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OBS!

Motivate all your solutions !
In Exercise 1, for full marks you need to compute the answer as a base-10 number only in part
(d).

Exercises

1. In MontyPythonLand there are 10 political parties, including the People’s Front of Ju-
daea (PFJ) and the Judaean People’s Front (JPF). There are 15 seats in parliament, one
assigned to each of 15 geographical regions.

(a) In how many ways can the seats be distributed amongst the parties, if it matters (2.5p)
which region(s) a party gets its seat(s) from ?

(b) Same question as in (a), except that we only are about how many seats each party (2.5p)
gets ?

(c) Under the same conditions as in (a), if the seats are distributed amongst the parties (3.5p)
uniformly at random, what is the probability that PFJ and JPF get exactly 5 seats
each and that no other party gets more than one seat ?

(d) In the last election, PFJ got 4 seats, JPF got 3 seats and every other party got 1 (3.5p)
seat. How many possibilities does this leave for a governing coalition who together
have exactly 8 seats, if PFJ and JPF are bitter enemies who cannot be in government
together ?

2. (a) State and prove the Erdős-Szekerés theorem. (6p)

(b) It is easy to prove (you don’t need to !) that, if p is a prime and x, y are integers (5p)
satisfying x2 ≡ y2 (mod p), then x ≡ ±y (mod p). Using this fact (or otherwise),
prove that if p is a prime then there exist integers a, b such that a2 + b2 + 1 is a
multiple of p.

Var god vänd!



3. Without using generating functions, solve the recursion (8p)

u0 = u1 = 1, un+2 = −4un+1 + 5un + 3n + 1 ∀ n ≥ 0.

Obs! Zero points will be awarded for a solution employing generating functions, even if
fully correct otherwise.

4. (a) Define the Catalan numbers Cn. (2p)

(b) Using generating functions, prove that Cn = 1
n+1

(

2n
n

)

. (11p)

Obs! Zero points will be awarded for a solution not employing generating functions,
even if fully correct otherwise.

5. You are referred to the network G in Figure 1. Let G∗ be the underlying simple graph,
when both the arrows and the weights are removed.

(a) For the graph G∗ determine (6p)

i. a Hamilton cycle,

ii. a maximum matching,

iii. a minimum set of egdes whose removal yields a graph with an Euler path,

iv. χ(G∗).

(b) Implement Dijkstra’s algorithm to find a shortest path in G from s to t. Indicate the (5p)
arc chosen and the label assigned at each step, along with the final path.

(c) Implement the Ford-Fulkerson algorithm to determine a maximum flow from s to t (6p)
in G and a corresponding minimum cut.

Obs! Start from the everywhere-zero-flow and write down which augmenting path
you choose and the increase in flow strength at each step, in table form. Then draw
the final flow in full.

6. State and prove Hall’s Marriage Theorem. (11p)

7. (a) Define rigorously the concept of a (bipartite) stable matching. (3p)

(b) Describe in full the Gale-Shapley algorithm and prove that it always produces a (8p)
(bipartite) stable matching.

(c) Furthermore, prove that G-S always produces a stable matching which is optimal for (6p)
each proposer.

8. Prove that in any simple graph G one has (11p)

α(G) ≥
∑

v∈V (G)

1

deg(v) + 1
,

where α(G) denotes the independence number of G.

(Hint/Suggestion: Consider a uniformly random ordering of the vertices and a certain
event.)

Lycka till!


