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ABSTRACT

The aim of this note is to find new inequalities for the Weierstrass products [] (1+=z;) and [] (1 —=;),
i=1 i=1
which are an analogues of Alzer’s inequalities [A].

1. INTRODUCTION

n n
Several authors interested in Weierstrass products [] (1 + ;) and [] (1 — z;). In [B, Pages 104-105]

i=1 i=1
proved

n n n -1
].—Z.’EzSH(l—x,)S <1+Z.’Ez> 5
i=1 i=1 i=1

and

n n n -1
1+Zmi§H(1+$i)S<1—Zmz’> )
i=1 i=1 i=1

where z; € [0,1], ¢ = 1,2,...,n, and in the second inequality assumed that ) 7 ; z; < 1. In the last
years these products attacked by many other inequalities which have been published. For example,
Klamkin and Newman [KN] discovered several extensions and new inequalities:

(n+1)" ﬁwi < 1_"[(1 +z), (n—1)" ﬁﬂﬂz < ﬁ(l - i),
=1 =1 =1 =1

and in [K] presented another inequality:

n n

m+ 0" [[a—2) < -1 [ +=),

i=1 i=1
where z; € [0,1],i =1,2,...,n,and ) ;" ; ; = 1. An another example, the Ky Fan’s (see [B, Page 5])
inequality:

n 1/n n )
(1.1) (H 1 fl%) < Eiiial_’xi),
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2 INEQUALITIES FOR WEIERSTRASS PRODUCTS

where z; € (0, %], i =1,2,...,n. In this paper, we are interesting in the Alzer’s inequalities [A] of
Weierstrass Products. Here, we present a generalization for the Alzer’s inequalities by using the same
arguments proof as in Alzer’s paper [A]. In Section 2 we establish new inequalities for Weierstrass
products which are an analogues for these inequalities in [A]. Finally, we apply the applications of
[A] to get new inequalities for trigonometric and integral sums and products.

2. INEQUALITIES FOR WEIERSTRASS PRODUCTS

Let us start by proving two lemmas which are an analogues of the two lemmas in [A].
Lemma 2.1. For all real z; € [0,1],9=1,2,...,n, and a € [0,1], we have

n

(2.1) II=:

1=

n

i=1

n
1+ aZ(l —z;)
i=1

= 1
1+a IL';| §§a+l.
i=1

Proof. Using the same arguments as in the proof of [A, Lemma 1] we get as follows. Let

+H(1—a:i) 1+aixi] ,

i=

S(x1,...,2,) = ﬁxz 1+ai(1 - z;)
i=1 i=1

n
1
since a, z; € [0,1] for all 4, we arrive at

S(z1y..eyxn) = S(x1,. -y 2n-1) = —a(l — zp) 7:];[11.1:, 3 l-—z)—(1—-a)(1—z,) nljlw,

=1 =1
n—1 n n—1
—az, [[ 1—2) > zi—(1—a)z, [[ (1—2;) <0.
i=1 i=1 i=1

Hence, inductively on n we have

1\? 11
S(:cl,...,:cn)SS($1)=—2a<x1—§) +1+§a§§a+1,

as requested. O

The next lemma is a counterpart of Ky Fan’s Inequality 1.1 and analogues of [A, Lemma 2].

Lemma 2.2. For all real x; € (0, %], 1=1,2,...,n, and a > 0, we have

H?:1 Ti < l+a Zinzl Ti
Mo, —z;) ~ 1+ad ;. (1—z)’

with equality if and only if ©; = % foralli=1,2,... n.

(2.2)

Proof. To this theorem we present two different proofs: by induction argument, and by Ky Fan’s
Inequality 1.1.

(1) Tt is easy to see that the equality holds in 2.2 for z; = % where i = 1,2,...,n. Now, we prove the
lemma by induction on n. For n = 1, Inequality 2.2 yields
1 1+ ax;
1—zy — 1+a(l —mxy)’
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equivalently, z; < % and the sign of equality holds if and only if z; = 1.

2
Now, let us suppose that

1
0<$1S$2S"'S$n5$n+1S§; Z1 < Tptt,

and further we assume that Inequality 2.2 is true for n. Therefore, by induction hypothesis we get
M e 1+a¥i e 2nn
M a—=z)  1+aXil(1-2) 1-zp
If puttingp=ad ., zi, g =a) ; (1 —z;), and £ = z,41, then we have to prove that
z(1 + p) l+p+azx
1-2)1+q) 1+g+a(l-2)’

equivalently,
ola =) +2(20+9)(1+0) ~alg=p)) - (1451 +0) <0
Since, p=g¢qifandonlyif xy =22 =... =z, = % we have p < ¢ and since 0 < z < % we obtain
a\qg—p
g9t +2(20 490 +0) =alg-p)) - @ +p0+0) <= <o

Thus we have the desired result.

Li_ < 1. Therefore, by Inequality 1.1 we have

(2) Since z; < § for all i, we have that - <

1/n
ﬁ Ti ﬁ Ti < 2 i1 Ti - _ @ D1 Ti
o L= -2 T Xmi(l-m) el (1-)

Hence, because of # < 1if and only if § < }i—z where z,y > 0, and since ay -, z; <ay p,(1—a;),
we arrive at

i=1

n xT; < 1+CLZ?:1£L','
i1 1—2z; — 1+CLZ?:1(1 —Z'i)-

O

For example, Theorem 2.2, for a = 2, yields [A, Lemma 2]. An another example, Theorem 2.2, for

a — 00, yields
[T, @ < i1 Ti
n — n 7
[Lo (M=) = 2, (1 —2)
Theorem 2.3. For all real z; € (0, %], i=1,2,....,n,( n>2),and 1 <a< %, we have
[T, (1 + ;) 1+ad)?, z;

H?=1(1 +(1-=z)) ~ 1+ GZ?=1(1 - x;)’

with equality if and only if ©; = % foralli=1,2,...,n.

(2.3)

Proof. Tt is easy to see that the equality holds in 2.3 for z; = % where ¢ = 1,2,...,n. Therefore, it
remains to prove for numbers z1, zs, ..., z, are not all equal to % then the Inequality 2.3 is valid with
7 <” instead of 7 <”.
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Let us prove Inequality 2.3 by induction on n. For n = 2 we have to prove, for 0 < 1 < z2 < %,

1+ z)(1+ z2) 1+ azi +axs
(2—21)(2—22)  1+2a—azx1 —azs’

equivalently,
(3 — 2a + (l(.’L'l + x9 — 21‘11‘2))(1’1 + x9 — 1),
which is absolutely true for 0 < z; < z2 < % and 1 <a < % Now, let us suppose that

1
0<$1S$2S"'S$n<$n+1S§; Z1 < Tptt,

and further we suppose that Inequality 2.3 is hold for n. Therefore, by induction hypothesis we get

ﬁ 1+ 2; < I+ad o 14+ ZTpyt
(1

+(1—z) “1+ayrr,(I—z) 2—@p1

=1
If putting p=ad i, g =a ; (1 —z;), and £ = 2,41, then we have to prove that

1+4+2)(1+0p) 1+p+azx
2-2)(14+q) 14+qg+a(l—2z)’

equivalently,
alg—p)2® +22(1+¢)(1+p—a)+ (1 +p)la—1—¢q) <O0.

Since, a = b if and only if x; = % fori =1,2,...,n, we have p < q. Therefore, since z < % and
1 <a< 2 we obtain
3a(q —
alg—p)a? +20(1+ )1 +p—a) + (1 4p)a—1-g) < - 2L=P g,
which this completes the proof. d

For example, Theorem 2.3, for a = 1 yields the second inequality in [A, Theorem, Equation 2.2].
Corollary 2.4. For all real z; € [3,1),i=1,2,...,n, (n >2), and 1 < a < 3, we have

(2 4) H?:l(l + wl) l+a E?:l Ti
- H?=1(1+(1_$i)) - 1+a2?=1(1_37z’)7

with equality if and only if ©; = % foralli=1,2,...,n.

Proof. If weset z; = 1—y;,y; € [5,1),i=1,2,...,n, in Inequality 2.3 then we arrive to Inequality 2.4.
O
Theorem 2.5. For all real z; € (0,1],i=1,2,...,n, (n > 2), and % < a <1, we have
1+ad !z < T+ T10, =
l+adl (1—zi) = 1+[LL (1 — )’

with equality if and only if x; = % foralli=1,2,...,n.

(2.5)
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Proof. Tt is easy to see that the equality holds in 2.5 for z; = % where 1 = 1,2,...,n. Therefore, it
remains to prove for numbers z1, 2, ..., T, are not all equal to % then the Inequality 2.5 is valid with
7 <” instead of 7 <”.

Let us prove Inequality 2.5 by induction on n. By simplify Inequality 2.5 we arrive to

n

(2.6) an—2aixi + (an + l)ﬁmi —H(l — ;) —aimi <ﬁw,~+ﬁ(1 —x,»)) > 0.

i=1
For n = 2 we have to prove, for 0 < z1 < z» < 1,
h(22) = 2a — 2a(z1 + 22) + (2a + 2122 — (1 — 21)(1 — 22) — a(z1 + 22) (2122 + (1 — 21)(1 — 22)),
where h : (z1,3] = R So, h''(z2) = 22(1 — 221) > 0, and h'(z2) = 0 if and only if
(zy —1)2 a—1 S (zy —1)2 1 3 1

1
= — - — — > —.
T 0w T 2a(l-221) T 1-2¢1  4(1-2a1) 4 271732

Therefore, h(zs) is strictly decreasing on (z1, 1] which gives

oz (1) = (1) (2 1) >0

Now, let us suppose that
1

0<z1 <22 <--- <y < Ty 55’ 1 < Tpyl,
and further we suppose that Inequality 2.3 is hold for n. Let us define a function f: (0,3] — R by
fz)=an+1)—2a ﬁ:lx,- —2ar+ (an +a+ 1)z f[lx,- —-(1-12) 'ﬁ1(1 —z;)
—a (w—{— Zn:wz> (w ﬁ z; + (1 —x) ﬁ(l—w,)) ,
i=1 i=1 i=1

so we have to prove f(zn4+1) > 0. This by prove that f is a convex function, f'(1) < 0, and
f(3) > 0. The function f is a convex function because f"(z) = 2a ([];_, (1 — ;) — i, z;) > 0. By
direct calculations together with Lemma 2.1 we arrive at

1 n n n n a 30/
! — . . J— . . J— —_ — _
f <§>_1:[1$1 <1+a;m,>—|—il:[1(l ;) <1+a;$, 2a<1+5-20<1-5-<0.

To prove that f (%) > 0, let us write

1 1 : .
f (§> =u(®1,...,2Zn) +0(T1,...,2,) + 5(1 —a) (1:[1(1 —z;) —Hm,) ,
where
w(T1y. .., %)
n n n n n n
=an—2a ) +(an+1) mi—H(l—mi)—aZmi( x; + (1—$,~)>,
i=1 i=1 i=1 i=1  \i=1 i=1
v(21, .., Tn)

:%ﬁ(l—zi) (1+2i$i) —%;:ci (1+2£I(1—wi))-

i=1 =1 i =1
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Since 2 < a <1 we have (1 —a) (TT7.; (1 — ;) — [T;—; i) > 0, and by induction hypothesis we get

u(zy,...,2,) > 0. Lemma 2.2, for a = 2, yields v(zy,...,z,) > 0. Hence, f (1) > 0 as requested. [

For example, Theorem 2.5, for a = 1 yields the third inequality in [A, Theorem, Equation 2.2].
Corollary 2.6. For all real z; € [3,1),i=1,2,...,n, (n >2), and 1 < a < 3, we have
l+ay il @ > 1+ [T, @i
I+ad? (T—=z) = 14+ [, (1 —x3)’
with equality if and only if ©; = % foralli=1,2,...,n

(2.7)

Proof. If we set z; = 1—y;,y; € [3,1),i=1,2,...,n, in Inequality 2.5 then we arrive to Inequality 2.7.
O

3. APPLICATIONS

In this section we present two applications of the pervious results. In [M] presented a great number
of inequalities involving trigonometric functions. Here, we can be formulated another two inequalities
which are the analogue of [A, Corollary 1.

Corollary 3.1.

(i) For allz; € (0,%],i=1,2,...,n, (n>2), and 1 < a < 3, we have
Hi:l(l + sin®(z;)) <1+ a i, sin®(z;)
I (Lt coif(a) S THasrs, co(an)’

(ii) For allz; € [T,2),i=1,2,...,n, (n >2), and 1 < a < 3, we have

[T, (1 + sin?(;)) S 1+ad 1 sin®(z;)
[T (14 cos?(z;)) — 14+ad i, cos?(z;)’

Proof. If we replace z; by sin”(z;) for all i = 1,2,...,n, then the corollary follow immediately from
Theorem 2.2 and Corollary 2.4. d

For example, Corollary 3.1, for a = 1, yields [A, Corollary 1].

An another application for Theorem 2.3 and Corollary 2.4 we can present the following result.
Corollary 3.2.

(i) For any integrable function f : [0,n] — (O, —] where n > 2, and 1 < a < 3, we have
zlf 1+f < 1+a [l f(t)dt
e, o, Ndt ~ 14a [ (1 — f(t)dt’

(ii) For any integrable function f : [0,n] — [3,1) wheren > 2, and 1 < a < £, we have

I, L, (1 + f(t)dt ,_l+a S ftydt
[T, f 2 - f@)dt — 1+afg(L—ft)dt’
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Proof. If setting z; = fz.i_l f(t)dt, then the corollary immediately follow from the Theorem 2.3 and
Corollary 2.4. O

For example, Corollary 3.2, for a = 1, yields [A, Corollary 2].
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