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1. Compute the curvature of the equiangular spiral, given in polar coordinates by the
equation r = ae’, where a and b are positive constants.

We write (@) = (acos peb?, asin pe®?) and compute
~'(t) = a(—sinpe®® + bcos e, cos pe’® + bsin pe’?) |
~'(t) = a((b* — 1) cos e — 2bsin e, (b* — 1) sin pe?? + 2b cos peb?) .
Then [|v'|| = av/1 + b2e* and det(v', v") = a®(1 + b?)e?*#. So
B 1
av/1+ b2ebe

Alternatively we use the formula for  in polar coordinates. We have r, = abe®?, r,, =
ab®e’ so , ,
4 27“<p — Ty 1

(r2 + r?a)% a1+ blebe

2. Prove the Isoperimetric Inequality for simple closed curves; you may assume Wirting-
er’s Inequality.

See the handout.

3. Define the tangent space at a point P of a smooth surface S and show that it is a
two-dimensional vector space.

See Pressley, p. 85.

4. Let v: (a,3) — R? be a regular unit-speed curve with curvature (s) # 0 for all
s € (a, ). Let {t, n, b} be its Frenet trihedron. The ruled surface

o(s,v) =~v(s)+uvn(s), (s,v) € (a, ) xR,

is called the principal normal surface.
a) Determine the points where the parametrisation o is not regular.
b) Compute the Gaussian curvature K. (Sp)

We compute

o, = ~(s)+vn'(s) =t(s) +vrb(s) — vkt(s)

(s)
o, = Tb(s)— kt(s)

Opw =

b
I
3

=}

This gives o5 X 0, = (1 — vk)b — vTt. The parametrisation is not regular if 1 — vk =
vt =0,s07=0o0chv=1/k.

Wehave £ = (1 —vk)*+v*7%, F=0,G =1, EG—F? = (1—vk)*+v*r* and N =0,
M =det(t +vrb —vkt, n,7b — kt)//(1 —vk)2 + 0272 = 7//(1 — vk)? + v272. So
K =LN - M?/EG — F? = —7%/((1 — vk)? + v*7?)2.




5. a) Formulate the Gauss-Bonnet Theorem for curvilinear polygons.
b) Verify the Theorem for the closed curve in the plane consisting of a half circle with
radius r and a diameter of the circle, by computing both sides of the formula sepa-
rately.

a) Let « be a positively-oriented unit-speed curvilinear polygon with n edges on a surface
o, and let oy, as, . .., o, be the interior angles at its vertices. Then

1) n
/ KjgdSZZOdi—(n—Q)ﬂ'—/ KdA, .
0 i=1 int(~)

b) For a circle in the plane the geodesic curvature is the curvature so x, = 1/r and fol ) Kgds =

fow % = m. As n = 2, the interior angles both equal to 7 and K = 0, the right-hand side is

equalto 2- 7 =m.
6. Describe (qualitatively) the geodesics on on a torus.

See Pressley p. 443.



