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ABSTRACT

A permutation is said to be alternating if it starts with rise and then descents and rises come in turn.
In this paper we study the generating function for the number of alternating permutations on n letters
that avoid or contain exactly once 132 and also avoid or contain exactly once an arbitrary pattern on
k letters. In several interesting cases the generating function depends only on k£ and is expressed via
Chebyshev polynomials of the second kind.
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1. INTRODUCTION

The aim of this paper is to give analogues of enumerative results on certain classes of permutations
characterized by pattern-avoidance in the symmetric group &,,. In the set of alternating permutations
we identify classes of restricted alternating permutations with enumerative properties analogous to
results on permutations. More precisely, we study generating functions for the number of alternating
permutations that avoid or contain exactly once 132 and also avoid or contain exactly once an arbitrary
permutation 7 € Sj. In the remainder of this section, we present a brief account of earlier works
which motivated our investigation, we give the basic definitions used throughout the paper, and the
organization of this paper.

1.1. Classical patterns. Let a € G,, and 7 € G be two permutations. We say that « contains T
if there exists a subsequence 1 < i; < iy < --- < 4 < n such that (a;,,..., ;) is order-isomorphic
to 7; in such a context 7 is usually called a pattern. We say that a avoids 7, or is T-avoiding, if
such a subsequence does not exist. The set of all 7-avoiding permutations in &,, is denoted &,,(7).
For an arbitrary finite collection of patterns T', we say that o avoids T if a avoids any 7 € T; the
corresponding subset of &,, is denoted &,,(T).

While the case of permutations avoiding a single pattern has attracted much attention, the case of
multiple pattern avoidance remains less investigated. In particular, it is natural, as the next step,
to consider permutations avoiding pairs of patterns 71, 75. This problem was solved completely for
71,72 € B3 (see [SS]), for 71 € 63 and 7 € &4 (see [W]), and for 71,70 € &4 (see [Bo, Km| and
references therein). Several recent papers [CW, MV1, Kr, MV2 MV3, MV4] deal with the case
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71 € &3, 7o € &} for various pairs 71, 75. Another natural question is to study permutations avoiding
71 and containing 75 exactly ¢ times. Such a problem for certain 7,79 € &3 and t = 1 was investigated
in [R], and for certain 7, € 3, 72 € & in [RWZ, MV1, Kr]. The tools involved in these papers include
Fibonacci numbers, Lucas numbers, Catalan numbers, Chebyshev polynomials, continued fractions,
and Dyck words.

Fibonacci numbers are defined by Fy =0, F} =1, and F,, = F,,_1 + F,,_» for all n > 2.

Lucas numbers are defined by Lo =2, L1 =1,and L, = L1+ L,_o for all n > 2.

Catalan numbers are defined by C), = n%_l (2;

1—+v/1—4zx
2z :

) for all n > 0. The generating function for the Catalan
numbers is given by C(z) =
Chebyshev polynomials of the second kind (in what follows just Chebyshev polynomials) are defined
by U,(cosf) = sin(r+ 16 for > 0. Evidently, U,(t) is a polynomial of degree r in t with integer

sin 0
coefficients, and satisfy
(1.1) Uo(t) =1, Ui(t) = 2t, and U,.(t) = 2tU,—_1(t) — U,—2(t) for all r > 2.

Chebyshev polynomials were invented for the needs of approximation theory, but are also widely
used in various other branches of mathematics, including algebra, combinatorics, and number theory
(see [Ri]). Apparently, for the first time the relation between restricted permutations and Chebyshev
polynomials was discovered by Chow and West in [CW], and later by Mansour and Vainshtein [MV1,
MV2, MV3, MV4], Krattenthaler [Kr]. These results related to a rational function

()
VaUy (2\1/5)
for all k > 1. Tt is easy to see that for any k, Ri(z) is rational in = and satisfies

1
1 —aRp_ 1 (2)’

(1.2) R (x)

(1.3) Ri(2)
for all £ > 1.

1.2. Generalized patterns. In [BS], there were introduced generalized permutation patterns that
allow the requirement that two adjacent letters in a pattern must be adjacent in the permutation.
We write a classical pattern with dashes between any two adjacent letters of the pattern, say 1342, as
1-3-4-2, and if we write, say 24-3-1, then we mean that if this pattern occurs in a permutation 7, then
the letters in 7 that correspond to 2 and 4 are adjacent (for more details, see [C]). For example, the
permutation m = 35421 has only two occurrences of the pattern 23-1, namely the subsequences 352
and 351, whereas 7 has four occurrences of the pattern 2-3-1, namely the subsequences 352, 351, 342
and 341. In [MV1, M1, M2, M3], there were studied the number of permutations that avoid or contain
exactly once 1-3-2 and that also avoid or contain exactly once an arbitrary generalized pattern. The
tools involved in these papers include Fibonacci numbers, Catalan numbers, Chebyshev polynomials,
and continued fractions.

1.3. Alternating permutations. A permutation is said to be alternating if it starts with rise and
then descents and rises come in turn. In other words, an alternating permutation m € &,, satisfies
Toj—1 < maj > maji1 for all 1 < j < [n/2], that is to say its rise (resp. descent) is equal to an odd
(resp. even) index. We denote the set of all alternating permutations on n letters by A,,. Other names
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that authors have used for these permutations are zig-sag permutation and up down permutations.
The determination of the number of alternating permutations for the set {1,2,...,n} (or on n letters)
is known as André’s problem (see [A1, A2]). An example of an alternating permutation is 14253. The
number of alternating permutations on n letters, for n = 1,2,...,10,is 1, 1, 2, 5, 16, 61, 272, 1385,
7936, 50521 (see [SP, Sequence A000111(M1492)]). These numbers are known as the Euler numbers
and have exponential generating function secz + tan .

A permutation is said to be up-up (resp. up-down, down-up, down-down) if it starts with rise (resp.
rise, descent, descent), then descents and rises (resp. descents and rises, rises and descents, rises and
descents) come in turn, and ends with rise (resp. descent, rise, descent). We denote the set of all
up-up (resp. up-down, down-up, down-down) permutations of length n by UU,, (resp. UD,,, DU,,
DD,,) for all n > 2 (for n = 0,1 we define UU,, = UD,, = DU,, = DD,, = @). Clearly, for all n > 2,

(1.4) A, =UU, UUD,.

1.4. Organization of the paper. In this paper we use generating function techniques to study those
alternating (up-up, up-down, down-up, down-down) permutations that avoid or contain exactly once
1-3-2 and that also avoid or contain exactly once an arbitrary generalized pattern on k letters.

The paper is organized as follows. The case of alternating (up-up, up-down, down-up, down-down)
permutations that avoid both 1-3-2 and an arbitrary generalized pattern 7 is treated in Section 2. We
derive a simple structure for alternating (up-up, up-down, down-up, down-down) permutations that
avoid 1-3-2. This structure can be used for several interesting cases, including the classical pattern
T =12 - k and 7 = 2-3-----k-1, the generalized patterns 7 = 12-3----- kand 7 = 21-3----- k.
The case of alternating (up-up, up-down, down-up, down-down) permutations that avoid 1-3-2 and
contain exactly once 7 is treated in Section 3. Here again, we use the structure of alternating (up-up,
up-down, down-up, down-down) permutations that avoid 1-3-2 for several particular cases. The case
of alternating (up-up, up-down, down-up, down-down) permutations that contain 1-3-2 exactly once
is treated in Sections 4 and 5 for avoiding 7, or containing 7 exactly once, respectively. Finally, in
Section 6 we present several directions to extend and generalize the results of the previous sections,
including a statistics on the set of alternating (up-up, up-down, down-up, down-down) permutations
that avoid 1-3-2.

Most of the explicit solutions obtained in Sections 2-5 involve Chebyshev polynomials of the second
kind.

2. AVOIDING 1-3-2 AND ANOTHER PATTERN T

In this section we consider those alternating (up-up, up-down, down-up, down-down) permutations in
G, that avoid 1-3-2 and avoid another generalized pattern 7. We begin by setting some notation. Let
ar(n) denote the number of alternating permutations in A4,,(1-3-2,7), and let A.(z) =", -, A-(n)z"
be the corresponding generating function. -

Moreover, we define ud,(n), uu,(n), du,(n), and dd,(n) as the number of up-up, up-down, down-up,
and down-down permutation in &,(1-3-2, 7), respectively. We denote, the corresponding generating
functions by UD,(z), UU,(z), DU-(x), and DD, (z), respectively. In this section we describe a
method for enumerating alternating (up-up, up-down, down-up, down-down) permutations that avoid
1-3-2 and another generalized pattern 7 and we use out this method to enumerate a,(n) for various 7.
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FIGURE 1. The block decomposition for o € &,,(1-3-2)

We begin with an observation concerning the structure of the alternating (up-up, up-down, down-up,
down-down) permutations that avoid 1-3-2.

Let o € 6,,(1-3-2); by using the block decomposition approach (see [MV4]) we have one possibility for
block decomposition, as described in Figure 1, if o = (o/, n, ), then every entry of o’ is greater than
every entry of a’’. Therefore, by using the block decomposition of o, we get the following proposition
which is the base for all the results in this section.

Proposition 2.1. Let a = (¢/,n,a”) € 6,(1-3-2).

(1) If € UD,,(1-3-2), then the block decomposition of o can have one of the following possibilities:
(1.1) ' is an 1-3-2-avoiding up-down permutation on the lettersn—j+1,n—j5+2,...,n—1,

and either o is an 1-3-2-avoiding up-down permutation on the letters 1,2,...,n—j or
o =1;
(1.2) & = n —1 and either & is an 1-3-2-avoiding up-down permutation on the letters

1,2,...,n—j—1ora" =1.

(2) Ifa € UU,(1-3-2), then the block decomposition of o can have one of the following possibilities:
(2.1) & =n—1 and either & = & or " is an 1-3-2-avoiding up-up permutation on the letters

1,2,....n—2;

(2.2) o' =@ and o is an 1-3-2-avoiding up-down permutation on the letters 1,2,...,n —1;
(2.3) o is an 1-3-2-avoiding up-down permutation on the letters n —j +1,...,n —2,n — 1,
and o is an 1-3-2-avoiding up-up permutation on the letters 1,2,...,n — 7.

(3) Ifa € DU, (1-3-2), then the block decomposition of a can have one of the following possibilities:
(3.1) & =g, and " is an 1-3-2-avoiding up-up permutation on the letters 1,2,...,n —1;
(3.2) o is an 1-3-2-avoiding down-down permutation on the lettersn—j+1,...,n—2,n—1, and

either o = @ or o is an 1-3-2-avoiding up-up permutation on the letters 1,2,...,n—j.

(4) If a € DD, (1-3-2), then the block decomposition of a can have one of the following possibili-

ties:
(4.1) o/ =@, and " is an 1-3-2-avoiding up-down permutation on the letters 1,2,...,n—1;
(4.2) o is an 1-3-2-avoiding down-down permutation on the letters n—j+1,...,n—2,n—1, and
either o/’ =1 or o’ is an 1-3-2-avoiding up-down permutation on the letters1,2,...,n—j.

2.1. The pattern 7 = &. Using Proposition 2.1, we now enumerate those alternating (up-up, up-
down, down-up, down-down) permutations in &,, that avoid 1-3-2.

Theorem 2.2. The number of alternating permutations of length n that avoid 1-3-2 is given by Cy, )
for any n > 0. Moreover, for all n > 3,

(1) the number of up-down permutations of length n that avoid 1-3-2 is given by Cp_1y/2,
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(2) the number of up-up permutations of length n that avoid 1-3-2 is given by C,, s,
(3) the number of down-up permutation of length n that avoid 1-3-2 is given by C(n41)/2,
(4) the number of down-down permutations of length n that avoid 1-3-2 is given by C,, o,

where Cy, is the mth Catalan number, such that C,, is assumed to be 0 whenever m is a non-integer
number.

Proof. An alternating permutation can be either up-down, or up-up, or down-up, or down-down. If
we write an equation for every case in terms of generating functions and use Proposition 2.1, then we
get

UDg(z) = 2(UDg(z) + x)?,

DUg(z) = 2UUg(z) + tDDg(2)UUg () + 2DDg(x),
DDg(z) =2(x +UDg(x)) + DDg(x)(x + UDg(x)),
UUg(x) = 2*>(UUg(z) + 1) + 2UDg(z) + 2UDg(z)UUg(z).

Therefore, solving the above equations, we get

2
UDgy(z) = 1—212—2T\/1—4r2, DUy (z) =z (1—\/1—412) _ g,

(2.1) ' -
DDo(v) = A=, UUs(e) = 17055

Hence, the rest is easy to check by using Ag(z) =1+ 2+ UDg(z) + UUg(x) (see Equation 1.4). O

Using Proposition 2.1, we now enumerate various sets of alternating (up-up, up-down, down-up,
down-down) permutations in &,, that avoid 1-3-2 and nonempty generalized pattern 7.

2.2. A classical pattern 7 = 1-2----- k. Let us start by the following example.

Example 2.3. By definitions we have that UD,(x) = DDy (z) = UUy(z) = DUy (x) =0, UDy2(x) =
UUy-2(x) = DUy-2(x) = 0, and DDyo(x) = 2°.

The case of varying k is more interesting. As an extension of Example 2.3, let us consider the case
T=12---- k.

Theorem 2.4. For all k > 2,

(1) UD1-2-..._k(x) — L‘D’(?)

Gl
(2) DDyger(a) = = U: lfz—f)(zx) ,.
- 2z
(3) UUy-g-.ck(z) = [U]ngzlﬂ”;;
ak—t 1 L (L
(@) DUrgeesla) = Tflk(?;()m) s
- 2z

where U_1(t) = 0.

Proof. Let us verify (1). By using Proposition 2.1, we have that
(2.2) UD1-o-..-p(7) = 2(UD1-9-..-(x) + 2)(UD1og..oo—1) (%) + ),
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equivalently,

2?(x + UDy-g-.-(p—1) (%))
1 — a2 —aUDj g1y (x)
Now, assume that (1) holds for k¥ — 1. So, by Identity 1.2 we get that

UDl_g ,,,,, (k_l)(x) = ngk_3($2)Rk_2(f£2).

UDl_Q_..._k (iL’) =

Therefore,

2?(x + 23 Rp—_3(2?) Rp—2(2?))
UDjs-..._ = -
1-2 k(l‘) 1-— $2 - $4Rk,3($2)Rk,2($2)’
and using Identity 1.3, we get

U.Dl_Q_..._k- (IL’) = xSRk_Q(xQ)Rk_l (35‘2)

So, by Equation 1.2, (1) holds for k. Hence, by induction on k together with Example 2.3 we get the

desired result as claimed in (1).
Let us verify (2). By using Proposition 2.1, we get
DD1-g-..op(z) = @(x + UD1-g-..-p(2)) (1 + DD1oge..o(e—1y (T)).-

Using (1), Equation 1.3, and induction on k together with Example 2.3 we get the desired result as

claimed in (2).

The rest is easy to check by using the fact that UDj-o-....p(2) = 2UUj-2-....(z) and DDy-o.._(x)

xDUy-g-..p(z) + 22,

O

As a corollary to Theorem 2.4 and Equation 1.4, we get the number of alternating permutations in

An(1-3-2,1-2-- - - - k).

Corollary 2.5. For all k > 2,

(1+2)Uk—2 (%)
Ui (%)

Apgencp() = = (1+2)Rp_1(2?).

Corollary 2.5, for k = 5, yields that the number of alternating permutations in A,,(1-3-2,1-2-3-4-5) is

given by Fy, /911, where F), is the mth Fibonacci number.

2.3. A classical pattern 7 = 2-3-----k-1. By Proposition 2.1, we have that UDa-3-1(2) = 0 and
DDq_3.1(x) = 22. The case of varying k is more interesting. As an extension of this example, let us

consider the case 7 = 2-3-----k-1.

Theorem 2.6. For all k > 3,

(1) UD3-3-...cp-1(2) = 2Uk—1 (12%)

(2) DD3g-....p-1(x) = - (%) 25)
Ui_3 (2;)
(3) Ulegereccppmr (z) = —=32200
UL )
X

(4) DUzs-...cp1(z) = U, (A
k—2 \2z

YUy () + 2l () 4202 5 () + U,

1
2z

)-2).
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Proof. Proposition 2.1(1) yields

UD3-3-...cp-1(2) = 2(UDa-3..-p-1(x) + ) (U D1-o-..o(k—2) (7) + ).
Using Equation 1.3 and Recurrence 1.1, together with Theorem 2.4(1), we have that case (1) holds.
Proposition 2.1(4) yields

DDg3-...p-1(x) = (2 + UDg-3-..p-1 (7)) (1 + U D19 (y—2) (7))

By using the first case (1) and Theorem 2.4(2), together with Equation 1.3 and Recurrence 1.1, we
get that case (2) holds.

Proposition 2.1(2) yields
UU2_3_..._k_1(x) = 332(1 + UUQ-g-...-k_1<IL‘)) 4+ 2UDg-3-...-j—1 (l‘) + CCUDl_Q_..._(k,Q) (l‘)UUQ-g_..._k_l(w)).

By using cases (1) and (2), together with Theorem 2.4, Equation 1.3, and Recurrence 1.1, we have
that case (3) holds.

Proposition 2.1(3) yields

DUy-3-..cp-1(x) = 2UUz-3-..cp-1(x) + 2D D1 g-.. (4—2) () UUs-3-..-p-1 (%) + D Do-3-...-p-1 (7).
By using cases (3) and (4), Theorem 2.4(2) and Recurrence 1.1, we get that case (4) holds. O
Theorem 2.6 yields an explicit formula to the generating function for the number of alternating
permutations in A, (1-3-2,2-3----k-1).
Corollary 2.7. For all k > 3,

Apg-..op-1(z) =

For example, by using Corollary 2.7 we get that for all n > 1,

7 1
Asza56-1(2n) = EnLZn 10

where F), is the mth Fibonacci number and L,, is the mth Lucas number.

(15ﬂ - 4)F2n and A2_3_4_5_6_1(2n + ].) = Fanl,

2.4. A generalized patterns 7-3----- k. In the current subsection we interesting in alternating
permutations with two restrictions, the first one is 1-3-2 (classical pattern 132) and the second one is
T-3-- - k (generalized pattern), where 7 = 12, 7 = 21, 7 = 1-2, or 7 = 2-1. Using the same arguments

as in the proof of Theorem 2.4, we get

Theorem 2.8. Let 7 € {12,21,1-2,2-1}. For all k > 2,

(1) UDsogewci(2) = xUUk(<)>

(2) DD, 5. i) = xk_lU:_i]IE;i)(ﬁ)’
(3) UUros-.4(a) = m

(4) DUy () = S Ues )

2Ur-1 (35)
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The above theorem together with Equation 1.4 yield that the number of alternating permutations in
Ap(1-3-2,7-3-- - - - k), where 7 € {12,21,1-2,2-1}.

Corollary 2.9. Let 7 € {12,21,1-2,2-1}. For any k > 2,
(1 +2)Uk-2 (5;)

= X ,11'2.
SUU}cfl(%) *(1"_ )Rk ( )

AT—B—m—k (.’t) =

Corollary 2.9 suggests that there should exist a bijection between the sets A, (1-3-2,1-2--- - k) and
A, (1-3-2,2-1-3-- - --k). However, we failed to produce such a bijection, and finding it remains a
challenging open question.

3. AVOIDING 1-3-2 AND CONTAINING ANOTHER PATTERN

In this section we consider those alternating (up-up, up-down, down-up, down-down) permutations in
G, that avoid 1-3-2 and contain another generalized pattern 7 exactly once. We begin by setting some
notation. Let a,,.(n) be the number of alternating permutations in A,,(1-3-2) that contain 7 exactly r
times. Moreover, we denote the number of up-up (resp. up-down, down-up, down-down) permutations
in 6,,(1-3-2) that contain 7 exactly r times by wu,..(n) (resp. ud;,r(n), dur,r(n), dd;,r(n)). We denote
the corresponding generating function by A...(z) (resp. UUr.(z), UD;,r(x), DU (x), DD,y ()).
In this section we use out Proposition 2.1 and generating function techniques to enumerate a,..(n),
udrir(n), wry(x), dur,(n), and dd,,-(n) for various cases of 7.

3.1. A classical pattern 7 = 1-2-----k.
Theorem 3.1. For all k > 2,

x
P W’kz gh=1mm(gmt LU, (L))
(2) DDyg-...cpa () = Uk_i (%) mz::() Un (35) Umt1 (35) o
O TG
(4) DUypeopi () = Uy () Py Un (25) Un+1 (35) ]

)

Proof. To verify (1), as consequence of Proposition 2.1, we have three possibilities for the block de-

composition for an arbitrary up-down permutation = = (a,n, 8) € UD,,(1-3-2) that contain 1-2-- - - - k
exactly once. The first possibility is « = (n—1) and 5 € UD,,_3(1-3-2) contains 1-2-- - - - k exactly once.
The second possibility is 5 = (1) and « is up-down permutation of the numbers 2,3,--- ,n — 1 which

contains 1-2-- - - - (k — 1) exactly once. The third possibility satisfies the condition that every entry of «
is greater than every entry of 3, where « and 3 are up-down permutations on the numbers n—j+1,n—
j+2,--- ,n—1and 1,2,...,n — j (respectively) such that either a contains 1-2--- - - (k — 1) exactly
once and (8 avoids 1-2-- - - - k, or o avoids 1-2- - - - - (k—1) and [ contains 1-2- - - - k exactly once. So, the
first, the second, and the third cases above give contribution 22U D1-o-..-.1 (), 22U D1-y-...- (k—1):1(2),
2UD1-g-.(k—1);1(#)U D1-9-...-py0 (%) + 2U D1g-...o(jo—1);0(2)U D1-2-..-g;1 (), respectively. Therefore,

UD1-g-.op1 (2) = 22U D1ogeop1 (@) + 22U Do o— 1)1 (2) +
F+2U D19 (k—1);1(2)U D1-g-.p;0 () + 2U Do o (io—1);0(0)U D1-o-. o1 ()

)
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Using Theorem 2.4 together with Equation 1.3 and Recurrence 1.1, we get
UDiog-.o1 (z) = xRy (#)U Dy (1)1 ().

Besides, by definitions we have that UDj-o.1(z) = 2°. Hence, by Identity 1.2 and by induction, case
(1) holds.

Let us verify (2). Using the same arguments as in the proof of (1), we get

DD1_2_..4_k;1((E) = ZL'UD1_2_.“_]C;1((E) + CL’DDl_Q_..._(k_l);l(1’)UD1_2_..._k;0("E)+
+.’L'DD1_2 ..... (k_l);o(iv)UDl_Q_..._k;l(LIJ) + (EQD.Dl_Q_.A._(k_l);l(il?)7

together with DDj-o.1(z) = 2* (by the definitions). Hence, by using (1), Theorem 2.4 and induction
on k, we get the desired result as claimed in (2). The rest is easy to check. O
As a corollary to Theorem 3.1 and Equation 1.4, we get the number of alternating permutations in

6,,(1-3-2) that contain 1-2-- - -- k exactly once.

Corollary 3.2. For all k > 3,
1+

Ui ()

For example, the number of alternating permutations in A, (1-3-2) that contain 1-2-3-4-5 exactly once

A1-2-...-k;1(9€)

is given by Zg.":/f]_?’ F2jFapp j9)—4—24 for all n > 6, where F},, is the mth Fibonacci number.

3.2. A generalized patterns 7-3----- k. In the current subsection we interesting in alternating
permutations with two restrictions, the first one is 1-3-2 (classical pattern 132) and the second one is
T-3- - k (generalized pattern), where 7 = 12, 7 = 21, 7 = 1-2, or 7 = 2-1. Using the same arguments

as in the proof of Theorem 3.1, we get

Theorem 3.3. Let T € {12,21,1-2}. For all k > 3,

1) UDrgevop () = =%~
( ) 3 k,l( ) Ugii(ﬂ)
2) UUrsgekt (%) = 5oy
( ) U 3 k,l(x) U;%,l(ﬁ)

(3) UD2_1_3..._}C;1(£L') = UU2_1_3..._;€;1(:L‘) =0.
As a corollary to Theorem 3.3 and Equation 1.4 we get the number of alternating permutations in
A, (1-3-2) that contain 7-3-- - -- k exactly once, where 7 € {12,21,1-2,2-1}.
Corollary 3.4. Let 7 € {12,21,1-2}. For k > 3,
14 2)Ug_o L
Ar g (z) = L) 1(296) = (1+ )R (a?).
2Uk-1 (35)
Besides, Aa-1-3-....p1(z) = 0 for all k > 3.

Corollary 3.4 suggests that there should exist a bijection between the sets of alternating permutations
of length n that avoid 1-3-2 and contain 1-2- - - - - k exactly once and the set of alternating permutations
of length n that avoid 1-3-2 and contain 2-1-3- - - - -k exactly once. However, we failed to produce such
a bijection, and finding it remains a challenging open question.

Again, by the same arguments as in the proof of Theorem 3.1, with using Proposition 2.1, we get the
following result.
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Theorem 3.5. For all k > 3,

_o kT2 i (it . ( 1 ))
1 DD > YU = — T k 2 ( + J—1\ 3¢
( ) s kJ(x) U’cfl( % ) Zj 0 UJ(Qlw)UJ+1(211) ’

pk=2=0(pit+1 +U; 1 (&
(2) DD12-3-4-..-k1 (%) = 7% ( —&-Zk N ( 1(2’”))),

Ur—1(3 U (2) Ui ()
!
(3) DDyq-3-4-p1 () = )
(4) DD21-3-4-...cpa(z) = ﬁ
Ui (5

Moreover, for all k > 3,
1
DU -3-4-....k1(x) = EDDT—3—4---~—1€;1($),
where T € {12,21,1-2,2-1}.
3.3. A three letter generalized pattern without dashes. In this subsection we find an explicit

expression for UD;..(z), UU-.(x), DU, (), DD;,r(x), and A;.-(x), where 7 = 123, 213, 231, 312,
321 are generalized pattern without dashes.

Theorem 3.6. For allr > 1,

(1) UD123;r(z) = UDs21,r(z) = 0, )
(2) UDa13y(x) = En>7‘+1 n((?;j_lg) (TL) r?
(3) UDa31yr(x) = r+1 ()t forr > 1,

T 2 n
(4) UDgi2r(2) = 32,5011 %(r-‘rl) g2t

Proof. First of all, let us define UD;(z,q) = }_,50UD:;(2)¢" (similarly, we define UU-(z,q),
DU, (x,q), and DD, (x,q)).

The first case (1) holds by the definitions. To verify (2), let us use the same arguments as in the proof
of Theorem 2.4. So, we have

UDs13(z, q) = 2*(z + UD23(x, q)) + 2qU Da13(z, q)(z + UDa1s(z, q)),

equivalently,

1—22(1+¢q) —/2*(1—q)2 —222(¢+ 1) + 1
2xq

UD23(z,q) =
The rest is easy to check.
Similarly, we have that
UDasz1(2,q) = 22q(x + UDazy (0, q)) + £qU Doz (2, ) (z + U Doz (2)),

equivalently,
3
rq
1 —2x2q — 2qU D31 (z,q)

UDa3i(z,q) =
The rest is easy to check.

Using the arguments in the proof of the case (2) we get

1—22(1+¢q) —/2*(1—q)2 —222(¢+ 1) + 1
2xq

UD312(x,q) =
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Similarly to Theorem 3.6 we get the following result.
Theorem 3.7. Let r > 0.
1) UU123(£L‘; ’I“) = UU321($; ’I“) = 0,‘

T 2 n
2) UUxs(w;7) = 3,501 77,((71-,";13‘) (TL) z?n;
3) UD231($; 7’) _ 1 (27‘7’)1,27‘“!‘2 for r> 1’.
)

r+1

T n 2 n
4) UUsia(z;7r) = 305041 n((,f_ll) (,50) 2"

As a corollary to Theorem 3.6 and Theorem 3.7, we have the following result.

Theorem 3.8. Let r > 0.

(1) Apas(w;7) = Asor(z;7) = 0; 2
(2) AQlS(z; 7’) - A312(33; T) - Zan+1 % (rj—l) (Z.Zn + -T2n+1);
(3) Azsi(z;7) = Cp(a® 2 + 2 1) for r > 1.

FIGURE 2. The second contribution for the block decomposition of a permutation
that contain 1-3-2 exactly once

4. CONTAINING 1-3-2 EXACTLY ONCE AND AVOIDING ARBITRARY PATTERN

In this section we consider those alternating (up-up, up-down, down-up, down-down) permutations in
G,, that contain 1-3-2 exactly once and avoid an arbitrary generalized pattern 7. We begin by setting
some notation. Let Al(z) be the generating function for the number of alternating permutations in
A, (7) that contain 1-3-2 exactly once. More precisely, We denote the generating function for number
of up-up (resp. up-down, down-up, down-down) permutations in &,,(7) that contain 1-3-2 exactly once
by UDL(z) (vesp. UUX(x), DUX(x), DDL(x)). In this section we describe a method for enumerating
alternating (up-up, up-down, down-up, down-down) permutations that contain 1-3-2 exactly once
and avoid another generalized pattern. We begin with observation concerning the structure of the
permutations that contain 1-3-2 exactly once.

Using the block decomposition approach (see [MV4]) we get two possibilities for the block decompo-
sition for permutation 7 containing 1-3-2 exactly once. The first one is a = (o/,n, o), where every
entry of o/ is greater than every entry of o/, and the second one is « = (o, n—t+1,n,a” , n—t+2,a’"),
where every entry of o' is greater than n —t+2, n —t + 1 is greater than every entry of o, and every
entry of o’ is greater than every entry of /", as described in Figures 1 and 2. Therefore, by using
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the block decomposition of «, we get the following proposition which is the base for all the results in
this section.

Proposition 4.1. Let o € G,, contains 1-3-2 exactly once. Then the block decomposition of o can
have one of the following three forms:

(i) there exists t such that a = (o/,n, "), where & is a permutation of n —1,n—2,....,n —t+1
which contains 1-3-2 exactly once, and o is a permutation of 1,2,...,n —t which avoids 1-3-2;

(i) there exists t such that o = (a/,n,a”), where & is a permutation of n —1,n—2,....n—t+1
which avoids 1-3-2, and & is a permutation of 1,2,...,n —t which contains 1-3-2 ezactly once;

(iii) there exist t,u such that o = (o/,n —t+ 1,n,a”;n—t+2,a"), where o is a permutation of
n—1,n—2...,n—t+ 3 which avoids 1-3-2, &' is a permutation of n —t,n —t—1,....,n—u+1
which avoids 1-3-2, and o'’ is a permutation of 1,2,...,n — u which avoids 1-3-2.

As a remark, using the proposition above for an arbitrary permutation o which contains 1-3-2 exactly
once together with the definitions of up-up, up-down, down-up, down-down permutations we can
present all the possibilities of the block decomposition for any arbitrary up-up, up-down, down-up,
down-down permutation, respectively.

4.1. The pattern 7 = &. Using Proposition 4.1, we now enumerate those alternating (up-up, up-
down, down-up, down-down) permutations in &,, that contain 1-3-2 exactly once.

Theorem 4.2. We have

(1) The generating function for the number of up-down permutations in &, containing 1-3-2
exactly once is given by

o 2(l =1 —42?)

S 1—da? 4+ V1 4a?
In other words, the number of up-down permutations in &,, containing 1-3-2 ezxactly once is
given by ((7::3)1/2),

(2) The generating function for the number of up-up permutations in &,, containing 1-3-2 exactly
once is given by

UDL(z)

22 -1 1 — 322

+ .
x? 22y 1 — 422
In other words, the number of up-up permutations in &,, containing 1-3-2 exactly once is given
-1
by 2((n7l4)/2)’
(3) The generating function for the number of down-down permutations in &,, containing 1-3-2

exactly once is given by

UUL(2) =

2 -1 1— 322
PR RN vl
In other words, the number of down-down permutations in &,, containing 1-3-2 exactly once
s given by 2((7;:)1/2),
(4) The generating function for the number of down-up permutations in &, containing 1-3-2
exactly once is given by

DD} (x) =

2zt + 422 -3 3 — 1022
1 _
DUg () = 2x3 + 243v/1 — 422
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In other words, the number of down-up permutations in &,, containing 1-3-2 ezxactly once is
: 3 +3 +1
giwen by 5(@%)/2) - 5(@11)/2)7

where (Z) s assumed to be 0 whenever a < b, b < 0, or b is a non-integer number.
Proof. To verify (1), let us consider the three possibilities of the block decompositions, as described

in Proposition 4.1, for an arbitrary permutation 7 € &,, that contain 1-3-2 exactly. The first (or the
second) contribution of the block decomposition above for up-down permutations gives

2UD(z)(x + UDg(2)),
and the third contribution of the block decomposition above for up-down permutations gives
2*(UUg(2) (2 + UDg(2))* + (z + UDg(z))* + UUgs(z) + 1).
Therefore, by using the above three contributions, we have
UDL(z) = 2z2UDL(z)(x + UDg(z)) + 2*(UUg(x)(z + UDg(x))* + (z + UD(z))* + UUg(x) + 1).
Hence, by solving the above equation together with Theorem 2.2, we get the claimed in (1).

Similarly, let us verify (2). The first contribution of the block decomposition for up-up permutations
gives 2UD} (2)(UUg(x) + 1), the second contribution of the block decomposition for up-up permuta-
tions gives 2(UDg(x) + 2)UUZ(z), and the third contribution of the block decomposition for up-up
permutations gives 23(UUg (z) + 1)?(UDg(x) + z). Therefore, by using the three three contributions
above, we get

UUL(z) = 2UDL(x)(UUg(x) + 1) + 2(UDg(x) + 2)UUL(2) + 2*(UUg(x) + 1)*(UDg(z) + ).
Hence, by using (1) together with Theorem 2.2 we get the claimed in (2).
Similarly to (1) and (2), we can verify cases (3) and (4). O

As a corollary to Theorem 4.2 together with Identity 1.4 we have

Corollary 4.3. The number of alternating permutations in A, containing 1-3-2 exactly once is given

g 1 1
((nn—_3>/2) " ((nn—_4>/2>’

where (Z) s assumed to be 0 whenever a < b, b < 0, or b is a non-integer number.

Using Proposition 4.1 for alternating permutations, we now enumerate various sets of alternating (up-
up, up-down, down-up, down-down) permutations in &,, that contain 1-3-2 exactly once and avoid
nonempty generalized pattern 7.

4.2. A classical pattern 7 = 1-2-----k.
Theorem 4.4. For all k > 3,

) B 1 k-3 )
(1) UDy ... () Uz (ﬁ) ]go Uj+1 (21) Uj (ﬂ)?
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(3) The generating function DD1_,_. _,(x) is given by

k-2 k—1—i 1 k—2—i
1 o L (1) (1) (1>
7. (1 ' * U, U; — —2Up_ 9 ,
U1 (55) ,:Ox U1 () Urmai () \ &= 7 \2z) 77 \ 22 2Uk-2-i | o5

7

(4) The generating function DU{_,_. _, () is given by

4 U () Uies ()
Ui (2) Ui ()

aUp—3 (5) (@2 + U—s (55))
U2 (55) Uk-1 (35)

UU} .. . (x) + DD;_(z) +

Proof. Using the same arguments as in the proof of Theorem 4.2, we get the following. The first
contribution of the block decomposition for up-down permutations gives

@?UD ... (x) + 2U D1y (1) (2) (% + U D1 (),
the second contribution of the block decomposition for up-down permutations gives
TUD . (j—1) () U Dy (),
and the third contribution of the block decomposition for up-down permutations gives
Ig(l + UU1_2_..._(;C_1)($)) ((JZ + UD1_2_..._(]€_1)(13))(113 +UDq-g-...p(x)) + 1).
Therefore, by using the three contributions above together with Theorem 2.4 and Recurrence 1.1, we

have
_ Ukea (55) U= (55) | Uiea (35)
1

UD%_Q_____;C<.’E) = Ugil (QL) + U,?il (27) UD%-2—-~~—(k71)<x)-

Hence, by induction on k together with UDi_,(x) = 0 (by the definitions) we get the desired result
as claimed in (1).

Similarly, let us verify (2). The first contribution of the block decomposition for up-up permutations
gives

2U Dyogee (=) () UU gy, (),
and the third contribution of the block decomposition for up-up permutations gives
23 (2 4+ UD1gee(b—1) () (1 4+ UV (1) (2)) (1 + UUg- i ().

Therefore, by using the three contributions above together with case (1), Theorem 2.4 and Recur-
rence 1.1, we get the desired result as claimed in (2).

Similarly, we have
DD%—z ————— p(@) =21+ DD1-2--~-(k—1)(33))UD%—2 ----- w(@) +2(r +UDqop-...- k(x))DD%-Q—m—(k—l)(x)
+$3(.’L' + U.Dl_g ..... (k_l)(flf))(l + (1' + UD1_2_.“_(]C_1) (.’17))(1' + UD1_2 ..... k(‘r))),

DU}, . (z)=2(1+ DD .- (k,l)(a:))UUll_2 _____ p(@) F2(1 4+ UUs-g-..o k(a:))DD%_2 ,,,,, (k_l)(aj)
+x3(x + DUl_Q_.‘._(k_l)(.T))(:E + UD1_2 ..... (k—l)(l'))(]- + UU1_2 ..... k((E))

Using Theorem 2.4, cases (1) and (2), and Recurrence 1.1, we get (3). O

As a corollary to Theorem 4.4 together with using Identity 1.4, we have
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Corollary 4.5. For all k > 3, the generating function A| ... _.(x) given by

s (2) (0 () 2 () 00 B () (3]

m=0

_
aUF_, (i)

4.3. A generalized patterns 7 = 12-3----- kort™=21-3---- k. Using the same arguments as in
the proof of Theorem 4.4, we get

Theorem 4.6. For all k > 3,

UD%2-3-----/€($) = UDI%-2 ----- k(2), UU1112 3 (T) = UU1112-----1€($)
DU12-3-~-.-1¢($) = DUj ... (2), DD1ys..... k(x) = DD1-2--~~-k(w)'

Moreover, for all k > 3,

4.4. A classical pattern 7 = 2-1-3- - - - -k. Using the same arguments as in the proof of Theorem 4.4,
we get

Theorem 4.7. For all k > 3,

O U0hre )= gy (S i (0 ) )

(2) UUsyze..p(7) = S — (mUk 4 (55) Uk—2 (55) + ki4 Uj (55) Uj+1>.

IU/?—1 (i) 7=0

5. CONTAINING 1-3-2 EXACTLY ONCE AND ANOTHER ARBITRARY PATTERN

In this section we consider those alternating (up-up, up-down, down-up, down-down) permutations in
G, that contain 1-3-2 exactly once and contain an arbitrary generalized pattern 7. We begin by setting
some notation. Let Ai;T(a:) be the generating function for the number of alternating permutations in
A, that contain 1-3-2 exactly once and contain 7 exactly r times. Moreover, We denote the generating
function for number of up-up (resp. up-down, down-up, down-down) permutations in &,, that contain
1-3-2 exactly once and contain 7 exactly r times by UD}., () (vesp. UUL,.(z), DU}, (x), DD}, (x)).

One can try to obtain results similar to Theorems 2.4, 3.1, and 4.2, but expressions involved be-
come extremely cumbersome. So we just present the case of the up-down permutations in &,, that
contain 1-3-2 exactly once and contain 1-2----- k exactly once. Using Proposition 4.1 together with
Theorems 2.4, 3.1, and 4.4, we get the following result.

Theorem 5.1. Let k > 2, the generating function UD%_Q_,.,_k;l(l‘) s given by

1 (55) (U () +00, () + 20 02 U1 () Ui (22)
e Z Uror () Ures ()

As a remark, the generating functions UU11_2_”__,€;1(:13), DU11_2__”_,€;1(:E)7 and DD%_g_,___k;l(x) have more
complicated expressions since the equations, which these generating function satisfied to, expressed
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in terms of UD}_Q__”_d;l(x). For example, UU11_2_____,C;1($) satisfies
UU11—2-»--—1@;1($) = xUD%—Q-m-(k—l);l(x)(l + UUr-g-.oi(2)) + 2UD_y . (2)UUr-o-opn () +
+J:UD1_2_..__(;€,1);1(m)UUll_z__“_k(x) +z(x 4+ UD1-o-..- (k,l)(x))UUll_z_,,,_k;l(ac)—&—
+$3UU1_2 _____ (k_l);l(x)(x+UD1_2 _____ (k_l)(if))(l +UU1_2 _____ k(fl?))+
2% (1 + UUpg-oo- (1) (2)) U D1 (- 1)1 () (1 + U U2 () )4
+23 (1 + UUsgeo(o—1) (2)) ( + UD1ge (= 1) (2) ) U Ur-g-.oe1 ().

6. FURTHER RESULTS
Here we present two directions to generalize and to extend the results of the previous subsections.

6.1. Statistics on alternating permutation that avoid 1-3-2. The first direction is to find a
statistics on alternating permutations in A,, that avoid 1-3-2.

6.1.1. A classical pattern 1-2---- -k. We define

1-2--=j (7
UDy(z1,22,...) = 3. S Tsyy ™,
n>0 weUD,(1-3-2)

1-2----j(m
DUl(l'l,l'Q,---): Z Z Hj>1xj ! )’
n>0 weDU,(1-3-2)

1-2---.— j (m
UU (21, T9,...) = 3 )OI | PR
n>0 7weUU, (1-3-2)

1-2-mj(m
D.Dl(il'l,ZL'Q,...): Z Z Hj>1xj i ),
n>0 weDD, (1-3-2)

where 1-2-...-j(m) is the number of occurrences of 1-2--- - j in .
Theorem 6.1. We have
(i) The generating function UDy(x1,x2,...) is given by
2(;24)
— 1217,

7 1
szl Ijj - o 1
(%) IL21 xj(H)

ngﬁ”jjil - of 2
() szlx'(J_l)

[Lsiey ™ = :
(ii) The generating function UUy(x1, xa,...) is given by
—1
1
r} + 2 UDy (2122, zox3, - - - )

(iil) The generating function DD1(x1,x2,...) s given by
n Mo 22070
11 -

(d—l) ((171 d (d) >

2(4- i !
S R LS ARG o (szl BN

NS TR
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(iv) The generating function DUy (x1, o, ) is given by

2 UU (x1, 22, -+ ) + 21 DD1 (2122, T23, - - - ) (1 + UUL (21, T2, - +)).

Proof. Proposition 2.1(1) yields
UD:(z1,22, ) = 21 (UD1 (2122, w223, - -+ ) + 21)(UD1 (21,22, - ) + x1),

equivalently,

2
—x3

1
1+ UD1(z122, 2223, )

UDy(x1,22,---) =

T

Hence, by induction, we get (i).
Proposition 2.1(3) yields
UUy(z1, 22, ) = x1(x1 + UD1(z122, -+ ) (1 + UUL (21, T2, - - ),
which equivalently to (ii).
Using Proposition 2.1(4), we get
DD (1,29, ) = x1(x1 + UD1 (21, 22, - - ))(1 + DDy (2129, 223, - )),
hence, by induction, we have (iii).

Finally, it is easy to check that Proposition 2.1(2) yields (iv). O

We denote the generating function C(z?) — z = % VI—do® py a(x) As an application to Theo-
rem 6.1(i), we get the following:
(i) Let 2y = 2 and z; = 1 for all j > 2. We have

UDi(z,1,1,...) =Y. Y a"=C(a),

n>0mweUD,(1-3-2)

as proved in Theorem 2.2.
(ii) Let m be any permutation. We say that m; is right to left mazimum if m; > m; for all j > 4.
We denote the number of right to left maximum of = by rimaxz,. In [BCS], there were proved that

rimaz, = Y (—=1)7+11-2-.. .-j(7). Therefore
Jj=0

2,2 a
oo Y atytmeer = UD(ayy Ly ) = — yz(x§/+ 2l
n>07€UD, (1-3-2) 1 —22y? —2yC(x)

In other words, the generating function for the number up-down permutations in UD,,(1-3-2) having
k right to left maximum is given by

k=2  k—24j

xk; (,@_%_Jéﬂ‘(:ﬁ).
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(iii) Let 7 be any permutations. The number of increasing subsequences in 7 is given by inc, =
Do 12 j(m). Hence,

2,2
. —X
YooY ayrt =Udi(ay,yy,..) = yl
n>0 weU D, (1-3-2) Y — 2, 4
-y
Ty —
zy? — !
Y 2,8
2 _TY
ry

(iv) The generating function for the number of up-down permutations that avoid 1-3-2 and contain
a prescribed number of occurrences of the pattern 1-2----- k is given by the continued fraction in the
statement of Theorem 6.1(1) together with 1 =z, x =y, and z; = 1 for all j # 1, k.

As an application to Theorem 6.1(ii), we have the following:
(i) The generating function for the number of up-up permutations in &,,(1-3-2) is given by

B 1—+vV1—4x2
14+ V11— 422

(ii) The distribution for the number of right to left maximum of up-up permutations avoiding 1-3-2
is given by

UU1($71,1,...)

alrlyrimers — YUy (vy,y = y,...) =
n>0 7€UU, (1-3-2)

_ —11 =% zd: (d;j)ijad—Qj(x)yd_

d>04=0

- —
x2y? + 2yC(x)

(iii) The generating function for the number of up-up permutations that avoid 1-3-2 and contain a
prescribed number of occurrences of the pattern 1-2- - - - - k is given by the statement of Theorem 6.1(ii)
together with 21 =z, x, =y, and x; =1 for all j # 1, k.

As an application to Theorem 6.1(iii), we have the following:
(i) The generating function for the number of down-down permutations in DD, (1-3-2) is given by

B 1—+1—42x2
141 — 422

(ii) The distribution for the number of right to left maximum of = € DD,,(1-3-2) is given by

DDl(x,l,l,...)

2x2y2
> > altlyrimers = DDy (zy,y~ly,...) = = =
=0 r€DD, (1-3-2) V1 —422(1 — 2yC(z) — 22y?)
d—2 R
2 dfgfj)cd—2j (x)xdyd_

- V1 — 422 dgz jgo J

(iii) The generating function for the number of down-down permutations avoiding 1-3-2 and con-
taining a prescribed number of occurrences of the pattern 1-2----- k is given by the statement of
Theorem 6.1(iii) together with 1 =z, z; =y, and z; =1 for all j # 1, k.
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As an application to Theorem 6.1(iv), we have the following:
(i) The generating function for the number of down-up permutations in DU,,(1-3-2) is given by

2
1—\/1—4x2> .

2z2

DUl(x,l,l,..‘):x<

(ii) The distribution for the number of right to left maximum of = € DU,,(1-3-2) is given by
alrlyrimer= — DU, (zy,y~ 'y, ...) =
n>07weDU, (1-3-2)
_1-Vi-4a? sy + 2 T gy di (4-1-9) G-1-2 ()
1441 —4z2 V1 —4x? 355 =0 7

(iii) The generating function for the number of down-up permutations avoiding 1-3-2 and containing a
prescribed number of occurrences of the pattern 1-2-- - - - k is given by the statement of Theorem 6.1(iv)
together with 21 =, , =y, and x; =1 for all j # 1, k.

6.1.2. A generalized pattern 12-3--- - - k. First of all, let us define
UDy(x1,22,...) = >, > xllﬂl §j>2 x;}g _____ j(ﬂ)v
n>0 weUD,(1-3-2) -
T 12-3----- j(m
UUs(x1,x2,...) = > > 37'1 ‘szij i )a
n>0 7eUU,(1-3-2)
where 12-3-- - - - j(m) is the number of occurrences of the generalized pattern 12-3-...-j in 7. Similarly
to Theorem 6.1 we get the following result.

Theorem 6.2. We have
(i) The generating function UDs(x1, T2, ...) is given by

(;%2)

—i [0 )
(;22) 1 ’
X1 . €T —
H]ZQ J x%H N x(jiz)
_ i>2%;
o () I
ollzen a0
oy — ) szz Ly
2
. 1
T HJZ? xj(-]_2) -
T, — '

(i) The generating function UUs(x1, T2, ...) is given by
1 .
1 )
.T%ICQ + legUDQ(Zl, To2X3,TL3TL4y ... )

1—

As an application to Theorem 6.2(i), we get that the number of up-down permutations avoiding 1-3-2
of length 2n + 1 with £ rises is given by Cy, 0y, (n—1)/2, where 6, = 1 if a = b, otherwise 0.

As an another application, we get that the generating function for the number of up-down permutations
avoiding 1-3-2 and containing a prescribed number of occurrences of the pattern 12-3-4-----k is given
by the statement of Theorem 6.2(i) together with 21 = z, 2, = y, and z; = 1 for all j # 1,k. For
example, for kK = 3 we get
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(6.1)

As an application to Theorem 6.2(ii), we get that the generating function for the number of up-
up permutations avoiding 1-3-2 and containing a prescribed number of occurrences of the pattern
12-3-4-- - --k is given by the statement of Theorem 6.2(ii) together with x1 = z, 2, =y, and z; = 1
for all j # 1, k. For example, for k = 3 we get

-1
(6.2) o T
e %y
1
Ty — 2212
T
Ty? —

As a corollary to Theorem 6.2(i,ii), we have the following result.

Corollary 6.3. The generating function 3, 50> ca, (1-3-2) a:llﬂ [I;52 a:}2_3_'"_j(7r) is given by

1+z + (1 +.’L‘1)UU2(JI1,$27.’1?3,...).

Proof. Using Theorem 6.2(3,ii) we get that UDa(x1, x2, x3,- ) = 21UUs (1, 22,3, -+ ). On the other
hand, by Identity 1.4 we have

Z Z x‘lﬂlﬂx;}s ____ I =142, 4+ UDy(21, 22,23, - ) + UUs (21, 29, 23, - -+ ).
n>0meA,(1-3-2)  j>2

Hence, by combining the two equations above we get the desired result. O

6.1.3. A generalized pattern 21-3--- - - k. First of all, let us define another two objects

- 21-3--+=j(m
UDg(l‘l,IQ,...): Z Z ‘Tll‘Hj22‘Tj 2 )’
n>07eU Dy (1-3-2)
x 21-3--—j(m
UU3($1,1'2,--~): Z Z x‘llanij ! )’
n>07eUU, (1-3-2)

where 21-3--- - - j() is the number of occurrences of the generalized pattern 21-3-...-j in 7. Similarly
to Theorem 6.1 we get

Theorem 6.4. We have

(Z) UD3(£171,£E2, .. ) = UDQ(SChl‘Q,. . .),’
(Z’L) UU3(£C1,.’£2, N ) = %QUUQ(xl,Z'Q, .. )
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Theorem 6.4 and Identity 1.4 together with the fact that UDsy(z1, 22, 3, -+ ) = 21UU2(21, 22, T3, - )
yield the following corollary.

Corollary 6.5. The generating function ), - ZweAn(l—IS—Q) x‘lﬂl [I>2 x?l_g ____ 3T s given by

1
1+21 + (J?l + :L’) UUQ(.’L‘l,mg,xg,,...).
2

6.2. Counting occurrences of 1-3-2 in an alternating permutation. The second direction is to
find the generating function A, (x;r) for the number of alternating permutation in &,, that contain
7 exactly r times. Moreover, to find the generating functions UU.(x;r), UD,(x;r), DU, (x;r), and
DD, (x;r) for the number of up-up, up-down, down-up, and down-down permutation in &,, that
contain 7 exactly r times, respectively.

For 7 = 1-3-2, the block decomposition approach [MV5] in the alternating (up-up, up-down, down-up,
down-down) permutations gives a complete answer for any given r (as described in Section 2 for r = 0,
and Section 4 for » = 1), and we get the following result.
Theorem 6.6. We have

2
UDy3-(x;0) = 1522 — L (1 - 4a?)3;

UDisa(;1) = 52 + 15225 (1 — 42?) 7

UDy_gog(2;2) = & — L=624627 (1 _ 442)

2x 2z

UD:-3-0(233) = —2(1$—x2) + 2—2212+80z;—9816+16m8 (1— 4$2)%5’

VUL 52(0:0) = 1528 — (1 — o)

UU-g2(231) = 231 + 1535 (1 - 422) 7

T 2

.9\ _ 4—522 4—29224542* —162° 2y =2
UUr-3-2(2;2) = 55~ — 707 (1 —42°)=

L9\ _ 13—11z2422* 13—1522246122* —9402° +3844° 2\ 32
UUs-3-2(233) = T + T (1—4z%)=,

2 3
A1_3-2($; 0) = 71+m722;:2 -2z 12+T§(1 — 4%2)%7

2 2 3 _
Ay go(x;1) = 22 2?2%2 + 2+x—26§2 —20% (1 4x2)71;

. _ 4+:675m2 4+:v729:6276933+54:v4+6:v5716136 2 _—3.
A1-3-2(-I72) - 212 - 212 (1 —4z ) 23

L9\ _ 13—4x—11z’+4z® 4224
A1_3_2(I, 3) = 222 +
13+42—1522% —442° 46122 +1602° —9402° — 19627 +38425 +3242° A2 =5
+ o (1—4z%)=.

Finally, we conclude with some open problems suggested by the results in the previous sections. For
example: (1) We found that the number of alternating permutations in A, (1-3-2,1-2----- k) is equal
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to the number of alternating permutations in A, (1-3-2,2-1-3- - - - -k) (see Corollary 2.9). The question,
if there is a bijective combinatorial proof for this property. (2) If there exists an explicit formula for
Aj-3-2(x;r) for any given r > 0. (3) If there exist bijective combinatorial proofs for the formulas in
the statement of Theorem 6.6.
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