
Exercises in Fourier Analysis 2003

1. Assume that the functionf(x) is 2-periodic, andf(x) = (x+ 1)2 for −1 < x < 1.
Expandf(x) in complex trigonometric Fourier series. Find a 2-periodic solution to
the equation

2y′′ − y′ − y = f(x).

2. The functionf(t) is 3-periodic, and

f(t) =


t if 0 ≤ t ≤ 1,

1 if 1 < t < 2,

3− t if 2 ≤ t ≤ 3.

Find, in the form trigonometric Fourier series, a periodic solution to the differential
equation

y′′ + 3y = f(t).

3. Expand the functioncosx in sine-series on the interval(0, π2 ). Use the result to
calculate

∞∑
n=1

n2

(4n2 − 1)2
.

4. Letf(t) = 1− t2 for |t| ≤ 1 andf be 2-periodic. Find a bounded solution to
∂u

∂t
=
∂2u

∂x2
, t > 0,−∞ < x <∞,

u(0, t) = f(t), −∞ < t <∞.

5. Solve the Laplace equation∆u = urr + r−1ur + r−2uθθ = 0 on the annulus1 <
r < 2 (in polar coordinates) with boundary conditionu(1, θ) = 0, u(2, θ) = f(θ),
wheref(θ) is 2π-periodic, and

f(θ) = 1− θ2

π2
for |θ| ≤ π.

6. Find the Fourier transform of the function

a)
t

(t2 + a2)2
, b)

1
(t2 + a2)2

, c)
t

(t2 + 1)(t2 + 2t+ 5)
,

d) e−a|t| sin bt (a > 0, b > 0).

7. The functionf(t) has Fourier transform̂f(ω) = ω
1+ω4 . Find

a)
∫ ∞
−∞

tf(t)dt, b) f ′(0).

8. The functionf(t) has Fourier transform
1− iω
1 + iω

sinω
ω

. Find
∫ ∞
−∞
|f(t)|2dt.

9. Find
∫ ∞
−∞

sinx
x(x2 + 1)

dx by using Fourier transform.

10. The functionf(t) has Fourier transform
1

|ω|3 + 1
. Find

∫ ∞
−∞
|f ∗ f ′|2dt, where∗

denotes convolution.
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11. Compute the Fourier transform of the function

f(t) =
∫ 2

0

√
ω

1 + ω
eiωtdω.

Find also a)
∫ ∞
−∞

f(t) cos tdt, b)
∫ ∞
−∞
|f(t)|2dt.

12. Letf(t) =
∫ 1

0

√
ωeω

2
cosωtdω. Find

∫ ∞
−∞
|f ′(t)|2dt.

13. Find en solution to the equation

u′(t) + 2u(t) + e−2t

∫ t

−∞
e2τu(τ)dτ = δ(t).

14. Solve the integral equation∫ ∞
0

e−τu(t− τ)dτ −
∫ 0

−∞
eτu(t− τ)dτ =

√
3u(t)− e−|t|.

15. Find a solution to the equation

u(t) +
∫ t

−∞
eτ−tu(τ)dτ = e−2|t|.

16. For certain linear, time-invariant system the input signal
1

1 + t2
gives output-signal

t

(4 + t2)2
. Find impulse response, incosωt. Is the system causal, stable?

17. A linear, time-invariant system has impulse responseh(t) = e−4t2 . Let y(t) be the

response to the input signale−t
2
. Find

∫ ∞
−∞

eith(t)y(t)dt.

18. For certain linear, time-invariant system the input signal
1

4 + t2
give out-signale−2t2 .

Find the out-signal (in the form of a complex Fourier series), if the input-signal is

∞∑
n=−∞

[2δ(t− 2n)− δ(t− 2n− 1)].

19. Letx(n) beN -periodic, and

x(n) =

 1, då 0 ≤ n ≤ k − 1,

0, då k ≤ n ≤ N − 1.

Find the discrete Fourier transform and use Parseval formula to calculate

N−1∑
µ=1

1− cos 2πµk
N

1− cos 2πµ
N

.

20. Find the discrete Fourier transform of the signal (sequence)x(n) = sin
nπ

N
, n =

0, . . . , N − 1, andx(n) isN -periodic.
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21. Prove att functionsϕn(x) =
sin x

2

πx
einxare pair wise orthogonal inL2(R). Find the

numbercn so that ∫ ∞
−∞

∣∣∣ 1
1 + x2

−
N∑

n=−N
cnϕn(x)

∣∣∣2dx
is minimized.

22. Find den solutiony(x) to y′′ − y = 0 that minimizes
∫ 1

−1

[1 + x− y(x)]2dx.

23. Find the all egenvalues and egenfunctions to Sturm-Liouville problem f ′′ + λf = 0, 0 < x < a,

f(0)− f ′(0) = 0, f(a) + 2f ′(a) = 0.

24. Find the all eigenvalues and eigenfunctions to Sturm-Liouville problem −e
−4x d

dx

(
e4x du

dx

)
= λu, 0 < x < 1,

u(0) = 0, u′(1) = 0.

Expand the functione−2x in Fourier series in terms of the eigenfunctions.

25. Solve the problem
∂2u

∂x2
+
∂2u

∂y2
= y, 0 < x < 2, 0 < y < 1,

u(x, 0) = 0, u(x, 1) = 0,

u(0, y) = y − y3, u(2, y) = 0.

26. Solve the problem
√

1 + t
∂2u

∂x2
=
∂u

∂t
, 0 < x < 1, t > 0,

u(0, t) = 1, u(1, t) = 0,

u(x, 0) = 1− x2.

27. Solve the problem
u′′xx + u′′yy + 20u = 0, 0 < x < 1, 0 < y < 1,

u(0, y) = u(1, y) = 0,

u(x, 0) = 0, u(x, 1) = x2 − x.

28. Solve the problem
∂u

∂t
− ∂2u

∂x2
= t sinx, 0 < x < 1, t > 0,

u(0, t) = u(1, t) = 0,

u(x, 0) = sin 2πx.
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29. Solve the problem

∂u

∂t
= 2

∂2u

∂x2
, 0 < x < 1, t > 0,

u(0, t) = t+ 1,

u(1, t) = 0,

u(x, 0) = 1− x.

30. Solve the Laplace equation∆u = 0 on the region0 < θ <
π

4
, 1 < r < 2, (in polar

coordinates on planet) with boundary condition u = 0 for r = 1, u′r = 0 for r = 2,

u = 0 for θ = 0, u = r − 1 for θ
π

4
.

31. Expand the functionsin(2 sinx) in trigonometric Fourier series (real form).

32. A periodic external forceq sinωt acts uniformly on a circular membrane with radius
a The transversal oscillationu(r, t) satisfies the equation

∆u− 1
c2
∂2u

∂t2
= − q

S
sinωt, u|r=a= 0.

Find den stationary oscillating motion (namely a solution of formu(r, t) = v(r) sinωt).
What are the resonance (angel) frequencies?

33. Solve the heat equationu′t = ∆u ≡ ∇2u on en cylinder with radiusb. The top
and bottom surfaces are isolated, whereas the circular surfacer = b (in cylindrical
coordinates) obeys the cooling lawu + 2u′r = 0. Initial temperature isu(r, 0) =
r2 = x2 + y2.

34. a) Find a bounded solution of the formu(r, t) = v(r)eiωt to the equation
∂2u

∂t2
=

1
r

∂

∂r

(
r
∂u

∂r

)
− n2

r2
u, 0 < r < a,

u(a, t) = eiωt,

wheren ≥ 0 are integers. For which valuesω > 0 is there such a solution?

b) Letω be such that the solution to a) exists. Study how this can be used to solve
∂2u

∂t2
=

1
r

∂

∂r

(
r
∂u

∂r

)
− n2

r2
u, 0 < r < a, t > 0,

u(a, t) = sinωt, u bounded,

u(r, 0) = 0, ut(r, 0) = 0.

(Some eventual integrals need not to be calculated.)

35. Solve the Laplace equation∇2u = 0 in the cylinderf =
√
x2 + y2 < R, 0 < z <

L, with u = 0 for z = 0 andz = L, andu = sin πz
L (1− cos πzL ) for r = R.

36. Find the polynomialP (x) of at most degree two which minimizes the integral∫ ∞
0

[
√
x− P (x)]2e−xdx.
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37. Find the polynomialP (x) of at most degree two which minimizes
∫ ∞
−∞

[x4−P (x)]2e−x
2/2dx.

38. Find the plynomialP (x) of at most degree two which minimizes the integral
∫ ∞

0

[ex/4−

P (x)]2xe−xdx as small as possible.

39. Find the polynomial of the formP (x) = x3 + ax2 + bx + c which minimizes the

integral
∫ 1

0

[P (x)]2dx

40. Prove att
∫ 1

0

xP2m(x)dx =
1
3

(
3/2
m+ 1

)
.

41. Find, (for example, by using the generating function),H ′n(0), whereHn are the
Hermites polynomials.

42. Prove the following formel for (the generalized) Laguerre polynomialsLαn(x):

d

dx
Lαn+1(x) = −Lα+1

n (x).

(Tips: Use the generating function.)

43. Solve the Laplace equation∆u = 0 on the domainx2 +y2 +z2 < R2 with boundary
conditionu = z(x2 + y2) dåx2 + y2 + z2 = R2.

44. Solve the following Laplace equation∆u = 0 on the domain0 < a < r < b (with
spherical coordinates1 )  u = 1 + cos θ, if r = a,

u = cos 2θ, if r = b.

45. Find a bounded solution to ut = kuxx, −∞ < x <∞, t > 0,

u(x, 0) = (1− 2x2)e−x
2
, −∞ < x <∞.

46. Solve the problem
u′′xx + u′′yy = x, 0 < x < 1, −∞ < y <∞,

u′x(0, y) = 0,

u(1, y) = ye−|y| .

47. Letf be inL2(R). Find a solution to
∂2u

∂x2
+
∂2u

∂y2
= 0, −∞ < x <∞, 0 < y < a,

u(x, 0) = 0, u(x, a) = f(x).

Prove att ∫ ∞
−∞
|u(x, y)|2dx ≤

∫ ∞
−∞
|f(x)|2dx.

1x = r cosφ sin θ, boundary conditiony = r sinφ sin θ, z = r cos θ
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48. Find a periodic solution to the equationy′′ − y′ + y = f ′(t), where

f(t) =

 0 for 0 < t ≤ 1,

t− 1 for 1 < t < 2,

andf is periodic with period 2. (f ′(t) is considered in the distribution sense.)

49. Letf be defined by

f(t) =

 −1 for 0 < t < 1,

1 for 1 < t < 3,

and that letf(t) be 3-periodic. Findf ′(t) (distributional derivative) and expandf ′(t)
in complex trigonometric Fourier series. Use the result to compute the Fourier series
expansion off(t).

50. Find the following function (that is, evaluate the sum)

f(θ) =
∞∑
1

sin(2n− 1)θ
(2n− 1)2

.

51. Find the complex Fourier series for the periodic functionf(x) which is equal to
x(x2 − π2). What is the sum of the series at the points2π and3π/2?

52. Solve the problem 
uxx + 1 = utt, 0 < x < 2, t > 0
u(0, t) = 0, u(x, 0) = x− x2,

u(2, t) = −2, ut(x, 0) = 0

53. Solve the following Dirichlet problem on the unit disk{(x, y);x2 + y2 < 1}

uxx + uyy = 0, r =
√
x2 + y2 < 1

where the functionf is the functionf(θ) = sin2 θ + cos θ (in polar coordinates)

54. Let

Qn(x) =
dn

dxn
(xn(1− x)n) , n = 0, 1, 2, . . . .

Qn is a polynomial of degreen.

(a) Find the leading term and the constant term inQn(x).

(b) Find the norm‖Qn‖ avQn(x) in L2(0, 1).

(c) Prove attQn(x) andQm(x) are orthogonal inL2(0, 1) if n 6= m.

55. The functionf(x) is continuous and has Fourier transform̂f(ξ) = ln(1+ξ2)
ξ2 . Find

f(0) and
∫∞
−∞ f(x)dx

56. Find the solutionf(t), t > 0, to the equation

f ′′(t)− f ′(t) + f(t) + 3
∫ t

0

f(τ)dτ = 2et

with initial conditionf(0) = 1, f ′(0) = 0.
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57. Letu(x, t) be the solution to the following equation with initial condition
utt = c2uxx, t > 0, 0 < x < π

u(0, t) = u(π, 0) = 0,
u(x, 0) = 0, ut(x, 0) = g(x)

Prove att fort > 0, ∫ π

0

|ut(x, t)|2dx ≤
∫ π

0

|g(x)|2dx.

(Tip: Use variable separation).

58. For whichk can you guaranteef ∈ C(k), where

(a) f(θ) =
∞∑
0

cos(nθ)
3n

(b) f(θ) =
∞∑
0

cos(2nθ)
3n

Answers

1. f(x) =
4
3

+
2
π2

∞∑
n=−∞
n 6=0

(−1)n(1 + inπ)
n2

einπx, y = −4
3

+
2
π2

∞∑
n=−∞
n 6=0

(−1)n−1(1 + inπ)
n2(2n2π2 + inπ + 1)

einπx

2. y(t) =
2
9
−
∞∑
n=1

3(1− cos 2nπ
3 )

π2n2(3− 4
9n

2π2)
cos

2nπt
3

3. cosx =
8
π

∞∑
n=1

n

4n2 − 1
sin 2nx (0 < x <

π

2
). The sum is

π2

64
.

4. u(x, t) =
2
3

+
∞∑
n=1

4(−1)n−1

n2π2
e−
√

nπ
2 x cos(nπt−

√
nπ

2
xx)

5.
2

2 ln 2
ln r +

2
π2

∞∑
n=−∞
n 6=0

(−1)n1

n2(2n − 2−n)
(rn − r−n)einθ

6. a)− iπ
2a
ωe−a|ω| b)

π

2a3
(1 + a|ω|)e−a|ω|

c)
π

10
e−|ω|(1− 2isgnω)− π

10
e−2|ω|eiω

(3
2
− 2isgnω

)
d)− 4iabω

(ω2 + 2bω + a2 + b2)(ω2 − 2bω + a2 + b2)
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7. a)i b)
i

2
√

2

8.
1
2

9. π(1− e−1)

10.
1

9π

11. f̂(ω) =
2π
√
ω

1 + ω
for 0 < ω < 2, 0 otherwise. a)

π

2
, b) 2π

(
ln 3− 2

3

)
12.

π

8
(e2 + 1)

13. θ(t)e−2t cos t

14. u(t) =
1
2
e−t/

√
3θ(t) +

1
2
e
√

3t(1− θ(t))

15.
3
4
e−2|t| − te−2tθ(t)

16. h(t) =
1

2π
t

(1 + t2)2
; x(t) = cosωt gery(t) =

ω

4
e−|ω| sinωt; not causal, stable.

17.
π

2
√

6
e−5/96

18.

√
2
π

∞∑
n=−∞

[
1− 1

2
(−1)n

]
e−n

2π2/8+2|n|πeinπt

19. The sum isk(N − k).

20. X(µ) =
N−1∑
n=0

x(n)e−2πiµn/N =
sin π

N

cos 2µπ
N − cos π

N

21. cn =

 π(e
1
2 − e− 1

2 )e−|n| for n 6= 0

2π(1− e− 1
2 ) for n = 0

22.
2 sinh 1

1
2 sinh 2 + 1

coshx+
2e−1

1
2 sinh 2− 1

sinhx

23. Egenvalue:λk = ν2
k , whereνk are the positive roots to the equationtan νa = 3ν

2ν2−1

24. λ1 = r−β2
1 , whereβ1 is the positive root of equ.tanhβ =

β

2
; u1(x) = e−2x sinhβ1x

λn = 4 + β2
n, whereβn, n = 2, 3, . . ., are the positive roots of equ.tanβ =

β

2
; un(x) = e−2x sinβnx

e−2x =
∞∑
n=1

2
√
λN [
√
λn + 2(−1)n]

βn(λn − 2)
un(x)

25. u(x, y) =
1
6

(y3 − y) +
2
π3

∞∑
n=1

(−1)n−1

n3 sinh 2nπ
(sinhnπx+ 7 sinhnπ(2− x)) sinnπy
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26. u(x, t) = 1− x+
8
π3

∞∑
k=0

1
(2k + 1)3

e−
2
3 (2k+1)2π2[(1+t)3/2−1] sin(2k + 1)πx

27. u(x, y) = − 8
π3

sinπx
sin(
√

20− π2y)
sin
√

20− π2
−

− 8
π3

∞∑
k=1

1
(2k + 1)3

sin(2k + 1)πx
sinh(

√
(2k + 1)2π2 − 20y)

sinh
√

(2k + 1)2π2 − 20

28. u(x, t) = e−4π2t sin 2πx+2π sin 1
∞∑
n=1

(−1)n−1 n

n2π2 − 1

[ t

n2π2
− 1
n4π4

(1−e−n
2π2t)

]
sinnπx

29.

u(x, t) = (t+ 1)(1− x) +
∞∑
n=1

1
n3π3

(e−2n2π2t − 1) sinnπx =

= (t+ 1)(1− x) +
x2

4
− x

6
− x3

12
+
∞∑
n=1

1
n3π3

e−2n2π2t sinnπx

30. u(r, θ) =
∞∑
n=0

2[(n+ 1
2 ) π

ln 2 (−1)n − 1]
(n+ 1

2 )π[(n+ 1
2 )2( π

ln 2 )2 + 1]
sinh(n+ 1

2 ) πθln 2

sinh(n+ 1
2 ) π2

4 ln 2

sin(n+
1
2

)
π ln r
ln 2

31. sin(2 sinx) = 2
∞∑
k=0

J2k+1(2) sin(2k + 1)x

32.
qc2

Sω2

(
J0

(
ωr
c

)
J0

(
ωa
c

) − 1
)

sinωt

res. frequences is
c

a
α0,n, whereα0,n, n = 1, 2, . . ., is J0:s positive root.

33. u(r, t) =
∞∑
k=1

8b2[(2 + b
2 )α2

k − 2b]
α2
k(4α2

k + b2)J0(αk)
e−(

αk
b )2tJ0

(αkr
b

)
, whereαk are the pos. roots

of J0(α) +
2
b
αJ ′0(α) = 0.

34. a.v(r) =
Jn(ωr)
Jn(ωa)

if Jn(ωa) 6= 0.

b. u(r, t) =
Jn(ωr)
Jn(ωa)

sinωt +
∞∑
k=1

ak sin
αkt

a
JN

(αkr
a

)
, whereαk are the positive

roots ofJn(x), and

ak = − 2ω
aαk[Jn+1(αk)]2Jn(ωa)

∫ a

0

Jn(ωr)Jn
(αkr
a

)
rdr

(
=

2ωa
(ω2a2 − α2

k)Jn+1(αk)

)

35. u(r, z) =
I0(πrL )
I0(πRL )

sin
πz

L
− 1

2
I0( 2πr

L )
I0( 2πR

L )
sin

2πz
L

36.

√
π

16
(3 + 6x− 1

2
x2)

37. 3(2x2 + 12)

38.
8
81

(x2 + 12)
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39. x3 − 3
2
x2 +

3
5
x− 1

20

41. H ′2k(0) = 0, H ′2k+1(0) = 2(−1)k 2k+1)!
k! , k = 0, 1, . . .

43. u =
2
5
R2z +

3
5

(x2 + y2 + z2)z − z3

44. u(r, θ) =
1

3(b− a)

(4ab
r
− 3a− b

)
+

a2

b3 − a3

( b3
r2
− r
)

cos θ +

+
2b3

3(b5 − a5)

(
r2 − a5

r3

)
(3 cos2 θ − 1)

45. u(x, t) =
4kt+ 1− 2x2

(4kt+ 1)5/2
e−

x2
4kt+1

46. u(x, y) =
1
6

(x3 − 1) +
4
π

∫ ∞
0

η

(1 + η2)2

cosh ηx
cosh η

sin ηydη

47. u(x, y) =
1

2π

∫ ∞
−∞

sinh ξy
sinh ξa

f̂(ξ)eiξxdξ
(

=
1
2a

∫ ∞
−∞

sin πy
a

cosh π(x−t)
a + cos πya

f(t)dt
)

48. y(t) =
∞∑

n=−∞
n 6=0

nπ − i(1− (−1)n)
2nπ(n2π2 − 1 + inπ)

einπt

49. f ′(t) = 2
∞∑

n=−∞
[δ(t− 3n− 1)− δ(t− 3n)] =

∞∑
n=−∞
n 6=0

2
3

(e−in
2π
3 − 1)ein

2π
3 t

f(t) =
1
3

+
∞∑

n=−∞
n 6=0

e−in
2π
3 − 1

inπ
ein

2π
3 t

50. f(θ) = −π4 ( 1
2θ

2 − π
2 θ), if θ > 0 andf(θ) = −f(−θ) if θ > 0.

51. 1
12

∑∞
n=1

(−1)n sin(nx)
n3 . 0 resp3

8π
3.

52. u(x, t) = −x
2

2 + 16
π2

∑∞
k=0

1
(2k+1)3 cos((2k + 1)πt) sin( (2k+1)π

2 x)

53. u(x, y) = − 1
4 (x2 − y2 − 2) + 1

2x elleru(r, θ) = − 1
4 (r2 cos 2θ − 2) + 1

2r cos θ (in
polar coordinates).

54. (a) Leading term is(−1)n(2n)(2n−1) . . . (n+1), constanta term isn!. (b)
√

(2n)!.

55. f(0) = 1,
∫∞
−∞ f(x)dx = 1.

56. f(t) = 1
2e
t + 1

2e
−t.
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