MATEMATIK MMG720
Goteborgs universitet

Gauss’ Theorema Egregium
The Gaussian curvature X depends only on the first fundamental form.

We claim that we can write

E F F,-1iaG, E F lp,
(EG—-F*’K=| F G 1G, -| F G iaG,
%Eu Fu - %Ev Fuv - %Evv - %Guu %Ev %Gu 0

We know that (EG — F?)?K = (EG — F?)(LN — M?) and that the coefficients L, M and N
are given by

VEG —F2 [ = det(ou, 00, Oun)
VEG —F2 M = det(oy, 00, Oup)
VEG —F2N = det(oy, 0y, Ou)
Therefore
(EG — F2)(LN — M?) = det(0y, 0y, 0un) det(0, 04, 00) — (det(0, 0, 0un))?

Let R be a matrix with rows r; and C' a matrix with columns ¢;. The entry on place (i, j) of
the matrix RC' is equal to the scalar product r; - ¢;. So

det(oy, 0y, o) det(oy, 0y, 0uy) — (det(oy, o, Um,))2

Oy~ Oy Oy " Oy Oy " Owy Oy " Oy Oy " Oy Oy " Oyv
= | Oy Oy Oy - Oy Oy Oyy | — | Oy Oy Oy - Oy Oy * Oup
Ouu " Ou  Ouyu " Ov  Ouyu * Ouw Ouwv " Ou  Oyy " Oy Oyy " Oup
E F F-ic)| |E F 1B,
=| F G G, |-|F ¢ la,
%Eu Fu - %Ev Ouu * O %E’U %Gu Ouv " Ouv

Here we used the definition of £, F' and (7, and the fact that F, = 20, - 0y, E, = 20, - 0wy,
Fu:Juu'UU—i_o_u'O—vu, Fv = Ow " Oy + Oy * Opy, Guzzav'avu amd Gv :20_1)'0—1)11'

Because the minors of position (3, 3) in both determinants are equal we can also write

E F F, -G, E F 1K
F G 16, |\ Fr ¢ la,
1 1 1 1
§Eu Fu - §Ev Ouy " Ovv = Ouy * Oup §Ev §Gu 0
We derive further:
0
Evv:_zu' uv :2uv' uv+2u uvv
6’11( Ou Ouww) = 204y * O Ou- 0
Fuv = a_<0-uu c 0yt Oy - qu) = Oyuw " Ov T Oup * Oup + Ouy * Ouo + Oy * Oun
v
Guu:_Qv' uv :2uv' uv+2 v * Ouuv
au( Op* Oup) = 204y O Oy O

Elimination of o, - 0y, and o, - 04y, gives

1 1 _
Fuv - §Evv - §Guu = Ouu " Ovv — Oyy " Ouw -



