
Tentamen i MAN410 Topologi, 050607, kl. 8.30-13.30. Inga hjälpmedel.1. (10p) Let X be a topologi
al spa
e. A subbase for the topology on Xis a family S of open subsets of X su
h that every open set 
an bewritten as a union of �nite interse
tions of sets in S.(a) Show that any family of subsets of a spa
e X is a subbase for sometopology on X.(b) Show that S = f(�1; a) : a 2 Rg [ f(b;1) : b 2 Rg is a subbasefor the usual topology on E 1 .(
) Let X and Y be topologi
al spa
es and let S be a subbase for thetopology on Y . Show that f : X ! Y is 
ontinuous i� f�1(A) isopen for every A 2 S.2. (6p) Show that if X is a topologi
al spa
e, Y is a subspa
e of X and Zis a subset of Y , then Z is 
ompa
t as a subspa
e of X i� Z is 
ompa
tas a subspa
e of Y . Then use this to show that if Y and Z are twosubspa
es of X then Y \Z is 
ompa
t in Y i� Y \Z is 
ompa
t in Z.3. (12p) Consider a topologi
al group G and let e denote the identityelement.(a) Show that if U is an open neighborhood of e, then there exists anopen neighborhood V of e su
h that V V �1 � U .(b) Assume that H is a subgroup of G su
h that when H is regardedas a subspa
e of G, H is a dis
rete spa
e. Show that there existsan open neighborhood N of e su
h that hN and N are disjoint forevery h 2 H n feg. (Hen
e all the hN 's, h 2 H, are disjoint.)(
) Let H be as in (b) and let C be a 
losed subset of G. Show thatH \ C is a �nite set.4. (10p) Let X and Y be homeomorphi
 topologi
al spa
es and let h :X ! Y be a homeomorphism. Show that for any A � X, the spa
esX nA and Y nf(A) are homeomorphi
. Demonstrate that the 
onverseis false by �nding a topologi
al spa
e X and subspa
es A and B su
hthat A and B are homeomorphi
, but X n A and X nB are not.5. (12p)



(a) Show that E 1 and E 2 are not homeomorphi
.(b) Show that E 2 and E 3 are not homeomorphi
.(
) For n � 2 identify E 1 with the �rst 
oordinate axis in E n . Showthat En n E 1 has the same homotopy type as En�1 n f0g.(d) Show that E 3 and E 4 are not homeomorphi
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ka till! /Johan Jonasson Lösningar1. (a) Let B be the family of �nite interse
tions of sets in S. Then X 2 B(the empty interse
tion), and by de�nition B is 
losed under �niteinterse
tions. Thus B is the base for some topology. This topologyhas S as a subbase.(b) Pi
k an open set U . Sin
e U is open, one 
an for every x 2 U�nd a positive number Æx su
h that (x � Æx; x + Æx) � U . PutAx for this interval. Then Ax = (�1; x + Æx) \ (x � Æx:1) andU = Sx2U Ax.(
) Let B be as in (a). Sin
e B is a base for the topology on Y it su�
esto 
he
k that inverse images of sets in B are open. However sin
einterse
tions and inverse images 
ommute, this follows from theassumption.2. Assume �rst that Z is 
ompa
t in Y and let fUigi2I be an open 
overin X of Z. Then with U 0i = Ui \Y the U 0i 's are open in Y and 
over Z.Thus there exists a �nite sub
over, fU 01; : : : ; U 0ng. Then fU1; : : : ; Ung isa subfamily of the original 
over and 
overs Z. Hen
e Z is 
ompa
t inX.Conversely, let fUig be an open 
over in Y of Z. Then by the de�nitionof the indu
ed topology, we 
an write the Ui's as Vi \ Y where the Vi'sare open in X. The Vi's 
over Z so if Z is 
ompa
t in X there is a



�nite subset of the Vi's that 
over Z. Sin
e Z is a subset of Y , the
orresponding �nite set of Ui's also 
over Z.For the se
ond part, use the �rst part twi
e: Y \Z is 
ompa
t in Y i�Y \ Z is 
ompa
t in X whi
h in turn happens i� Y \ Z is 
ompa
t inZ.3. (a) By the 
ontinuity of the group operation there exists an open setW su
h that WW � U . By 
ontinuity of inverses, W�1 is open.Put V = W \W�1. Then V �1 = V so V V �1 = V V � WW � U .(b) Sin
e H is dis
rete G has a neighborhood U of e su
h that U
ontains no other point of H. By (a) there is a neighborhood Nof e su
h that NN�1 � U . Then if h 2 H n feg, hN and N aredisjoint, for if not there would exist elements n1 and n2 in N su
hthat hn1 = n2, i.e. h = n2n�11 , so that h 2 NN�1 a 
ontradi
tion.(
) This is wrong as it stands. For example put G = R, H = C = Z.The assumption should have been that C is 
ompa
t. In this
ase let N be as in (b). Then for every g 2 G, Ng 
ontains atmost one element of H, for if h1 and h2 are two elements of Hin this set then h1 = n1g and h2 = n2g, n1; n2 2 N , so thath1h�12 = n1n�12 2 NN�1 so that h1h�12 = e.Now fNg : g 2 Cg is an open 
over of C and 
an hen
e be redu
edto a �nite sub
over. This sub
over 
ontains at most �nitely manypoints of H, as desired.4. The map hjX n A : X n A ! Y n h(A) is 
learly bije
tive, so it needsto be 
he
ked that it is 
ontinuous and has 
ontinuous inverse. This ispart (b) and (
) of the exam 040601.For the se
ond part, letA = E 1nZ andB = E 1nf0;�1; 1�1=2; 1=2;�1=3; 1=3; : : :g.These are homeomorphi
 via the homeomorphism h(x) = 1=x. How-ever the 
omplements are not homeomorphi
 as one is 
ompa
t and theother is not.5. If there had been a homeomorphism h : E 1 ! E 2 , then the restri
tionto E 1 n f0g would be a homeomorphism from a dis
onne
ted spa
eto a 
onne
ted spa
e, a 
ontradi
tion. Part (b) uses the same idea,with the only di�eren
e is that now the restri
tion to E 2 n f0g is ahomeomorphism from a spa
e with fundamental group Z to a simply
onne
ted spa
e.



For part (
) embed E n�1 in En and use the straight-line homotopy.Part (d) is more di�
ult than what was intended. However, it is solv-able by the methods learnt from the 
ourse. Observe as in (a) and (b)that if E 4 and E 3 were homeomorphi
, then the same would go for thetwo sets with the origin removed. These spa
es in turn have the samehomotopy type as S3 and S2 respe
tively. It thus remains to show thatS2 and S3 do not have the same homotopy type. It is easily seen thatS2 and S3 are triangulable; put K and L respe
tively for su
h 
om-plexes. Now assume for 
ontradi
tion that jKj and jLj have the samehomotopy type. Then there exist 
ontinuous maps f : jKj ! jLj andg : jLj ! jKj su
h that fg and gf are homotopi
 to the two identitymaps. We may assume that there exists a simpli
ial approximation sof f ; otherwise bary
entri
ally subdivide K as many times as requiredand use the simpli
ial approximation theorem.Sin
e s and f are homotopi
, we get that sg is homotopi
 to 1S3 .However by the de�nition of a simpli
ial approximation, the image ofs, and hen
e of sg, is a union of simplexes of dimension at most 2. Inparti
ular sg is not onto. Therefore, if p is any point not in sg(jLj),then sg is homotopi
 to the 
onstant map at p via the normalizedstraight-line homotopy. Sin
e sg is also homotopi
 to the identity map,we get that jLj, and hen
e also S3, is 
ontra
tible, a 
ontradi
tion.


