MATEMATIK Hjilpmedel: Inga, inte ens miniridknare
Goteborgs Universitet Datum: 27 augusti 2018 kl. 08.30-12.30

Tentamen

Telefonvakt: Oskar Allerbo

Telefon: ankn 5325

MMG200 Envariabelsanalys

Tentan rittas och bedoms anonymt. Skriv tentamenskoden tydligt pa placeringlista och samtliga inlimnade

papper. Fyll i omslaget ordentligt.

Betygsgréinser: G: 14-21 poing, VG: 22-25 poiing (22-31 poing inklusive eventuella duggapoing).

Losningar ldggs ut pa kursens webbsida forsta vardagen efter tentamensdagen. Resultat meddelas via Ladok ca.

tre veckor efter tentamenstillfallet.

Varje uppgift omfattar 3 podng utom uppgift 4 som omfattar 4 poing. Till samtliga uppgifter
skall fullsténdiga losningar inlimnas. Endast svar ger inga poing. Motivera och forklara sa
vél du kan.

Del 1

1. Bestdm om gransvéirdet finns och i sa fall berdkna gransvérdet:

(a)

T—r00

lim z tan <i> (1p)

We consider what is happening with each term. z — oo is clear enough. When x — oo,
then £ — 0. The tangent of 0 is zero. So, it’s a bit fuzzy what will happen. However,

T
we can remember that

sin(1/x)
tan(1 = —".
an(1/z) cos(1/x)
Then our limit looks like
zsin(1l/x)

T
60 cos(1/x)

This resembles a “standard limit.” To turn it into that standard limit, let us change
variables, defining t = 1/z. Then when x — oo, t — 0. So our limit is

lim 1 sin(?) — lim sin(t) .
t-0 t cos(t)  t—0tcos(t)

Since

in(¢
lim sin(t) =1 = lim cos(t)
t—0 ¢ t—0

the limit exists and is equal to one.

lim Va2 +3z—-9—Va2—-3z+9 (1p)
T—00

We do the completing the square trick for this one!

Vi 432 —9—/22 — 3549 = (Va2 +32x—9— Va2 — 32+ 9) (Va2 + 3z — 9+ Va2 — 32+ 9)

V2 +3z—9+vV22 -3z +9
_ 2?43z-9—(2*—3z+9) 6z — 18
V2 +32 —9+vV22—32+9 Va2+32—-9+vVa2—-32+9

The leading term in the numerator is 6x. The denominator is growing like 2z. So the
limit exists and is equal to three.




1
li — 1
lim & cos (x) (1p)

For this one, we use the old sandwich theorem. x — 0, whereas cosine oscillates
around. OBS! It stays between +1. Since

|cos(1l/x)| <1 Va,

this shows that
0 < lim |z cos(1/z)| < lim |z| = 0.
r—0 x—0

It therefore follows that the limit in question exists and is equal to zero.

2. (a) Bestdm om griansvérdet finns och i sa fall beriikna grinsvérdet: (1p)

li t
lim & co ()

Here we just need to remember what the cotangent is. It is cos(z)/sin(x). So, the
limit in question is
x cos(z
2—0 sin(x)

This is very similar to (1.a). (You're welcome!) Since

TG e A
=0 T 2—0 sin(x)

and

31:13% cos(z) =1

the limit in question exists and is equal to one.
(b) Hitta alla l6sningar i C till ekvationen: 2% + 222 + 1 = 0. (2p)

This is a quadratic equation in the variable ¢ = 22,

242 +1=0.

This equation factors really nicely as

(t+1)2=0.
So, there is a “double root” at t = —1. Since x> = t, this means that the only solutions
are
T = =1,

which in complex polar coordinates is the same as

i /2 3mi/2

r =€ orr —=e

3. Lat
f(x) = sin(e®®)),

(a) Berdkna f'(z). (1p)
We put a function in your function so you can derive while you derive (the chain
rule). Repeated use shows that the derivative

f(z) = cos(ecos(z))ecos(m)(— sin(z)).



(b) Hitta funktionens maximum i R. (2p)

It’s probably easiest to just look at f(z) directly and think about its constituent
parts. The sine function oscillates between £1. The same is true for the cosine. The
sine will have maximums when its argument is equal to 5 + 2k, for k£ € Z. Now let’s
look at €°5(®). Since —1 < cos(x) < 1 for all , it follows that e=! < ecos(®) < el for
all . Hopefully you remember that e is approximately 2.7. On the other hand, e~*
is bigger than 1/3 but smaller than 1/2. So, the only number of the form 7§ + 2k7
which is between e~! and e is 5. (This is a number somewhere around 1.5, since
m=314....... ).

So, the only maximum of our function occurs when e®5(®) = 5. Solving for z we

obtain
T
I = arccos (ln (§>> .

4. (Obs! 4Poéng!)

Formulera och bevisa kedjeregeln. (4p)

This is a theory item, and its proof is contained in the textbook!

Del 2
3
5. (a) Beriikna [ —l-da. (1p.)
=
1 1 1
[ 1 [ 14a+1l—w 11 1
de=—= [ 2T "% gp = dz =
/x2—1 v 2/(1—x)(1+w) v 2/(1—x+1+x) v
3 3 3
1
——[-In(1 —2z)+In(1 +2)]?, = —=(—1n(1/2) + In(3/2) +1n(3/2) — In(1/2))
2
1
=-3" 2In(3) = —In(3).
(b) Hitta dem primitiva funktionerna [ arctan(z)dz. (2 p.)
T
/arctan(az)dm = rarctan(x) — / 22 dr =

1 [ (1422 1
x arctan(z) — 5 / (1:z2)da: = rarctan(x) — 3 In(1 +2%) + C.
x

6. Ytan begrinsad av kurvorna y = z? och y = 3 — 2x roterar kring z-axeln. Berikna
rotationskroppens volym. (3 p.)

Kurvurna skir varandra nir 22 = 3 — 2z, i.e. niar 22 + 22 — 3 = 0. Réterna till denna
ekvation dr z = —3 och z = 1. Eftersom bada funktioner #r icke-negativa pa [—3,1] och
den andra ligger 6ver den forsta, blir kropens volum skilnad mellan den som man far genom

att rotera undergrafen till y = 3 — 2z och undergrafen till y = z~.
Dvs.

al

2

1 1 1
1
/37r(3 — 2z)2dx — /37r(x2)2da: = 77/3(9 — 122 + 42%)dx + [gmc“r’]l,g =

9z — 622 + %x3]1_3 - %77(1 +3) =7(9-(1+3)—6(1—-9)+ %(33 +1)— 1(1 +3%)

3 3 5



7.

41 8
= (36 +48 + 528 — 2244) = m(84+ 28+ 9+ 1/3 — 48 — 4/5) = T2~ = 1088/15.

(a)

(b)

Los differentialekvationen zy’ +y = 1.

(2 p.)

(xzy) =1,saxzy =a + C, i.e. y =14 C/z. (Man far dela nir x # 0, och nir x=0 &r

16sning ej definierat.)

Los begynnelsevirdesproblemet xy’ +y = 1, y(1) = 2.

(1p.)

For allmén 16sning se (a). Da y(1) = 2, har vi 2 =1+ C, i.e. C = 1. Losningen blir

y=1+1/z.

Ange Maclaurins serie till fi(z) = 1.

o0
L =l4+a+a2+23+... =3 2k

—x

k
Ange Maclaurins serie till fo(z) = %= och f3 = 7=

S 2 3 — k
e e A A SN S

L — 1 — a4+, =3 (~1)kzF

Ttz — 1-(—2) =

Ange Maclaurins serie till fy(z) =In(1+z) .

14z

o0
n(l+2) = [§ 77 =o— 322+ 52° — Jat + ... = kzl(—l)k“%xk.

(1p.)

(1p.)

(1p.)

Lycka till!

Julie och Maria



