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Ax = b i�j Z
A = (a1 a2) j Z

\kQ
3 × 2 lnm S�R�ZhW fko�pqg j Z

Ax =
(

a1 a2

)

(

x1

x2

)

= x1a1 + x2a2

\kQsr�W Q�t j Z�^�_ m d!W QYS�RhW _�QuS�Vv^�_/r _/Q�Q�\kZhQYS
a1

_.`aX
a2

W
A

o�w�g
Ax = b

XYS�Z>r x/fhQ!W�Q�Ty_ m_.`#Xz\'Q i S�f�R*_ m b j ZE\'Qzr�W Q�t j Z�^�_ m d�W{QYS�RhW _�Q�S|V}^�_/r�_�Q�Q�\'Z�QYSvW
A

o�PBr�r~S8r�W Q�t j Zh^�_ mvld!W�QYS�R�W�_�Q�\'ZNS�V
a1

_.`aX
a2 j Z�\�RhR*��r�S�Q

π
W
R

3
o

π

O

b

b0
a1

a2

PBQMR�S�TcQ.��S�RhRyV.W�XYS�Z�\kQ�V/\'^;Rh_/Z
b

fh_ m W�Q;R�\vr�W T/T/\kZqW���r~S�Q�\kR
π

_.`aX�r~g�R
b0

V�S�ZhS
_�Z�R�_�T/_/QYS�r~SU�!Zh_�t�\'^;R�W _/Q�\kQ�S�V

b
�Yg

π
o�p�g j Z*\'Q�V/\k^;R�_/Z

x0

fhg i S�Q�S�RhR
Ax0 = b0fhgUQ j ZhSU\kQ�r x/fhQ�W Q�T]R�W r�r

Ax = b m S�Qz^�_ msm S]W i \kQ m \'Q�W Q�T/\kQ�S�RhR
|Ax0 − b| ≤ |Ax − b|

� x�Z�S�r�r�S
x ∈ R

2
o

� ��Zvd�\'f�R j�mum \'Z m S�Q
x0 � w j RhR

r = Ax0 − b
o�pqg j Z

r
_/Z�R�_�T/_/QYS�r m _�R]V�S�Z�t�\

V�\'^;R�_/Z�W
π

_.`#Xcfh��\k`'W \'r�r{R m _�R
a1

_.`#X
a2

o�p�\�RBT�\'Z
{

at
1
r = 0

at
2
r = 0

i V�f
Atr = 0.

� \'Q
0 = Atr = At(Ax0 − b) = AtAx0 − Atb,

i V�f
AtAx0 = Atb

eYfhg
x0 j ZN\'Qcr�x�fhQ�W Q�T]R�W r�r

AtAx = Atb
o

pB\kRhR�S�^�S�Q���T;S�Q�fh^�S�\kQ�^�\'r{Ra�Gd�\�V�W f�S�f�W i \kR�S�r�r msj Q�QYS � S�r�r \kR���f�\*d�_/^�\kQ���_.`#XUV.WYXYS�Z'�
���!���c���� #¡�¢�£�¤!¥�¦¨§� #©�ªJ«�¬a­

r = Ax − b ® ¦¨¢
¬]¯v¢
­Y¢
¯u¥�¦�«�¯
x

¡'¥�ª�¢�¡�°E �¬h¥�¬}±n­�«�¬�¯u¥�²
¦  #©�§�¥/ª�¢³«�­� �­�´

AtAx = Atb µ
¶¸·F¹»º!¼�½6·F¾�·À¿Á��Â% �­Y­�¥ÄÃ ¦�Å|¡�­Y¢
­.ÆÀÇ�©�¥�¦
¦{¥�¡�È�Å�¬% �­�¯v¢
­!¡�ª³¥�©�§�¥;£�¬�¥�ªÉ¦�Å|¡�­Y¢
­MÆ µ
ÊBË�Ì ¹»Í Ì�Î �ÐÏ!Ñ#ÒY �Ó� �¯�Ò� �¦kÒ!Ô8 �ª�ªÀÅ�§� �¬ ®  #¡�ª³Õ�¯vª�¡�Ñ|¡�ªJ �¯ÖÕ�¬>­�Õ�¬>¯u¥�­%×!¥�¬� �­v¯uÕ�­.Æ;£
£;¥�ª³¥�¡|«�¯Ø¯u¥�­Ù§|¢
¦
¦*¥�­�Ò!¥�¡#¡'¥Ú¡'Ô ® ¬�¥�¡|«�¯Ø¯}ÅJÛa¦¨¢{Æ�ªÜª�¢
¦
¦�­�Ô|Æ.«�­Ùª�ÑaÒÝ¥�§]Èa¤.­!©�ªÉ¢³«�­ µÞ ­Yª³¥|Æ�¥�ªÉª�§|¢F×!¥�¬�¯uÕ�ª³£;¥�ªn¥

x 1 2 3 4 5
y 3 5 8 10 13«|ß#×u¡'Ôv§|¢
¦
¦�§|¢�×.¢
ªÉª³¥¸ �­c¬�Õ/ªG¦¨¢
­�Û� 

y = kx+m
¡|«�¯@¡�ª³Õ�¯v¯} �¬�Å�§� �¬� �­!¡�Ã ¡'Ô ® ¬�¥%¡|«�¯

¯}ÅJÛa¦¨¢{Æ�ª|ÇM¯} h£¸£. #¡#¡'¥¸£;¥�ª³¥ µ
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� ¢�ÈkÔ�¬] �ª�ª� #©�§�¥�ªÉ¢³«�­!¡#¡�Ñ|¡�ª  �¯
Ax = b

¯} h£��c #©�§�¥�ª�¢³«�­� �¬%«|ß#×���« ®  #©�¥�­Yª³¥��






















3 = 1k + m
5 = 2k + m
8 = 3k + m
10 = 4k + m
13 = 5k + m

⇔













1 1
2 1
3 1
4 1
5 1













(

k
m

)

=













3
5
8
10
13













.

� ¢ ®  #¡�ªnÕ�¯v¯} �¬q­�«�¬a¯u¥/¦  #©�§�¥/ª�¢³«�­� �­
AtAx = Atb

«|ß#×yÈkÔ�¬

AtA =

(

55 15
15 5

) «|ß#×
Atb =

(

142
39

)

.

� Å|¡| �¬%§|¢�£. �­Y­�¥}¡'ÔyÈkÔ�¬%§|¢�¦�Å|¡�­Y¢
­.Æ. �­
(5/2 3/10)t � £�§�¡

k = 5/2
«|ß#×

m = 3/10¡�«�¯ Õ�¬y¦¨¢
­�Û� �­�¡|«�¯ Õ�¬�¬a¢
ªn¥;£s¢ ® ¢
¦{£. �­ µ
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 W�Zh\'^�S���W{R���r \'Z�S�ZES�RhRN\kQz������f j RhRhQ�W�Q!T
B

S|VsV/\k^;R�_/Zh\kZ�^�S�r�r�S�f � x/Z�\'QzdYS�fN_ m V�S�Z�t�\
V�\'^;R�_/ZÜ^�S�Q�f�^.Z�W V�S�fÜfh_ m \kQ���Q�W ^�r W�Q�t j Zh^�_ m d�W Q�S�R�W{_/QÚS�V�V/\k^MRh_/Zh\kZhQYScW

B
oÀw.R�S�Q l

i S�Z i \���\ m ��r�\�R j ZNdYS�f�\'Q

e1 =















1
0
0ooo
0















, e2 =















0
1
0ooo
0















, . . . , en =















0
0
0ooo
1















,

f�_ m ^�S�r�r�S�fÀt���f�R*f�R#S�Q i S�Z i d�S�fh\kQ � x/Z
R

n
o


 g�R�QM�
f1, . . . , fn

V�S�ZhS�\'QÚdYS�f � x/Z
R

n
e�V�W r�^�\kQÚf�_ m X�\'r f�R'o 
 WFR j Q�^�\kZ�_�fhf

fi
f�_ m\kQ¸V/\'^;R�_�Z m \ i ^�_._/Z i W�Q�S�R�\kZ�W�f�R�S�Q i S�Z i dYS�fh\'Q�o 
 S�Z�t�\BV/\k^;R�_/Z

x ∈ R
n

^�S�Q�fh^MZhW{V�S�f
f�_ m

x = x1f1 + x2f2 + · · · + xnfn,� x�Z,QYg�T/ZhSBR#S�r
x1, x2, . . . , xn

fh_ m ^�S�r r~S�f � x/Z
x

^�_._�Z i W QYS�R�\kZ,W!d�S�fh\kQ
(f1, f2, . . . , fn)

o
pB\'Q�QYSur W�^MX�\�R�^�S�Q�f�^MZhW V�S�f*��g m S�R�ZhW f � _�Z m fh_ m

x =
(

f1 f2 . . . fn
)











x1

x2ooo
xn











= FxF .
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� \ i S�Q i Z�S8_/Z i�j Z�^�_�r�� m Q�\kZhQYS8W
F

^�_._/Z i W�QYS�Rh\'Z�QYS � x/Z�dYS�f�V/\'^;R�_�Zh\'Z�QYS
f1, . . . , fn��W�f�R#S�Q i S�Z i dYS�f�\'Q���_.`#X

xF j Z�V/\'^;R�_/Z�Qzfh_ m d�\'f�R�g�ZNS|V
x

^�_._/Z i W�QYS�R�\kZ�W�d�S�fh\kQ
F

o
� Zhg�Q i \kQcX j ZNr W�^MX�\kRh\'Q � g�Z�V.W�T/\kQ�_ m S�R�R m ��r{R�W ��r W{`'\kZ�S m \ i F−1

��fh_ m \ ��W�f�R�\'ZhS�Z
\ � R�\kZhfh_ m ^�_�r�_/Q!Q�\'Z�QYSUW

F j ZNr�W Q�t j Z�RN_�d�\'Zh_.\kQ i \���S�RhR
xF = F−1x.

w�g m S�Q � g�Z¸S�r r R�fhg�^�_._�Z i W QYS�R�\kZhQYS
xF

W�d�S�fh\kQ
F

T�\'Q�_ m S�R�R m ��r RhW ��r W{`'\kZ�S i \
T/S m r~S%^�_._/Z i W�QYS�R�\'Z�QYS m \ i F−1

o
ÊBË�Ì ¹»Í Ì�Î�� �  #©�ªJ«�¬� �¬a­�¥

f1 =
(

1
2

) «|ß#×
f2 =

(

2
1

) Õ�¬�¢
­YªJ �Ò!¥�¬h¥�¦~¦� �¦
¦{¥%¡'Ôs£. q¤�ª�Æ.Å�¬
 �­ ® ¥�¡�È�Å�¬

R
2 µ�� Õ�ªÉª

F =
(

f1 f2
)

=

(

1 2
2 1

)

.

ÂÜÔ¸Õ�¬
F−1 =

1

1 − 4

(

1 −2
−2 1

)

= −1

3

(

1 −2
−2 1

)

.

� «|«�¬�£�¢
­�¥�ª  �¬�­�¥�È�Å�¬�¡�ªn¥�­�£;¥�¬�£�§� #©�ªJ«�¬� �¬a­�¥
e1

«�ß#×
e2

¢ ® ¥�¡| �­
(f1, f2)

Æ. #¡8£;Ô¸¥�§

(e1)F = F−1

(

1
0

)

=

(

−1/3
2/3

)

«|ß#×
(e2)F = F−1

(

0
1

)

=

(

2/3
−1/3

)

.

PBQMR�S�TsQM� m \kZ*S�r�r msj QMR�S�R�R*V.WOXYS�Z�R�V�guT/_ i R��.`a^Mr W�T;SvdYS�fh\'Z
F = (f1 f2 . . . fn)

_.`aX
G = (g1 g2 . . .gn)

o 
 W6^�S�Qc�!R�R�Z��.`#^�SudYS�f�V/\'^;R�_�Zh\kZhQYSsW
F

W i \ÜW
G

�










f1 = p11g1 + p21g2 + · · · + pn1gnooo
fn = p1ng1 + p2ng2 + · · · + pnngn

� x�ZNQYg�T/ZhS]R#S�r
pij

o�p�\�RhR#SUd�r W�Z��Yg m S�R�Z�W�f � _�Z m

F = (f1 f2 . . . fn) = (g1 g2 . . .gn)











p11 p12 · · · p1n

p21 p22 · · · p2nooo ooo o o o ooo
pn1 pn2 · · · pnn











= GP.


 g�R
x

V�S�Z�Sv\'QcT/_ i R���`#^Mr�W TvV/\k^MRh_/Z'o�pqg j Z
x = FxF

_.`#X
x = GxG,

i�j Z
xF j ZN^�_._/Z i W�QYS�R�\kZhQYS � x/Z

x
W6dYS�f�\'Q

F
_.`#X

xG i \ÜW6dYS�f�\'Q
G

o 
 W � g�Z
GxG = x = FxF = GPxF .

pB\kRhR�SUT/\'Z�S�RhR
xG = PxF ,R���dYg i S}V/\k^;R�_/Z�\'ZhQ�S j Z

x
^�_._/Z i W�QYS�R�\'Z�WFdYS�f�\'Q

G
o 
 W,fhS mum S�Q � S�RhR�S�Z*W � x�r thS�Q i \

fhS�R�fk�
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F = (f1 f2 . . . fn)

«|ß#×
G = (g1 g2 . . .gn)

§�¥�¬�¥�ªÉ§�Ô ® ¥�¡| �¬�È�Å�¬
R

n µÞ ­Yª³¥|Æ�¥�ª�ª*£. vÕ�¬8¬� �¦{¥�ªJ �¬�¥;£. qÆ. �­�«�¯
F = GP µ � Ô�ª

x
§�¥�¬�¥� �­�§� #©�ª «�¬%¯} h£s©;«|«�¬a²

£�¢
­�¥�ª  �¬a­�¥
xF

¬� #¡ ÒY #©�ªÉ¢
§� 
xG

¢ ® ¥�¡| �¬a­�¥
F

¬# #¡ ÒY #©�ª�¢
§� 
G µ Â8Ô]Æ;Õ�¦
¦� �¬

• xG = PxF µ
• xF = P−1xG.

• G = FP−1

• P = G−1F
ÊBË�Ì ¹»Í Ì�Î�� � Ô�ª

f1 =
(

1
1

)

, f2 =
(

−1

1

) «|ß#×
g1 =

(

−1

1

)

, g2 =
(

−1

−1

) §�¥�¬�¥�ª�§�Ô
® ¥�¡| �¬GÈ�Å�¬

R
2 µ Â] #¡#¡'¥}Õ�¬�¬� �¦{¥�ªJ �¬�¥;£. BÆ. �­�«�¯

F = (f1 f2) =

(

1 −1
1 1

)

=

(

−1 −1
1 −1

)(

0 1
−1 0

)

= G

(

0 1
−1 0

)

.

Þ ­Yª³¥|Æ�¥�ªÉª
x

×!¥�¬q©;«|«�¬�£�¢
­�¥�ªJ �¬a­�¥
xF =

(

2
3

) ¢ ® ¥�¡| �­
F �

£�§6¡
x = 2f1 + 3f2.ÂÜÔ¸Õ�¬

xG = PxF =

(

0 1
−1 0

)(

2
3

)

=

(

3
−2

)

.

� «�­Yª�¬�«�¦
¦6¢,¡�ªn¥�­�£;¥�¬�£ ® ¥�¡| �­�Æ. �¬ �

2f1 + 3f2 = 2

(

1
1

)

+ 3

(

−1
1

)

=

(

−1
5

)

3g1 − 2g2 = 3

(

−1
1

)

− 2

(

−1
−1

)

=

(

−1
5

)

.

����� =CAG:.5�HJ9.465
��Ì
	 ·F¾
��¾���·���
�­Á¦¨¢
­�ÛkÕ�¬z¥�§ ® ¢
¦{£�­Y¢
­.Æ]Èa¬�Ô�­

R
n

ª�¢
¦
¦
R

n
Õ�¬v¾É����¹ Ì ��¼�¾��'½C«�¯Ø£. �­

®  �§�¥�¬�¥�¬y¦{Õ�­.Æ;£. �¬ � £G§�¡v«�¯
|Ax| = |x|,È�Å�¬Ü¥�¦
¦{¥s§� #©�ªJ«�¬� �¬

x ∈ R
n µ�� «�ª
¡�§�¥�¬�¥�­�£. �¯u¥�ªÉ¬a¢�¡q¡'Õ|Æ. #¡�§�¥�¬�¥z �­�������¹»�!�|¼�¾�� µ

ÊBË�Ì ¹»Í Ì�Î�� 
,Ó� �¯�ÒY �¦ÀÒ!Ô�¢�¡|«�¯} �ªÉ¬a¢�¡#©�¥»¥�§ ® ¢
¦{£�­Y¢
­.Æ;¥�¬¸¢
R

2
Õ�¬z¬�«�ªn¥�ª�¢³«�­� �¬¸©�¬a¢
­.Æ

«�¬a¢{Æ.« «|ß#× ¡ ÒY ³Æ�¦¨¢
­.Æ�Æ. �­�«�¯ «�¬a¢{Æ.« µ�� Ô;£;¥ £. #¡#¡'¥Äª�ÑaÒY �¬�¥�§�¥�§ ® ¢
¦{£�­Y¢
­.Æ;¥�¬ ®  �§�¥/¬�¥�¬
¤|Ò;ÒY �­ ® ¥�¬a¦¨¢{Æ. �­�¦{Õ�­.Æ;£. �­c×Y«|¡v �­�§� #©�ª «�¬ µ
� S�Q�^�S�QyV�W f�S���fh\�d�_/^�\'Q8S�V.fhQ�W{RhR���o b��6S�RhR���� l m S�RhZhW fh\kZ6W QMRh\GdYS�Z�SEd�\kV�S�Z�S�Z�r j Q�T i \kZ
��R#S�Qcf�^�S�r j Zh�!Zh_ i ��^;R�\kZ�WOS�r r muj Q!X�\kR'e i V�f

Ax · Ay = x · y,
� x�Z*S�r�r�S]V/\k^;R�_/Z�\'Z

x
_.`#X

y
o�p�\�RhR#SuT/\kZBS�R�RB_ m A j Z*\kQ �!� l m S�R�Z�W fN_.`aX m S�QzR#S�Z

\kQ���� l dYS�f
e1, . . . , en

f�gU^�_ mum \kZN_.`#^Mf�g
Ae1, . . . , Aen

S�R�RNV�S�ZhSU\'Q��!� l dYS�f'e!R��
S�r�r�Sc^�_ msm \'Z � _/Z�R � S�Z�S�Q i \uV�S�ZhS�S|V�r j Q!T i 1

_.`#XÄfh^�S�r j Z���Zh_ i ��^;R�\'Q m \kr�r�S�Q�_�r�W ^�S
\kr�\ m \kQMR�^�_ mum \'Z�S�RhRNV�S�ZhS

0
o � \kQcV.W6V/\kRBf�\ i S�QcR�W i W�T;S�Zh\qS�RhR

A =
(

Ae1 Ae2 · · · Aen

)

fhgvV.W � g�Z'�
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A

Õ�¬B �­����q² ¯u¥�ª�¬�¢�¡B«�¯ «|ß#×} �­�£;¥�¡�ªF«�¯@£. #¡#¡
©;«�¦�«�­Y­� �¬y¤�ª�Æ.Å�¬] �­�����² ® ¥�¡ µ
ÊBË�Ì ¹»Í Ì�Î�� �  �ª�¬�¥�©�ªn¥s¯u¥�ªÉ¬a¢�¡| �­

A =





1/
√

3 1/
√

6 1/
√

2

1/
√

3 1/
√

6 −1/
√

2

1/
√

3 −2/
√

6 0



 .

� ¢�¡| �¬u¥�ªÉª�¥�¦
¦{¥z©;«�¦�«�­Y­� �¬8×!¥�¬v¦{Õ�­.Æ;£
1

«|ß#×�¥�ª�ªq£. sÕ�¬�Ò!¥�¬�§|¢�¡}«�¬aªJ«hÆ.«�­�¥�¦{¥ µ Þ ¦
¦¨ª�¡'Ô
Õ�¬

A
 �­����q² ¯u¥�ª�¬a¢�¡ µ

	 R�RsS�r{R�\kZhQYS�RhW VMRvf j RhRuS�R�RU�!RhRhZ��.`a^�S�S�R�RU^�_/r�_�Q�Q�\kZhQYS�WE\'Q m S�R�Z�W�f
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