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ABSTRACT

We study generating functions for the number of even (odd) permutations on n letters avoiding
132 and an arbitrary permutation 7 on k letters, or containing 7 exactly once. In several interesting
cases the generating function depends only on k and is expressed via Chebyshev polynomials of the
second kind.
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1. INTRODUCTION

The aim of this paper is to give analogies of enumerative results on certain classes of permutations
characterized by pattern-avoidance in the symmetric group &,,. In the set of even (odd) permutations
we identify classes of restricted even (odd) permutations with enumerative properties analogous to
results on permutations. More precisely, we study generating functions for the number of even (odd)
permutations avoiding 132 and avoiding (or containing exactly once) an arbitrary permutation 7 € &y.
Moreover we consider statistics of the increasing pattern. In the remainder of this section we present
a brief account of earlier works which motivated our investigation, we give the basic definitions used
throughout the paper, and the organization of this paper.

Let [p] = {1, ..., p} denote a totally ordered alphabet on p letters, and let @ = (a4, ..., an) € [p1]™,
B = (P1,---,0m) € [p2]™. We say that « is order-isomorphic to f if for all 1 < i < j < m one has
a; < a; if and only if 3; < 8;. For two permutations 7 € &,, and 7 € &, an occurrence of T in
7 is a subsequence 1 < 41 < i3 < --- < 4 < n such that (m;,,...,m, ) is order-isomorphic to 7; in
such a context 7 is usually called the pattern. We say that m avoids T, or is T-avoiding, if there is no
occurrence of 7 in 7, and we say that 7 contains 7 exactly r times if there is r different occurrences
of 7 in 7. For example, the permutation 598376412 € &gy avoids 123 and contains 1432 exactly twice.

While the case of permutations avoiding a single pattern has attracted much attention, the case
of multiple pattern avoidance remains less investigated. In particular, it is natural, as the next
step, to consider permutations avoiding pairs of patterns 71, 7. This problem was solved completely
for 71,72 € &3 (see [SimSch]), and for 4 € G3 and 72 € &4 (see [W]). Several recent papers
[CW, MV1, Kr, MV2, MV3, MV4, BCS] deal with the case 11 € &3, 12 € &}, for various pairs 71, 7».
Another natural question is to study permutations avoiding 7; and containing 75 exactly ¢ times.
Such a problem for certain 71,7 € &3 and ¢ = 1 was investigated in [Ro], and for certain 7 € &3,
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Ty € 6 in [RWZ, MV1, Kr, MV2, MV3, MV4]. For example, several authors [RWZ, MV1, Kr, BCS]
have shown that generating functions for the number 132-avoiding permutations in &,, with respect
to number of occurrences of the pattern 12...%k can be expressed as either continued fractions or
Chebyshev polynomials of the second kind.

Chebyshev poly_nomials of the second kind (in what follows just Chebyshev polynomials) are defined
by U,(cosf) = 204D gy > . The Chebyshev polynomials satisfy the following recurrence

U,(t) = 2tU,_1(t) in(z'r,z(t) for r > 2 together with Uy(t) = 1 and U, (t) = 2t. Evidently, U,(x) is
a polynomial of degree r in x with integer coefficients. Chebyshev polynomials were invented for the
needs of approximation theory, but are also widely used in various other branches of mathematics,
including algebra, combinatorics, and number theory (see [Ri]). Apparently, for the first time the
relation between restricted permutations and Chebyshev polynomials was discovered by Chow and
West in [CW], and later by Mansour and Vainshtein [MV1, MV2, MV3, MV4] and Krattenthaler [Kr].

These results are related to a rational function

s (s
(1.1) Ri(z) = Lf)
for all k > 1. For example, Ry (z) = 1, Ra(z) = 2, and R3(z) = {=%. It is easy to see that for any
k, Ry () is rational in z and satisfies the following equation (see [MV1, MV3, MV4]) for k > 1,
(12) Ruw) =
' M T 1 2R (z)

Let 7 € &,,. The number of inversions of 7 is given by |{(¢,j) : 7; > m;, 1 <i < j <n}|. The sign
of 7, sign(r), is given by the number of inversions of ©# modulo 2 (equals 1 if the number inversions
of 7 is given by even number, otherwise equals —1). We say 7 is an even permutation [respectively;
odd permutation] if sign(m) = 1 [respectively; sign(m) = —1]. We say 7 is an involution if 7 = 7~ 1.
We denote the set of all even [respectively; odd] permutations in &, by &, [respectively; O,]. For
example, if 7 = 4132 € &4 then the number of inversions of m equals 4, so sign(w) =1 and 7 € &,.

The paper of Simion and Schmidt [SimSch] generalized and considered for many directions. Here
we give two examples. The first one is paper of Chow and West [CW], which had dealt with three
cases of avoiding 132 or 123 and avoiding 7 € S;. In particular, they found the generating function
for the number of permutations in &,,(132,12...%) which given by Rg(z). The second one is papers
of Guibert and Mansour [GM1, GM2], which had dealt with the cases of avoiding 132 (or containing
exactly once) and avoiding 7 € &, (or containing exactly once). More precisely, the paper [GM1] dealt
with the case of the generating function for number of involutions in &,, avoiding 132 (or containing
exactly once) and avoiding 7 € &y, (or containing exactly once). The paper [GM2] dealt with the case
of the generating function for number of even (odd) involutions in &,, avoiding 132 (or containing
exactly once) and avoiding 7 € &, (or containing exactly once).

Theorem 1.1. (see [CW, GM1, GM2]) For all k > 0,

(i) The generating function for the number of permutations in &, avoiding both 132 and 12.. .k is
given by
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(ii) The generating function for the number of involutions in &, avoiding both 132 and 12...k is

given by
I(x)—#kiU- (i>
YT U (R) & \22)

Jj=0

(iii) The generating function for the number of even involutions in &,, avoiding both 132 and 12.. .k
is given by
k—1

P (1 + %(Rk—lﬂ' («®) + Rklj(—$2))fkj(l")) |

Jj=0 1

k
H . Ri(—.’lfz)

J

The above theorem invites the following question: Find explicitly the generating function for the
number even (odd) permutations avoiding both 132 and 12...k in terms of Chebyshev polynomials?
In this paper we give a complete answer for this question (see Subsection 2.2).

As a consequence of [MV2, MV4], we present a general approach to the study of even (odd)
permutations avoiding 132 and avoiding an arbitrary pattern 7 of length k, or containing 7 exactly
once. We derive all the previously known results for this kind of problems, as well as many new results.

The paper is organized as follows. The case of even (odd) permutations avoiding both 132 and 7
is treated in Section 2. We derive a simple recursion for the corresponding generating functions for
general 7. This recursion can be solved explicitly for several interesting cases, including 12. ..k, (d +
1)(d+2)...k12...d, and odd-wedge patterns defined below. In particularly, we prove the generating
function for the number of even (odd) permutations avoiding both 132 and 7 € S;(132) is a rational
function for every nonempty pattern 7. Observe that if 7 itself contains 132, then any 132-avoiding
permutation avoids 7 as well, so in what follows we always assume that 7 € S;(132). The case of
permutations avoiding 132 and containing 7 exactly once is treated in Section 3. Here again we start
from a general recursion, and then solve it for several particular cases. Finally, in Section 4 we describe
several directions to extend and to generalize the results of the pervious sections.

Most of the explicit solutions obtained in the next sections involve Chebyshev polynomials of the
second kind.

2. AVOIDING AN ARBITRARY PATTERN

Consider an arbitrary pattern 7 = (1q,...,7;) € 6;(132). Recall that 7; is said to be a right-to-left
mazimum if 7; > 7; for any j > i. Let mg = k,mq,...,m, be the right-to-left maxima of 7 written
from left to right. Then 7 can be represented as

— 0 1 r
T=(7T", Mo, T , M1, -, T , M),

where each of 78 may be possibly empty, and all the entries of 7¢ are greater than m;,; and all the
entries of 7¢*1. This representation is called the canonical decomposition of 7. Given the canonical
decomposition, we define the ith prefiz of 7 by 7 = (1%, myq,...,7%,m;) for 1 <i < r and 7° = 79,
77! = (. Besides, the ith suffiz of 7 is defined by o' = (1%, my,...,7",m,) for 0 < i < r and
o™+t = (). Strictly speaking, prefixes and suffices themselves are not patterns, since they are not
permutations (except for 7" = 0° = 7). However, any prefix or suffix is order-isomorphic to a
unique permutation, and in what follows we do not distinguish between a prefix (or suffix) and the

corresponding permutation.
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The set of all T-avoiding even [respectively; odd] permutations in &,, we denote by &, (T") [respec-
tively; O,(T)]. Let e, (n) [respectively; o,(n)] be the cardinality of the set €,(132,7) [respectively;
9,(132,7)]. The corresponding generating function let us denote by €, (z) [respectively; O, (z)], that
is,

= Z e-(n)x™  |respectively; O Z or(n

n>0 n>0

The generating function for the number of permutations avoiding both 132 and 7 we denote by F, (x).
Clearly,

(2.1) Fr(z) = € () + O-(x).
The following proposition which is the base of all the results in this section.
Proposition 2.1. Let k> 1 andn > 1, then

er@n+1)= 3 5 (egal) — eyt (Nege@n— ) + 3 3 (032() — 0gacs (1))0ge (20— j),
d=0 j=0 d=0 j=0
@)= 2 N (ensi) = epict (1))0ga(2n— j — 1) + (054(j) — 0ot (j))epa(2n — j — 1)

d=0 j=0,2,4,...,2n—2

+y > (eqa(y) —exe-1()))esa(2n = j = 1) + (074 (j) = 0xe-1(j))0ga (20 — j — 1),

d=0 j=1,3,5,...,2n—1

Proof. We use induction. Clearly, the result holds for n = 1. Now let 7 € &,(132) such that 741 = n,
0 <j<n-—1. Then g = (m,...,m;) is a 132-avoiding permutation on the letters n—1,n—2,...,n—j
and v = (741, ..,7y) is a 132-avoiding permutation on the letters n —j —1,n — j —2,...,1. If we
assume that 3 avoids 7 and contains 7¢~!, then v avoids o, where d = 0,1,2...,r. Besides,

sign(m) = (=1)V D=1 Vsign(B)sign(y) = (=1)V+V " Dsign(8)sign(7),
equivalently,
. _ | sign(B) -sign(v), ifn odd
sign(m) = { (=1)7*! - sign(p) - sign(y),  ifneven
Hence, if summing over all d = 0,1,...,r and j = 0,1,2...,n together with use of the fact that the
number of even [respectively; odd] permutations in &, [respectively; O,] avoiding 8 and containing -y
is given by eg(n) — eg,o(n) [respectively; og(n) — og,y(n)] we get the desired result. O

Similarly to Proposition 2.1 we obtain the following result.
Proposition 2.2. Let k > 1 and n > 1, then

T T

or(2n+1) = Z Z(e a(J) = exa-1(4))0ga (2n — j) + E Z(o a(j) — oga-1(j))eqa(2n — j),

=0 j=0 0j=

or(2n) = 3° > (eqa(h) — exa-1(4))esa(2n = j = 1) + (07a(j) = 0ga-1(j))0ga(2n — j — 1)

d=0 j=0,2,4,...,2n—2
T

+ d:zo s 52 2TH(e,Td (G) — ega=1(§))0pa(2n — j — 1) + (05a(j) — 0ga=1(j))ega(2n — j — 1).

Our present aim is to find the generating functions €, (z) and O, (z); thus we need the following
lemma which holds immediately by definitions.
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Lemma 2.3. let {an}n>0 and {by}n>0 be two sequences, and the corresponding generating functions
are a(z) and b(x); respectively. Then

TN b et = Ha) +a(-a) () — b(-a);
X b et = )~ a(-2) () + b)),

Theorem 2.4. For any nonempty pattern 7 € &1 (132), the generating functions €.(z) and O, (x)
are a rational functions in x satisfying the relations

02) € (z) — & (-2) = wﬁo(@nd(w) = €ra-1(2))€5a (z) + (€qa(—7) — €ra-1(—17)) € a(—2)
2.2 T
+z dz::o(gwd (SL') - Dwd—l(x))gad (.73) + (Dwd (_‘73) - Dwd—l(_x))gad(_x))a

E (x) +€E(—x)—2=
= ; EO(Gwd (@) + €ra(—7) = €ra-1(7) — €ra-1(—1))(Dga(2) — Oga(—1))
(2.4) +g déO(D,rd () + Opa(—x) — Opa-1(x) — Opa—1(—2))(€pa(x) — Epa(—1x))
+g dZ::O(G,rd(m) —Cra(—2) — Cra(z) + €ra1(—2))(€Epa () + Epa(—2))
+5 2 (Drula) = Dyu(=) = D s (8) + Dpacs (<) (Dy(2) +D,u(~),
and
O (z) + DT(_'Z?:) =
= dX::O(@ﬂd (@) + €ra(—2) — €ra-1(z) — €ra-1(—17))(&sa(2) — €pa(—17))
05 £ 5 (D7a(2) + D s (=) = D gama (£) = Dims (~2)) (D (&) — D0 ()

M=
®
3

[

+
NIERTE RS
i
o

I
o

(2) = €ra(—2) — Crama(2) + Era-r(=2))(Dgu (2) + Oga(—2))

Y
Il
<

+
M=

(Dﬂ-d (.’L‘) - Dﬁd(—.’ll') — D, a1 (SL‘) + Opa-1 (—:L'))(Qfad (.’L’) + Qfad(—a;')).

Proof. Using Propositions 2.1 and 2.2 together with Lemma 2.3 we get Equations 2.2-2.5. Rationalities
of &, (z) and O, (z) for 7 # & follows easily by induction. O
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As a remark, the above theorem holds for the empty pattern without rationalities of €. (z) and

O, (x).
Using Theorem 2.4 we get the main result of [MV2].

Corollary 2.5. (see Mansour and Vainshtein [MV2, Theorem 2.1]) For any nonempty pattern T €
G (132), the generating function F,(x) is a rational function in x satisfying the relation

Fo@) =142 Y (Frala) = Fyas (@) Fra(a).
d=0

Proof. If adding Equations 2.2 and 2.3 we have
(2.6) Fr(z)—-Fr(-z)=2x Z(fﬂ-d () = Fra-1(2))Fpa(x) + (Fra(—x) — Fra—1(—x)) Fpa(—2).
d=0

If adding Equations 2.4 and 2.5 we get
Fr(x) + Fr(—z)—2=
T

equivalently,
(2.7) .7:-,—(.'13') + .7‘-T(—.’L') —-2==x i(j:ﬂ.d (:E) - .7‘-7rd—1($)).7‘-0d (:E) - (.7:ﬂ.d (—:E) - fwd—l(—m))fa.d(—ﬂf).
d=0
Hence, if adding Equations 2.6 and 2.7 then we obtain that
Frlx)=14xz i(fﬂ-d () — Fra1(2))Fpa(z).
d=0

Rationality of F,(z) for 7 # @ follows easily by rationalities of O,(z) and €,(z) (see Theorem 2.4
and Equation 2.1). O

Our present aim is to find explicitly the generating functions €, (z) and O, (x) for several cases of

7; thus we need the following notation. We denote the generating function €, (z) — O, (z) by M, (x)
for any pattern 7.

Theorem 2.6. For any 7 € G;(132),
(2.8) M (2) = M (—2) =2 Y (Mya(2) = Mya—s (2)Mya (@) + (Mya (—2) = Myas (~2))Mya (),
and

(2.9) M, (z)+M,(—x)—2=2 )Y Mya(x)—Mpa-1(x))Mya(—z)— (Mpa(—x) —Mpa—1 (—x3))Ma ().

Proof. If subtracting Equation 2.3 from Equation 2.2 then we get Equation 2.8, and if subtracting
Equation 2.5 from Equation 2.4 then we get Equation 2.9. a
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Corollary 2.7. Let 7 = (8,k) € 64(132). Then
2(1 + 2Mp(—2x))

M) = T @) + (L 2 ()

Proof. Equation 2.8 for 7 = (3, k) yields

(1 = a5 (2))M, (&) — (1 + 2Ma(~2))M, (~2) = 0,
and Equation 2.9 for 7 = (8, k) yields

(1 + &t (—)) M (&) + (1 — oM (2))M, (—) = 2.
Hence, the rest is easy to check by the above two equations. O
Example 2.8. Let 7 = 12 and f = 1. Since €g(z) = 1 and Og(x) = 0 we get that Mp(z) = 1.
Corollary 2.7 for T = 12 yields

Mia(2) = Eiz(w) = D1a2(w) = 7= ;)(21: (?+ el 11++ =1

On the other hand, Corollary 2.5 together with Equation 2.1 we have

1
Fiz(z) = €12(2) + O12(z) = 1=z
Hence,
1+z z2(1 + )
Cia(2) = ;=5 and D12(2) = —— 3~

2.1. Pattern 7 = @. Let us consider the case 7 = & as the first case which examined by Simion and
Schmidt [SimSch].

Theorem 2.9. We have
1 1
&(x) = E(C(a:) +1)+ gC(:ﬁ) and O(z) = 5(0(:1:) -1)- gC(x2).
In other words, for allm > 1,

(2)
(3) [€2n-1(132)| = $(Can 1 + Cn1);
(4) [D27-1(132)] = §(Can—1 — Cn—1)-

Proof. First of all, let us define M(z) = My (z), F(z) = Fu(z), €(z) = €x(z), and O(z) = Ou(z).
Using the same arguments in the proof of Corollary 2.7 we get

(1= zM(z))M(z) — (1 + 2M(—2))M(—=2z) =0,

(1 + 20(—2))M(z) + (1 — 2M(2))M(—z) = 2,
therefore,

M(z) = &(z) — O(z) = 1+ 2C(z?).
On the other hand, Corollary 2.5 for 7 = @ yields F(z) = 1+ zF(z)?, so by Equation 2.1 we have
that
F(z) = &(z) + O(z) = C(x).

The rest is easy to check. d
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2.2. Pattern 7 = 12...k. Let us start be the following example.

Example 2.10. (see Simion and Schmidt [SimSch, Proposition 7]) Corollary 2.7 together with Ez-
ample 2.8 yield
Mig3(z) =1+ 2.

On the other hand, using the fact that Fia3(x) = €123(2) + O123(z) = 5% (see [SimSch]) we get

2 2

X
a9 = .
[—2p @ Ous(@) = oo

6123(3]) =1l4+z+

The case of varying k is more interesting. As an extension of Example 2.10, let us consider the case
T = [k], where we define [k] =12...k.

Theorem 2.11. For all k > 1,

x .Z'2 $2
(i) @[Qk_l] (.’L’) = %(ng,1 (.Z') + ka,1($2) + 1) and Qf[gk] (a:) = % (Rzk (.Z') + (1 +1 fZgRi)zzk)( )),
m)gpkH@):%uab4@a—m3h4@%—1)mmzmﬂm)zé(R%@)—C“Tﬁ%g%g%@)).

Proof. We use induction on k. Using Example 2.8 we get that 9 () = 1 and Mya2(z) = 11_;_*—;2 Now,
let us fix k£ and assume that

(1 + 2Ry (2?)) Ry (2?)
1+22R%(22)

Therefore, by the hypothesis of the induction and Corollary 2.7 we get

9 (1 n w(lwak(:ﬁ))Rk(an))

Map—1y(z) =1+ zRy_1(2?) and Mok (z) =

o B 1+22Rj (22)
st m @ mEn) T | (1 4 2R ) )
T+22R2 (22) G 1+22R3(22)
2(14a Ry (a%))
. 1+22RZ(z2) — 2
T (I—zRi(22)? : (+aRg(22))2 L+ oRy(@).

(1+2®R2(22))®> ' (1+2°R%(2?))?

Also, by the induction hypothesis, Corollary 2.7, and Identity 1.2 we have that
2(1 + (1 — zRy(2?)))

(1 - 2(1 + 2Ri(2)))* + (1 + 2(1 — 2Ry (2?)))”

Mok42) =

2($+m)
2 2
(7w —2) + (e +2)

204 2Ren @) Rin () _ (L4 2R (52) i (2?)

(1 —2zRpy1(22))2 + (1 + 2Ry yq (22))2 1+ m2R%+1 (z2)
Hence, for all k£ > 1,

1 +$Rk($2))Rk($2)_

Mior_11(z) = 1 + 2 Rp_1(z?) and M, ) =
2k-1) (%) k—1(2%) [24] (%) [+ 2R @)



RESTRICTED EVEN PERMUTATIONS AND CHEBYSHEV POLYNOMIALS 9

On the other hand, in [CW] (see also [MV1, Kr, MV2, MV4]) was proved

Fim) (@) = € (2) + Oy (2) = R (2),
for all m > 1. Hence, by the above two equations we get the desired result. a
Example 2.12. Theorem 2.11 for k = 3,4,5 yields

es)(n) — opsp(n) = 1 (1 5( 1)+ ;
err)(n) — oy(n) = Vo (1+ (=1)™*1);
6[9](n) - 0[9](n) — FnZ 3 (1 +( )n+1)

where F,,_3 is the (n — 3)th Fibonacci number.

2.3. Pattern 7 = 213...k. Let us start by the following example.

Example 2.13. (see Simion and Schmidt [SimSch, Proposition 7]) Corollary 2.7 for T = 213 together
with the fact that Moy (z) = €21 (x) = and D1 (x) = 0 yield

(1—2)(1 — 422 + 42*)
(1 —2z)(1 — 322 + 424)’

(1—2)x?
(1 —2z)(1 — 322 + 4z%)”

€s(z) = Oo13(z) =

The case of varying k is more interesting. As an extension of Example 2.13, by using Corollary 2.7,
and induction on & (Similarly to Theorem 2.11) we get

Theorem 2.14. For all k > 1,

(1+ 2z) <U2k 1 ( ) Usk
Usy, (ﬂ) — 22Usk41 (

)

(1+20) (Va2 () = Va1 (&) + mit@zzl)
Usk1 (35) — 22U (55) — 205557

3z2

$+2z1
+ 1—3z2 )

7

=] —

Mo134...(2k) (z) =

z)
+

S

Mo134...(26—1) (T) =

By Theorem 2.14 together with use of the fact that Fais4.. 1 (2) = Ri(z) (see [MV2, Theorem 2.6])
we get

Corollary 2.15. For all k > 1,

Usp— 1(
fUzk(

Uar (25 ) —22U2p41 (5 )+ 4=

(i) €2134...(2k) (z) = l

)) L (e () U +—rm"it§:-l)] .

11 Uzi—1 Iz (1+2£E) Usk—1 Lm —Uzg = +mit22_1
W0 =5 [ o~ —3r)];

~| &
IS
&
N

(iil) €2134...c20—1)(2) =

1 U2k—2(2\1/5) n (1+2w)(U2k 2 22;) Uzk— 1( )+%2_1 .
2 1 (5%) Usio1 (25 ) —20Uan (55 ) - 220882 |7

lUM% _ 0420 (Uana ) U (s )+—r”ft§:i‘l)]

(iv) O2134...26—1) () = 3

\/5U2k—1(2\1/5) Usk— 1( ) ZzUzk( ) 2?%325;2)
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2.4. Pattern (d + 1)(d + 2)...k12...d. In this subsection we consider the case 7 = [k, d] where
[k,d] = (d+1)(d+2)...k12...d. Following to Theorem 2.11, our present aim is to find explicitly
the generating functions €,(z) and O, (z) where 7 = [k, d]; thus we need to consider four cases either
k even or odd, and either d even or odd. First of all, using Theorem 2.6 for 7 = [k,d] we state the
following fact.

Lemma 2.16. Letk >2,1<d<k—1, and 7 = [k,d]. Then
(1 + 0Dy g1y (~2) — M ()M, () + (1 — oM g1 (@) + 2T (), (—2)
=2+ Mg 1) (—2) Mgy (z) — M _gq—1)(2) Mgy (—2

(1 — 2y gq-1)(2) — 2Mg) ()M (2) — (1 + 2 g11(—2) + 2y (—2)) M- (—2)
= =M g1 (2) Mg} (x) — M- a—1) (= 2) M) (- ).

2.4.1. k and d are odd numbers. Now, we ready to consider the first case k and d are odd numbers.
Theorem 2.17. Let 0 < d < k. Then

im[2k+1,2d+1] () =1+ zRy (1’2)

Proof. Theorem 2.11 yields Mop 24 1(x) = 14+2Ry 4 1(2?) and Magi1(z) = 1+2R4(x?). Therefore,
by use of Lemma 2.16 for 7 = [2k + 1,2d + 1] we get

M, (z) + M, (—x) = 2,

(1 -2z — 22Ry(2?) — 2 Ri—q—1(2?))M, (z) — (1 + 2z — 22 R4(2?) — 2® R—q—1(2%)) M, (—1x)
= -2z — 2.’L‘3Rd( 2)Rk d— 1( 2),
S0,
.’L'(l - $2Rd($2)Rk7d71($2))
1—22(Ryq(2?) + Rg—a—1(?))’
By using the following identities (see [MV2])

M, () =1+

Uptq+1 (%)
Up (35) Us (35)

2z x

(2.10) 1 —2’R,(z*)R,(z*) = Jgi—% and 1 — z%(R,(2?) + R,(2%)) =

we have

and by Identity 1.1 we get the desired result. d

By Theorem 2.17 together with use of the equation Fj; q(z) = Ry (x) (see [MV2, Theorem 2.4]) we
get

Corollary 2.18. For oll 0 < d <k,

(Rokt1(z) — 2Re(2?) — 1).

l\DI»—A

1
€lak+1,2a41](T) = §(R2k+1($) + 2Ry (2) + 1) and Opapy1,2a41)(2) =

A comparison of Corollary 2.18 for values of d suggests that there should exist a bijection between
the sets €,(132,2...(2k + 1)1) and €,(132,(2d + 2)(2d + 3)...(2k + 1)12...(2d + 1)) for any d.
However, we failed to produce such a bijection, and finding it remains a challenging open question.
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2.4.2. k odd number and d even number. Now, let us consider the case where k odd number and d
even number.

Theorem 2.19. Let 1 <d < k. Then
M2k41,24] () =14+ zRy (x2)

Proof. Let m = k — d; solving the system equations in Lemma 2.16 for 7 = [2k + 1, 2d] together with
use of Theorem 2.11 we get

@(Rm(2?) + Ra(2”) — Rm(2?)Ra(2?))
1 — 22 Ry (22) Ry(2?) '

Using Identities 2.10 we get the desired result. d

M2pt1,2q)(T) = 1+

By Theorem 2.19 together with use of the equation F q(x) = Ry (x) (see [MV2, Theorem 2.4]) we
get

Corollary 2.20. For oll1 < d <k,

1 1
€lapt1,2q) () = §(R2k+1 + 14 zRi(2%)) and Oppi1,2q) () = §(R2k+1 —1—zRy(z?).

A comparison of Corollary 2.18 with Corollary 2.20 suggests that there should exist a bijection
between the sets &,(132,12...(2k + 1)) and €,(132,[2k + 1,d]) for any d. However, we failed to
produce such a bijection, and finding it remains a challenging open question.

2.4.3. k even number and d odd number. Similarly as above subsections, we can consider the case
where k even number and d odd number.

Theorem 2.21. Let 0 < d < k—1and m =k —d— 1. Then the generating function Moy 24+1]()
is given by
(1 — 22(Rm(2%) + Ra(2?)) + z(1 — 22 Ry ( 2%))) (1 + 22 R (2?) Ra(2?))
1 —av2(1+R3n(31c2))(1+332R2 (z?)) '

By Theorem 2.21 together with use of the equation Fi q(x) = Ry (x) (see [MV2, Theorem 2.4]) we
get

Corollary 2.22. Let 0<d<k—1andm=k—d - 1.

(i) The generating function € 2q41)(x) is given by

%(Rzk($)+(1—w2(Rm(w2)+Rd( 2)) 4+ 2(1 — 22 Ry ( 22))) (1 + 2° Ry ( )Rd(:ﬁ)))_

1—-22(1+ R,zn(:z:?))(l + :1:2R2 2 (x2))
(ii) The generating function Oy 2441)(2) is given by

1 Rou () (1 — 2%(Rim(2?) + Ra(?)) + 2(1 — 2% Ry ( 2%))) (1 + 22 R, (2%) Ra(2?))
2R 1-22(1 +R$n(a:2))(1 $2R2 2 (z2)) )




12 RESTRICTED EVEN PERMUTATIONS AND CHEBYSHEV POLYNOMIALS

2.4.4. k and d even numbers. Similarly as above subsections, we can consider the case where k and d
even numbers.

Theorem 2.23. Let 1 <d < k—1and m =k —d— 1. Then the generating function Moy 24)(x) is
given by

1 (1=2*(Rm(z?) — Re(2%))) (1 — 2*(Ra(2?) + Rm(2?)) — 2(1 — 2 Rq(2®)Rm (2?)))

T z +23(1 4+ 22R%(22))(1 — 2R (2?) + 22 R2,(2?))

By Theorem 2.23 together with use of the equation F 4(x) = Ry (x) (see [MV2, Theorem 2.4]) we
get
Corollary 2.24. Let1<d<k—-1andm=k—d—1.

(i) The generating function € 2q41)(x) is given by

1<R (z) + l _ (1 — mz(Rm(mz) - Rd(mQ))) (1 — ,7;2(Rd(g;2) + Rm($2)) —z(l - $2Rd($2)Rm(w2)))
g \f2kel) T z + 23(1 + 22 R2(2?))(1 — 2Ry, (?) + 22 R2,(2))

(ii) The generating function Ok 2q441)(x) is given by

1 1, (1=2*(Ru(@®) - Ra(2*))) (1 ~ 2*(Ra(e?) + Rn(s?)) — 2(1 — 2° Ra(e?) R (2))
§(R2k(.’1:)—5+ o+ 23(1 + 22R%(22))(1 — 2R, (22) + 2 R2,(22)) )

2.5. Wedge patterns. For a further generalization of the results in the pervious subsections, consider
the following definition. We say that 7 € & is a wedge pattern if it can be represented as 7 =
(1, p',...,7", p") so that each of 7¢ is nonempty, (p', p?,...,p") is a layered permutation of 1,...,s
for some s, and (r!,72,...,7") = (s + 1,5 + 2,...,k). For example, 645783912 and 456378129 are
wedge patterns. Evidently, [k, d] is a wedge pattern for any d. We say that 7 € &y, is an odd-wedge
pattern if it a wedge pattern such that the length of (71,p!,...,7P, pP) is given by odd number for
all p=1,2,...,r. For example, 23145 and 34251 are odd-wedge patterns. Evidently, [2k 4+ 1,d] is an
odd-wedge pattern for any d.

Theorem 2.25. M, (z) = 1 + xRy, (z?) for any odd-wedge pattern T € Gap11(132).

Proof. We proceed by induction on r. If » = 1 then 7 = [2k + 1, d] for some d, and the result is true
by Theorems 2.17 and 2.19. For an arbitrary r > 1, 7 looks like either

r=(,2p+2d+2,2p+2d+3,...,2k+1,1,2,...,2d),
or
T=(",2p+2d+3,2p+2d+4,...,2k+1,1,2,...,2d + 1),
for some d and p, where 7' = (71, pt,..., 7771, p"71).

The first case; 7' contains 2p+ 1 elements and it is an odd-wedge pattern, so by induction M (z) =
1+ zR,(z?), so Corollary 2.7 gives
(1+ Ry 41 (5%) Ry (2)

M7 2p+2at2) (@) = 1+ 2R3, (2?) 7
P

and then
DM (1 2pt2d42,2p+2a+3) (T) = 1+ 2Ry (2).



RESTRICTED EVEN PERMUTATIONS AND CHEBYSHEV POLYNOMIALS 13

Therefore, by induction we have

m _ (1+xRk_a(2?))Rp—a(z?)
(71,2p+2d+2,2p+2d+3,...,2k) (z) = 1+ $2Ri—d(x2)

Hence, Theorem 2.6 for 7 = (7',2p+2d + 2,2p+2d + 3,...,2k + 1,1,2,...,2d) yields (similarly as
Theorem 2.19)
.'L‘(Rk_d(.TQ) + Rd(mz) - Rk_d(x2)Rd(x2))
1-— £U2Rk7d(.’l?2)Rd(.’L'2) ’
and using Identities 2.10 we have that 9, (z) = 1 + xRy (2?).

M (z) =1+

The second case; similarly as the first case we have that

M1 2pt2d+3,2p+2d+4,...2k) () = 1+ Rk_q_1(2°).

Hence, Theorem 2.6 for 7 = (7/,2p+2d+ 3,2p+2d +4,...,2k+ 1,1,2,...,2d + 1) yields (similarly
as Theorem 2.17)

2(1 — 2?Rg(2®)Ri_q_1(2?))

1— 22 (Rd($2) + Ry g1 (1’2)) ’

and using Identities 2.10 we have that 9, (z) = 1 + Ry (2?). O

M, (x) =1+

A comparison of Theorem 2.11 with Theorem 2.25 suggests that there should exist a bijection
between the sets €,(132,12...(2k + 1)) [respectively; ©,(132,12...(2k+1))] and €,(132,7) [respec-
tively; 9,,(132,7)] for any odd-wedge pattern 7. However, we failed to produce such a bijection, and
finding it remains a challenging open question.

Corollary 2.26. For any odd-wedge pattern 7 € Sopy1(132),

€. (z) = %(R%H(x) +2Ru(@?) + 1) and O, (z) = %(R%H(x) — oRy(a?) - 1).

3. CONTAINING A PATTERN EXACTLY ONCE

Let e,,-(n) [respectively; o;,-(n)] denote the number of even [respectively; odd] permutations in
6,(132) that contain 7 € &;(132) exactly r times, and e?,,(n) [respectively; of..(n)] denote the
number of even [respectively; odd] permutations in &,(132,p) that contain 7 € &;(132) exactly
r times. We denote by €,..(z) and €7, () [respectively; O, (z) and O ()] the corresponding
ordinary generating functions. Using the argument proof of Theorem 2.4 we get as follows.

Theorem 3.1. For any 7 = (7°,mo,...,7",m;) be the canonical decomposition of mnonempty T €
Sk(132), then

r+1

€1 (2) = Era(—a) =2 3 €0y (2)€0 ) (3) + €May, (—2) €% (—2)+
(3.1) Sy
d d—1 d d—1
+z E D;d_l;l(x)ng;l (IE) +D§d_1;1(—$)ng;1 (—IE),
d=0
r+1 d sd-1 d 41
Or1(x) —Ora(—z) =2 > (’Sgd_l;l(x) Ta.1 (z) + @Wd_l;l(—m) Tait (—z)+
(3.2) R

tz Y DT, ()€ (@) + OTa,, (—2)€ ) (),
d=0
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€ (2) + € (—2) = §;+:< Mo (@) + €Tasy (—2))(0%5 (2) — D70 (—2))+
+5 2 (OFhn, () + OTin s, ()€ (o) — €y ()
(33) 7'+1 d d—1 d—1
E( 7Tat 11 (@) = €as (—2)) (€74, (@) + €74, (—2))+
.’L' r+1

2z (OTams,y (@) = OTas 1 (—2))(0%2 7 () + O%ay (—2)),

and
Dr1(0) + Do) = § 3 (€Fins, () + €Fhns, (-0 (€1 (o) — €7 ()
;Ti< w @) + 0T () (D% (o) - D7 (—a))+
(3.4) :E d d—1 d—1
+5 2 (€ (@) ~ €, (2O (0) + 07 () +
.’E X—T—: d—1

+3 X7 Mo (@) = OTaiy (—2)) (€75 (@) + €24 (—2)),

Remark 3.2. Strictly speaking, Theorem 3.1, unlike Theorem 2.4, is not a recursion for €.1(z) or
Or1(x), since it involves functions of type €7 ,(x) and OF,,(z) (unless v = 0; see the next subsection).
However, for these functions one can write further recursions involving similar objects. For example,

€ (@) = € (- )—wze @€ @) e (e (—a)+
+x;)o:i_1;1(x)sj;_; (2) + 07 (~0)O0" (~a),

Jl’

and
P’ij J wt Jj':i ot U;:i
Dri14(2) = o, a(-2) =z Z%)ewi—l;l(m)ga?_l;l(w) + ewi—l;l(_“’)oa§_1;1(_$)+
1=
J i ai-:l b ai:l
+2 3 0T, ()€1 (@) + Dficsy (-2) €17 (—2),

i=0
where U§_1 is the ith suffit of 77~'. Though we have not succeeded to write down a complete set
of equations in the general case (for €°(z) and OP(x)), it is possible to do this in certain particular
cases.

As a corollary of Theorem 3.1 we obtain the main result of [MV2].
Corollary 3.3. (see Mansour and Vainshtein [MV2, Theorem 3.1]) Let 7 = (7°,mg,...,7",m,) be
the canonical decomposition of T € Si(132), then for all r > 0,
r+1

—wZGﬂ (@G5 @),

where G, (x) is the generating function for the number of permutations in 6,,(132) containing T exactly
once, and GP(z) is the generating function for the number of permutations in &,,(132, p) containing
T exactly once.
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Proof. If adding Equations 3.1 and 3.2 together with use of the fact that G2(z) = €2(z) + O2(z) for
any 7 and p, we get

7+1

(35) G- (z) - Gr (- —xZGﬁu 74 (@) + G (-0)Goa” (—a),

and if adding Equations 3.3 and 3.4 we have

r+1
(3.6) Gr(2) + Gr(-2) =2 ) Gras(2)Ga () = Glas(-2)Gla (-3).
Hence, by adding the Equations 3.5 and 3.6 we get the desired result. O

Our present aim is to find explicitly the generating functions €., (x) and O, (z) for several patterns

7, thus we the following notations. We define M. (z) = €,,+(z) — Or.r(x) and M2, (z) = €7, () —
Dﬁw(a:) for any 7 and p, and MG, (z) = M, (z) for any p.

Theorem 3.4. For any 7 = (7°,mo,...,7",m,) be the canonical decomposition of nonempty T €
Sk (132), then

r+l d d—1
(3.7) M1 (z) — —T)= .’EZEDT a-1; 1 mad i1 ( )+ m:d—lg(_m)gngdﬂ (—=),
and

r+1

d 1 d d—1

(38) m ( ) + EUIT ;1 - mzmwd 1. 1 a'd 1 ( 'T) - ;d—l;l(_m) gd;l ('Z')

Proof. If subtracting Equation 3.2 from Equation 3.1 then we get Equation 3.7, and if subtracting
Equation 3.4 from Equation 3.3 then we get Equation 3.8. a

3.1. Pattern 7 = [k]. One can try to obtain results similar to Theorems 2.11, 2.14, and 2.17-2.23, but
expressions involved become extremely cumbersome. So we just consider a simplest wedge pattern,
which is the pattern [k].

Theorem 3.5. For all m > 0,

) Mamsrja @) = 7y

z* Ry (27) (L) (1 + 20 Ry (22) — xZan+l(x2)) .

A
) Mamr211 (%) = g (022072 (&

Proof. Let 7 = [k], then r = 0, and it follows from Theorem 3.4 that

Mg (@) — M1 (=2) = @MY1) (@) M1 (2) + 21y (—2) M1 (—)
+2Me—13;1 (@) Mgy (@) + 2Mpp—13;1 (—2) Mgy (— ),
(3.9
Mixp () + Mppg1 (—2) = @M 11 (2) M1 (—2) — 2M 1) (=) Mgy (@)
+@IM k13,1 (€)M (—2) — TMpe 1)1 (—2) Mgy ().
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Now, let us consider two cases either kK = 2m or k = 2m + 1 as follows. (i) Let £ = 2m, Equation 3.9
for ¥ = 2m and Theorem 2.11 together with Identity 1.2 we get

(1 = R (82) g () — (1+ 2R (52)) Mz (—2) = |
_ z(1+ xRy (a?))RZ (2?) z(1 — 2Ry () R}, (2)

- 1+ 22R2 (2?) Mizm-11:1(2) + 1+ 22R2 (2?) Mizm—1] (=)
(1 —2Rn(z%))R;, (2 (14 2Ry (2%)) R (z
= 1 n 1-2R£n($2) m[mel];l(x) - 1 + Z'zan([Lz) %[mel];l(—.@).

If solving the above system of Equations, then using Identity 1.2 we have

(310) SJI[2m];1($) = (1 +m§7;%(2m(ig))2 ((1 - $2R£n(x2))mt[2m—l];l(x) - 2$Rm($2)mt[2m—1];l(_x)> .

(ii) Let k = 2m + 1, similarly as first case (i) we get

(311) DJZ[2m+1];1($) =z ((1 - $2R12n($2))m[2m];1 (.Z') - 2me($2)m[2m],1(_w)) :
If using Equations 3.10 and 3.11, then we have that for m > 1,

fm[zm+1];1(ﬂf) = 332R3n($2)9ﬁ[2m—1];1(33)-

Besides, by definitions we have that 91,1 () = =, hence Moy, 1171 (%) y Using Equation 3.10

S (L)
together with the property U2(t) = UZ(—t) for all p, we get the desired result. O

Theorem 3.5 together with the fact that the generating function for the number permutations in

6,,(132) containing [k] exactly once is given by = (11 ) (see [MV1]) we have
k\ 2z

Corollary 3.6. For allm > 0,

O Conea(@) = § (= * 72ty )
2m+1\ 2z m\ 2z

(i =to)
G (o) T2

=

(i) D[2m+1];1(37) =

2R (2?)
(5 Eomszia(#) = 3 (ug ) T ey (2 e @) - m2R§"+l($2)))’
. 1 1 «®R2, 441 (°) 2 2 2 2
(IV) D[2m+2]§1($) =3 U2 +2( \1f) - (1+22R2 +1(z2))2U2 (2;) (1 + 2$Rm+1($ ) -z Rm+1 (1‘ ))

m 2/ m m £d

4. FURTHERMORE RESULTS

In this section, we present several directions to generalize and to extend the results of the previous
sections.
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4.1. Statistics on the set ¢,(132) and on the set ©,(132). The first of these directions is to
consider statistics on the set &,(132) (or on the set 9,,(132)). First of all, let us define

12...
F(z1,22,...) = EnZO Eﬂeen(wz) Hj21 7 J(ﬂ')’

12...5(mw
€(a1,22,--) = Lnso Lreenaan s 55 77,
O(x1,2a,...) = 12...5(m)

ano Zneon(132) HjZl T )

where 12...j(n) is the number occurrences of the pattern 12...j in m. We denote the function
&(x1,22,...) — O(x1,T2,...) by M(z1,22,...). Using the same arguments in the proof Corollary 2.7
together with the main result of [BCS] we get as follows.

Theorem 4.1. We have

2(1 + xlf)n(—.’lflwz,l'zmg, .. ))
(]. — xlm(llflivz,.’lﬁzmg, .. ))Z + (]. + IL‘19ﬁ(—.€E1.’L‘2,SE2(L‘3, .. .))2’

Sm(a:l,mg, . ) =
and

1

f(xl,l'g,...) = 6(18171'2;-.-) +D(.Z'1,1’2,.--) = 1—15'1.7:(»7:1332 ToX3 )

An application for Theorem 4.1 we get the distribution of the number right to left mazima on the
set €,(132) or on the set 9,(132). Let 7 € &,; we say «; is right to left mazima of w if w; > m; for
all j <. The number of right to left maxima of = we denote by rim,.

Corollary 4.2. We have

, 1 1 1+ zy — 2%yC(2?) )
nyrlmy _ —

(i) ngo 7,6(52132) vy 2 (1 —zyC(z) 1-2x2yC(z?) + 22y2C(z?) )’

. 1 1 1+ zy — 2%yC(2?)
nyrlim. _ — — .

(i) nzZ:O ﬂ.egg%l:;z) vy 2 (1 —zyC(z) 1—2x2yC(z2) + x29y2C(x2)

Proof. Using Theorem 2.9 together with definitions we have M(z,1,1,...) = 1+ zC(2?). So, Theo-
rem 4.1 yields

_ 1+ zy — 2%yC(z?)

-1 - 222yC(22) + 22y2C(22)’

M(zy,y~ " y,...) = Exy,y y,...) — Oy, y y,...)

and
1 )= 1
T 1 —zyC(x)

1

Fley,y oy, .) =y, y™ L yy™"

yoe) + Oy, y Yy
On the other hand, using [BCS, Proposition 5] we get

amy™mr = Fley, g~ y,y7h L),
n>0 r€G,(132)

>y ozttt =C(xy,y ty,y ),
n>0 reE, (132)

mnyﬂm" = 9(33%.1/_1,?/, y_la .- )
n>0r€H,(132)

By combining all these equations we get the desired result. O



18 RESTRICTED EVEN PERMUTATIONS AND CHEBYSHEV POLYNOMIALS

An another application for Theorem 4.1 we get an explicit expressions for the generating func-
tion 3,50 X ree, (132) x"y 2k for given k and 12...k(w). The following result is true by using
Theorem 4.1.

Theorem 4.3. Let k > 1; we have
. U, (£ ))4U 1
() Do) = 1+ wlt(a?) = L),

5 M ‘ -z .
(i) M2p413;1(2) UZ(E)

xr (Uk 1(

55 )—~Us (35))
U2 () '
Therefore, by [MV1, Theorem 4.1] together with the above theorem we get the number of even (or

odd) permutations avoiding 132 and containing [2k + 1] exactly r = 0,1, 2. For example, for r = 2 we
get (for 7 = 1 see Corollary 3.6)

Corollary 4.4. Let k > 1. Then

(iil) Mizpq1)2(z) = Uz( )(ka( -1 =

(i) the generating function for the number 132-avoiding even permutations containing 12...(2k+1)
ezxactly twice is given by

(VU (az) | 20 () -0 ()
U3(2f) Ui (35)

(ii) the generating function for the number 132-avoiding odd permutations containing 12...(2k+1)
ezxactly twice is given by

N |

1 [ VoUk (#) > (U1 (35

Ui (54%) Y

4.2. Two restrictions. The second of these directions is to consider more than one additional re-
striction. For example, the following results is true. Let B,1 ,2(z) be the generating function for the
number of even permutations in &,(132,7%,72). Assume 7! = 12...k and 72 = 2134...k, then we
get as follows.

Theorem 4.5. Let V,(x) = (1 — aWp (2)) W1 (x) such that

(1 —-2’Ry_2(2)Rm_3(2))Rpm_1(z)
1-—22Ry_1(x)Rpy_2(x)

N |
EPR 1\3|H
/\

\_/

Wi(z) =

Then, for all k > 2,
(1) The generating function €12, 2k 2134...2k(2) s given by
% (Wak(z) + 1 + 2R (2?)) .
(2) The generating function O12..2k,2134...2k () is given by

% (War(@) — 1 — 2Ru(a?)) .
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(3) The generating function €15 (2r41),2134...(26+1) (T) 15 given by

1 (2(1 + 2Ry 41(2%)) = Voy () — 2Rpy1 (2°) Vo (=)
1+ 22Rj (%)

: R (a®) + W2k+1<x)) .

(4) The generating function D1y (2k+1),2134...2k+1) () 8 given by

% <W2k+1 (z) - 2t 2l )i ; :c[;l;%(gjl_(;?kﬂ(x e s (:1:2)) -

Another example to consider the case of avoiding 7! and counting occurrences of 72. For example,
2 2 .
the following result is true. Let €7, (xz,y) [respectively; O7,(z,y)] be the generating function for the
number of even [respectively; odd] permutations in &,(132,72) containing 7! exactly r times.

Theorem 4.6. Let Gi(z,y) = (’EB:]—’_I] (z,y) — DB:]—H] (z,y). Forall k> 1,

Dy 1(z) — " + Bi(z)(1 — y) + 2*(Ds_3(2) — 2 2)(1 —9)?
Di(z) + E(z)(1 — y) + 22Dy—o(x)(1 — y)? ’

Gr(z,y) =1+=

where By, (z) = ((—1)™ — 1)2™*!; By (z) = —22™1 and Boyyq = —22™ + 222™+L; and
2m+1
Dom(2) = 1=ggz Vame1 (35) — 20U2m (37) — 20),

Dapyi(z) = if,—4$2(U2m+3 (%) —Uam+1 (%) —4x),

for all m > 0.
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