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L? theory of Fourier series

The main facts in Folland, Chapter 3, are Theorem 3.4 and Theorem 3.5. These are
formulated in terms of L? spaces, which require Lebesgue integrals. We prefer to give the
corresponding statements for Riemann integrals, but at the end we briefly discuss the more
complete L? theory.

Complex inner product spaces

In the proof of Bessel’s inequality, we used the notation

(19) =5 [ 1)) ds )

You may have noticed that we only needed some formal properties of this pairing, not the
fact that it is given by an integral or even that f and g are functions. In fact, as we will
explain, Bessel’s inequality can be generalized to general inner product spaces.

I assume you know what a complex vector space is. (It is a set V' with two operations
VxV — Vand CxV — V, usually written (u, v) — u+v and (o, u) — au, satisfying some
familiar-looking axioms.) As long as one considers finite-dimensional vector spaces, there is
really only the example C". An infinite-dimensional example is the space of complex-valued
functions on R, or some subspace such as the 2r-periodic piecewise continuous functions.

An inner product on a complex vector space is a map V xV — C, written (u,v) — (u,v),
such that (for all u,v,w € V and «, 8 € C)

(au + Bv,w) = afu,w) + f{v, w),

(u, av + pw) = alu,v) + f{u, w),
(u’ U) = <U, U’>:

(u,u) > 0.

Once we have an inner product, we can introduce the norm

Jull = v/ {u, w).

We do not assume that the inner product is positive definite, so one can have |ju|| = 0
for some vectors u # 0. Usually, one then speaks of “seminorm” rather than norm.
An example of an inner product space is C* with the pairing

(@, y) =191 + -+ + Tn¥n.

Another one is (1), on some suitable space of functions.
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In any inner product space, one has the triangle equality
[+ ol < lull + o],

Cauchy-Schwarz’ inequality
[(u, v)| < Jul] - [Jo]

and Pythagoras’ theorem: If (u;, ux) = 0 for j # k, then
Jus + - ) = flua|l* + -+ [lual*.

In fact, the proofs usually given for C* (or R") work in general.
Finally, having a norm we have a notion of convergence. We say that =, — x in norm if

lim ||z, — z|| = 0.
n—o0

For (1), convergence in norm means that
27

lim \fulz) = f(z)?dz = 0.

n—oo 0

One can show that uniform convergence implies convergence in norm, but pointwise con-
vergence neither implies nor is implied by convergence in norm, see Folland page 72.

Orthonormal systems

Let V' be an inner product space (not necessarily a Hilbert space). Suppose that e, ..., e, €
V' is an orthonormal set, that is,
1, j=k,
€i,er) =
< J lc> {O,

J# k.
Let f € V be arbitrary. Then,

is the orthogonal projection of f on the space W C V spanned by ey, ..., e,. Indeed,

n

<U, em) = Z<‘f’ 6k><eka em) = <f, €m>, 1<m< n,

k=1

so f — u is orthogonal to all the vectors ey, ...,e,, and thus to the whole space W. Now
let v = "), ayex be an arbitrary vector in W. Then, f — u is orthogonal to u — v, so
Pythagoras’ theorem gives

If = wll* = 11f = wll® + [lu - v]” (2)
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Note that, again by Pythagoras’ theorem,

n

fu =l = 10, ) — . (3)

k=1

When v =0, (2) and (3) give
AP =11 = ull® + Y 1{f ex) (4)
k=1

which shows that

n
2 2
> Kfen)” < IfIIP
k=1
If we can extend the finite orthonormal system (eg)7_, to an infinite orthonormal system
(ex)s2, then we can let n — oo and conclude Bessel’s inequality

o0
> Kfen)” < NFIP
k=1

(In the version we gave previously, the system was written (ex)§> ., but that is a simple
matter of relabelling.)
From (4) we also obtain the following criterion for equality in Bessel’s inequality.
Proposition 1: For (e)52, an orthonormal system in an inner product space V' and for
f eV, the following two conditions are equivalent:

D Y Kfen® = 1117
k=1

(ii) lim ‘f Zf,ek ekH—O

n—oo

Condition (ii) can also be expressed as
o0
f= E (f, ex)ex, with convergence in norm.
k=1

Definition: An orthonormal system (eg)7>, is called complete if the two equivalent
conditions in Proposition 1 hold for all f € V.

Sometimes, a complete orthonormal system is simply called an orthogonal basis, but note
that it is not a “basis” in the sense of linear algebra (when vectors can be expressed as
finite linear combinations of basis elements).

So far we only considered the case v = 0 of (2), but it is also interesting to vary v. As a
function of v, (3) clearly assumes its minimum if oy, = (f, ex). Thus, the same is true for
the left-hand side of (2). This leads to the following (Folland, Corollary 3.1).
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Proposition 2: For (e)y_, an orthonormal system in an inner product space and f an
arbitrary vector, the distance
n
£ =2 e
k=1

is minimized if and only if o = (f, ex).
In the context of Fourier series, this means that the quantity

N

2
/ f(l‘) . Z cneinw
0 n=—N

is minimized precisely when ¢,, are Fourier coefficients of f.

2

dz

Completeness of Fourier series

The following result is extremely important.
Theorem: The system (e™*)%°___. is a complete orthonormal system in the space of
Riemann integrable functions on [0,2x], with scalar product (1). In particular, for any

such function f with Fourier series Y . c,e™", we have

1 £1I* = Z cn|? (Parseval’s formula)

n=—oo
and
o
f(z) = E cpe™” with convergence in norm,
n=—oo
that s,
27 N ) 2
lim f(z) — E cne™®| dz = 0.
N—oo [

n=—N

We need the following lemma.

Lemma: For any Riemann integrable function f on [0,27] and any ¢ > 0, one can find
a piecewise C' and continuous function g such that ||f — g|| < €.

Rough sketch of proof: Riemann integrable means that functions can be approximated
well by piecewise constant functions (step functions). Step functions can be approximated
well by piecewise linear functions (simply replace each jump by a very steep line segment).
Here, “well” means with respect to L' norm

/0 17 (@) - 9(a)| da

rather than L? norm. But since

/0 " 1f (@) = 9(@)de < max |f(z) - g(z) / 17 (@) - 9(a)] da,

0<z<27
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L' estimates imply L? estimates (here, it is important that f and g are bounded, but that
is part of the definition of Riemann integrable). The proof can be completed along these
lines, and one finds that one can even choose g piecewise linear.

Proof of Theorem: Let ¢ > 0 and choose ¢ as in the Lemma with

If =gl <e.

Introduce the notation Sy (f) = 320 €™, with ¢, Fourier coefficients of f. Since the
Fourier series for g converges uniformly (Folland, Thm. 2.5) it converges in norm, so if N
is big enough

lg — Sn(g)ll <e.

Proposition 2 above gives
1f = Sx(DOI <N f = Sw(9)ll-

The triangle inequality now gives

1f = Sv(DI < NF =gl + llg = Sn(9)ll < 2e.

Since ¢ is arbitrary, we conclude that
lim [|f — Sx ()] =0,
—00

which is criterion (ii) for completeness of an orthogonal system.
To summarize, we have the following convergence criteria for Fourier series. The Fourier
series of a 27-periodic function f converges to f

e pointwise, if f is piecewice C!, and we define f at the jump points as the average of
the left and right limit;

e uniformly, if f is piecewice C' and continuous;

e in norm, if f is Riemann integrable on [0, 27].

Hilbert spaces

The results discussed above can be generalized to the setting of Hilbert spaces, but to
understand that properly one needs Lebesgue integration, which is an improvement of
Riemann integration ususally discussed in more advanced courses. With the Lebesgue
integral, one can integrate functions that are too “wild” to have a Riemann integral. For
instance, the function which is 1 at all rational z and 0 at all irrational x is not Riemann
integrable. However, it is Lebesgue integrable on any interval with integral 0.

A Hilbert space is an inner product space satisfying two additional axioms. First, the
norm should be positive definite, which means that

u =0 = wu=0.



Fourier Analysis (MMG710/TMA362), 2008 page 6 of 6

Second, the norm should be complete. This means that if (u,)3, is a sequence in V' such
that

lm ||y, — upl|| =0
m,n—00

(this is called a Cauchy sequence), then there exists a vector u € V' such that
lim |ju, — ul|| = 0.
n—oo

Without going into details, we mention that given an inner product space, there is a
natural way to construct a Hilbert space from it. First, if the norm is not positive definite,
one identifies any two vectors v and v with ||u — v|| = 0. (If you are familiar with quotient
spaces, this is an example.) After this identification, the inner product is positive definite.

For instance, the space of piecewise continuous functions on [0, 27| with inner product (1)
is not positive definite. Just consider the function f(z) that is 1 at z = 7 and 0 otherwise.
It has norm 0 but is not the zero function. The quotient construction means that we should
identify two piecewise continuous functions if they are equal except at a finite number of
points. In particular, f is identified with the zero function. When we say things like “the
value of the function at the jump point does not matter”, it means that we could just as
well work in the quotient space.

After we have made the norm positive definite, there is a way of making it complete by
enlarging the space, very roughly speaking by adding all missing limits of Cauchy sequences
as new elements. This enlarged space is a Hilbert space. (The method is the same as one
of the ways to construct R from Q.)

If we start from the space of continuous functions on [0, 27| with inner product (1), then
the corresponding Hilbert space is denoted L?([0, 27]). Tt is a remarkable fact that one can
construct L?([0,2n]) as a quotient of a function space, with inner product given by the
same formula (1). However, the integral in (1) must then be viewed as a Lebesgue integral.

The theory of Fourier series on L?([0, 27]) is very elegant. The system (e*)%°___ is still
complete, so for each f € L?([0,27]), the Fourier coefficients (c,)

o _ o Satisfies
o
AP =D leal.

n=—oo

Let £%(Z) denote the space of sequences (c,)>__ such that

n=—oo

o

Z len|? < oo

n=-—00
This is a Hilbert space, with scalar product

o0
<(Cn)§i°:7w (dn)f}o& = Z Cndp.-
n=—0oo

It turns out that the correspondence between f € L*([0,2n]) and its Fourier coefficients
(cn)% . € £*(Z) is a bijection, and since it preserves the norm the two Hilbert spaces can

n=—oo

be identified.



