -�:S	��c6*�����G��"
det A 6= 0 YGl "

det A = 0
�F(�� �/���#65	��
���/���?�575	��

�?� 75	�� =2< ���/�?�57�	�=?=2	�
I�FC��c6�=b�K7�� "0(��57*�8=2< ���/�?�57*��
 Y


