COUNTEREXAMPLES TO THE NEGGERS-STANLEY CONJECTURE

PETTER BRÄNDÉN

Abstract. The Neggers-Stanley conjecture (also known as the Poset conjecture) asserts that the polynomial counting the linear extensions of a partially ordered set on {1, 2, . . . , p} by their number of descents has real zeros only. We provide counterexamples to this conjecture.

1. The Neggers-Stanley Conjecture

Let P be a poset (partially ordered set) on [p] := {1, 2, . . . , p}. We will use the symbol < to denote the usual order on the integers and the symbol ≺ to denote the partial order on P . The Jordan-Hölder set, L(P ), of P is the set of permutations π of [p] which are linear extensions of P , i.e., if i ≺ j then π^{−1}(i) < π^{−1}(j). A descent in a permutation π is an index i ∈ [p − 1] such that π(i) > π(i + 1). Let des(π) denote the number of descents in π. The W -polynomial of P is defined by W (P, t) = ∑ π∈L(P ) t^{des(π)}.

The W -polynomials appear naturally in many combinatorial structures, see [2, 7, 8], and are connected to Hilbert series of the Stanley- Reisner rings of simplicial complexes [10, Section III.7] and algebras with straightening laws [9, Thm. 5.2.].

Example 1. Let P_2 be as in Fig. 1. Then

L(P_2) = {(1, 3, 2, 4), (1, 3, 4, 2), (3, 1, 2, 4), (3, 1, 4, 2), (3, 4, 1, 2)}

so W (P_2, t) = 4t + t^2.

When P has no relations, that is, when P is the anti-chain on [p], then W (P, t) is the pth Eulerian polynomial. The Eulerian polynomials are known [3] to have all zeros real. This is an instance where the Neggers-Stanley conjecture, also known as the Poset conjecture, holds:

Conjecture 1 (Neggers-Stanley). Let P be a poset on [p]. Then all zeros of W (P, t) are real.

2000 Mathematics Subject Classification. Primary 06A07, 26C10. Key words and phrases. Neggers-Stanley conjecture, partially ordered set, linear extension, real roots.

2 PETTER BRÄNDÉN

Figure 1. The posets P_2 and P_3.

P_2 = 2 4 1 3 === == P_3 = 3 6 2 5 1 4

99 99 99 99 99

A poset P is naturally labeled if i ≺ j implies i < j. The above conjecture was made by J. Neggers [4] in 1978 for naturally labeled posets and by R.P. Stanley in 1986 for arbitrary posets on [p]. It has been proved for some special cases, see [1, 2, 6, 11].

If a polynomial p(t) = a_0 + a_1t + · · · + a_nt^n with non-negative coefficients is real-rooted it follows that the sequence {a_i}^n_{i=0} is unimodal i.e., there is a d such that a_0 ≤ a_1 ≤ · · · ≤ a_{d−1} ≤ a_d ≥ a_{d+1} ≥ · · · ≥ a_n. This consequence of the Neggers-Stanley conjecture was recently proved [6] (see also [1]) for an important class of naturally labeled posets, namely graded posets. A naturally labeled poset P is graded if all maximal chains in P have the same length.

2. Counterexamples to the Neggers-Stanley conjecture

Let n ⊔ n be the disjoint union of the chains 1 ≺ 2 ≺ · · · ≺ n and n+1 ≺ n+2 ≺ · · · ≺ 2n and let P_n be the poset obtained by adding the relation n + 1 ≺ n to the relations in n ⊔ n, see Fig. 1. The only linear extension of n ⊔ n which is not a linear extension of P_n is (1, 2, . . . , 2n), which gives W (n ⊔ n, t) = 1 + W (P_n, t).

Let π be a permutation. We say that π(i) is a descent top and that π(i + 1) is a descent bottom if i is a descent in π. A permutation in L(n ⊔ n) is uniquely determined by its descent tops (which are necessarily elements of [2n] \ [n]) and its descent bottoms (which are elements of [n]). It follows that the number of permutations in L(n⊔n) with exactly k descents is (_n k )(_n k ) , so we have

W (n ⊔ n, t) = n∑ k=0 ( n k )( n k ) t^k, and hence W (P_n, t) = n∑ k=1 ( n k )( n k ) t^k. When n = 11, Sturm’s Theorem [5, Section 10.5] can be used to show that W (P_n, t) has two non-real zeros. These are approximately

z = −0.10902 ± 0.01308i.

COUNTEREXAMPLES TO THE NEGGERS-STANLEY CONJECTURE 3

It is known [7] that W (n ⊔ n, t) has real and simple zeros only. One explanation for why W (P_{11}, t) fails to have only real zeros is that adding a constant of sufficiently large modulus to a real- and simple-rooted polynomial of degree greater than 2 destroys the property of being real-rooted.

A counter-example with a polynomial of lower degree can be obtained as follows. Let P_{n,m} be the disjoint union of the chains 1 ≺ 2 ≺ · · · ≺ n and n + 1 ≺ n + 2 ≺ · · · ≺ n + m with the relation n + 1 ≺ n added. Then the W -polynomial of P_{n,m} is given by W (P_{n,m}, t) = ∑ k≥1 ( n k )( m k ) t^k. We have W (P_{36,6}, t) = 216t+9450t^2+142800t^3+883575t^4+2261952t^5+1947792t^6. This polynomial has two non-real zeros.

Remark 1. It should be noted that our counterexamples are not naturally labeled, since we have n + 1 ≺ n. The Neggers-Stanley conjecture is therefore still open for naturally labeled posets.

References

[1] P. Brändén, Sign-graded posets, unimodality of W -polynomials and the Charney-Davis conjecture. arXiv preprint: math.CO/0406019 [2] F. Brenti, Unimodal, Log-Concave and Pólya Frequency Sequences in Combinatorics. Memoirs Amer. Math. Soc. 413, Amer. Math. Soc., Providence, 1989.

[3] L.H. Harper, Stirling behavior is asymptotically normal. Ann. Math. Statist.

38 (1967), 410–414.

[4] J. Neggers, Representations of finite partially ordered sets. J. Comb. Inf. Syst.

Sci. 3 (1978), 113–133.

[5] Q.I. Rahman and G. Schmeisser, Analytic theory of polynomials. volume 26 of London Mathematical Society Monographs. New Series. The Clarendon Press Oxford University Press, Oxford, 2002.

[6] V. Reiner and V. Welker, On the Charney-Davis and Neggers-Stanley conjectures. preprint available at www.math.umn.edu/~reiner.

[7] R. Simion, A multiindexed Sturm sequence of polynomials and unimodality of certain combinatorial sequences. J. Comb. Theory, Ser. A 36 (1984), 15–22.

[8] R.P. Stanley, Ordered structures and partitions. Memoirs Amer. Math. Soc.

119, Amer. Math. Soc., Providence, 1972.

[9] R.P. Stanley, Hilbert functions of graded algebras. Adv. Math. 28 (1978), 57– 83. [10] R.P. Stanley, Combinatorics and commutative algebra. volume 119 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, second edition, 1996 [11] D. Wagner, Enumeration of functions from posets to chains. Eur. J. Comb. 13 (1992), 313–324.

Department of Mathematics, Chalmers University of Technology and Göteborg University, S-412 96 Göteborg, Sweden

E-mail address: branden@math.chalmers.se