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Abstract

Carleson measures for various spaces of holomorphic functions in the unit
ball have been studied extensively since Carleson’s original result for the
disk. In the first paper of this thesis, we give, by means of Green’s formula,
an alternative proof of the characterization of Carleson measures for some
Hardy Sobolev spaces (including Hardy space) in the unit ball. In the second
paper of this thesis, we give a new characterization of Carleson measures for
the Generalized Bergman spaces on the unit ball using singular integral
techniques.
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CARLESON MEASURES FOR HARDY SOBOLEV SPACES
AND GENERALIZED BERGMAN SPACES

EDGAR TCHOUNDJA

INTRODUCTION

Let Q be a region in C" and X a Banach space of continuous functions in €.
We raise the following problem: Characterize positive measures p in 2 such
that there exists a constant C' = C'(u) with the property that

/ FEP < CIFIR
Q

for all f € X. Such problems are now known in the literature as Carleson mea-
sures problem for X. The purpose of this work is to study Carleson measures
for Hardy Sobolev spaces, see Paper I, and also Carleson measures for the
Generalized Bergman spaces, see Paper II. In this introduction, we briefly give
a literature overview and motivation of this question. We outline our work in
the last two sections .

0.1. Overview and motivation. Carleson [CA58] was the first to study this
question in the case of the unit disk U of C and for the Hardy space H?(U)
which is the space of holomorphic functions f in U with the property that:

sup/ |f(re®)|Pd < .

r<l J—x

Carleson measures arise in many questions involving analysis in functions
spaces. We could mention here the problem of multipliers. That is, given
a space, X, of functions on a set €2, we want to describe those functions f
for which the map of multiplication by f is a continuous map of X to itself.
We mention also the interpolating sequences problem. That is, to characterize
those sequences {y;} in Q2 with the property that, as f ranges over X, the set of
sequences of values, { f(y;)} ranges over the space of all sequences which satisfy
a natural growth condition. Carleson measures have played an important role
in the solution of some famous problems such as the Corona problem and
the duality theory for H'. See Fefferman and Stein [FS72|, Carleson [CA62).
This explains why Carleson measures have been studied extensively since the

characterization obtained by Carleson [CA62] in 1962.
1



2 EDGAR TCHOUNDJA

In 1967, Hérmander [H67] extended Carleson’s result to the unit ball of C™.
Since then, for various spaces, this problem as well as its applications have
attracted many authors. Among them, we will mention Stegenga [ST80] who
characterized Carleson measures for the space, D,, of analytic functions f in
the unit disk for which

> (14 n?)%an* <
n=0
where f(z) =", 5¢anz" is the Taylor expansion of f.
Cima and Wogen [CW82] gave the characterization of Carleson measures
for the weighted Bergman spaces, A? (o > —1), in the unit ball, D,,, of C".
This is the space of holomorphic functions f in D,, such that

/ |F(2)[P(1 = |2]*)¥dA\(2) < oo.

The Hardy Sobolev space Hg(Dn) is the space of holomorphic functions f
in D,, such that

sup [T+ R 1) do(e) < o
0<r<1.Js,

where (I +R)°f(2) = S>(1+ k)P fr(2) if f = f is the homogeneous expan-
sion of f. P.Ahern [A88] characterized Carleson measures for this space when
0 < p < 1. For p > 1, Cascante and Ortega [CO95] studied the same question
and gave some necessary and some sufficient conditions. They also studied
Carleson measures for the holomorphic Besov Sobolev space. The Carleson
measures for the analytic Besov spaces in the unit ball have been character-
ized by Arcozzi, Rochberg and Sawyer [ARS02, ARS06]. We mention finally
the generalized Bergman space AP (a € R), introduced in [ZZ05], that is the
space of holomorphic functions f in the unit ball such that for some integer m
with mp +a > —1

[ 4R P (1= PN < o

Zhu and Zhao [ZZ05] characterized Carleson measures for this space when
0 < p < 1 and Arcozzi, Rochberg and Sawyer [ARS065| recently obtained
results for the case p =2 and a € (—n — 1, —n/.

0.2. Carleson measures on Hardy Sobolev spaces. We say that a positive
Borel measure y on D, is a Carleson measure for Hj = Hj(D,,) if there exists
a constant C' = C(p) such that:
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(1) 1 llzry < Cllflle

for all f € Hj.

Observe that when § = 0 we have the usual Hardy space. For 0 < p <
1 and 0 < 8 < 2, Ahern[A88] described Carleson measures using atomic
decomposition for functions in H? (see [A88, Lemma 1.1]). For § = 0 and
p > 0, Hormander [H67] solved the problem using a covering lemma and
boundedness of a maximal function. In paper I, inspired by results in [An97,
B87], we give a new proof of these results. We use Green’s formula with
respect to an appropriate positive closed (1.1) form to reduce the problem to
pointwise estimates for functions in these spaces. Moreover we show, by giving
a counterexample, that the natural growth condition is no longer sufficient for
p>1and 3 > 0.

0.3. Carleson measures on the Generalized Bergman space. We re-
strict ourselves to p = 2. The Generalized Bergman spaces A2 [ZZ05] consist
of all holomorphic functions f in the unit ball D,, with the property that:

m 2 m+a
I£1I5 = / (I +R)™f(2)]” (1= |2*)"™ A (2)
where 2m + a > —1. Note that this definition is independent of m.
In this case a positive Borel measure p on D,, is a Carleson measure for A2 if
there exists a constant C' = C'(u) such that:

/ fPdu< ClIfIE, f e A%
D

One can easily observe that when o« > —1 we have the usual weighted
Bergman spaces (take m = 0), and when a = —1, we have the usual Hardy
space. Thus Carleson type embedding problems have been settled in these
cases by Carleson, Hormander, Stegenga, Cima and Wogen. The range a €
(—n — 1,—1) was unsolved until 2006 when Arcozzi, Rochberg and Sawyer
[ARS062] obtained results for the range o € (—n — 1, —n]. Their characteriza-
tion used certain tree condition. They have transformed the question, equiva-
lently to a question of boundedness of an operator T, in L*(u) where

T.f(z) = /D £ (w)Ka(z,w)du(w), z € D,

with Ka defined by Ka(Z,U)) = %{W} .
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In paper II, we use singular integral techniques to characterize measures p
for which this operator is bounded. To be precise, recall that for a topological
space X with a pseudo distance d, a kernel K(x,y) is called an n Calderdn-
Zygmund kernel with respect to the pseudo distance d if

a) |K(z,y)| < d(f#)n and

b) There exists 0 < § < 1 such that

d(z,2")°

|K(‘T7y> - K(.T/,y)‘ + ‘K(y,]?) - K(y7$/)| < CQW

if d(z,2") < Csd(x,y), z, 2",y € X.

Given a Calderén-Zygmund kernel K, we can define (at least formally) a
Calderén-Zygmund operator (CZO) associated with this kernel by

Tf(z) = /X K (2, 9)f (5)du(y).

One important question in the Calderén-Zygmund theory is to find a crite-
rion for boundedness of the CZO in L?(u). (In this context, such problem is
called a T(1)-Theorem problem)

Many authors studied this problem. In fact, when X = R™ u = dx (the
usual Lebesgue measure) and d is the Euclidean distance, a famous criterion
called ”T(1)-Theorem” was obtained by Journé and G. David [DJ84]. This
criterion states that a CZO is bounded in L?*(du) if and only if it is weakly
bounded (in some sense), and the operator and its adjoint send the function
1 in BMO. This result was extended to space of homogeneous type in an un-
published work by R. Coifman. It was then an interesting question to extend
this T(1)-Theorem in the case where the space is not of homogeneous type
(This essentially means that the measure p does not satisfy the doubling con-
dition). Several authors such as Tolsa, Nazarov, Treil, Volberg and Verdera
[T99, NTV97, VOO] treated this situation in the setting of R™ with the Eu-
clidean distance. One good example of such an operator was the Cauchy
integral operator. We say that the Cauchy integral operator is bounded in
L?(dy) whenever for some positive constant C', one has for every ¢ > 0

/ C.(fp)du < C / P, £ € L(dw),

where

cume = [ ), sec
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Their result is that the Cauchy integral operator is bounded in L?(du) if
and only if

i) u(D) < Cr(D), for each disc D with radius (D).
ii) [, [Cc(xpp)|*du < Cu(D), for each disc D, € > 0.

Similarly, when we consider the kernel K, associated with the operator T,
we first show that this kernel is an n + 1 + « Calderén Zygmund kernel in the
unit ball associated with a pseudo distance d. To characterize the boundedness
of this operator, we adapt the idea used by Verdera [V00] to give an alternative
proof of the T'(1)— Theorem for the Cauchy integral operator. For this, we
introduce a sort of Menger curvature [M95] in the unit ball and establish a
good A inequality.
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EDGAR TCHOUNDJA

ABSTRACT. The main goal of this paper is to present an alternative proof of
Carleson measures for Hardy Sobolev spaces in the unit ball (Hardy spaces
included) Hg. We simply use Green’s formula and pointwise estimates for
functions in these spaces. An example shows that for p > 1, the natural
necessary condition is no longer sufficient.

1. INTRODUCTION

In this note, we give a new proof of the characterization of Carleson measures
for some Hardy Sobolev spaces in the unit ball. Our method avoids some tech-
nicalities used by previous methods such as maximal functions, covering lemma
and atomic decomposition; see [7, 1]. It seems therefore easy and can be used
for other purposes. We just use Green’s formula associated to an appropriate
positive closed (1.1)— form. This method is inspired by results in [4, 2]. Let
D ={2z€C": |z| <1} be the unit ball of C"; and S = dD its boundary. We
will denote by d\ the normalized Lebesgue measure on D, and by do the normal-
ized Lebesgue measure on S. For § € R and 0 < p < 400, the Hardy Sobolev
space Hj; consists of holomorphic functions f in D such that (I + R)’ f € H?(D)
(the usual Hardy Space), where if f = )", fi is its homogeneous expansion (see
8]), (I +R)° f=3,(1+k)?f. Observe that for 3 = 0, H}, = H?(D). We say
that a positive Borel measure ; on D is a Carleson measure for HJ if there exists
a constant C' = C(p) such that:

(1) 1A llzr g < Cllif e,

for all f € Hg. We give a new proof of the following theorem.
Theorem 1.1. Let p be a positive Borel measure on D. Assume that 0 < p <1
and 0 < B < % orp>0 and f =0. Then the following are equivalent:

2000 Mathematics Subject Classification. 26B20, 32A35.
Key words and phrases. Carleson measures, Hardy Sobolev spaces, Arveson’s Hardy space,
Green’s formula.
1



2 EDGAR TCHOUNDJA

i) p is a Carleson measure for HJ.
ii) There ezists a constant C such that

p(Qs(8)) < Co™

forany £ €S and d > 0,

where m =n — Bp and
Qs(6) ={zeD: [1—2{ <6}.

The sets (s are the high dimensional analogues of Carleson boxes in the unit
disk. They are also called non isotropic balls. See [8] for more informations.

2. PRELIMINARY RESULTS

Let €2 be a smooth pseudo-convex domain in C" and p a function such that
Q={zeC":p(z) <0}

with |dp| > 0 in 9Q = {p(z) = 0}, the boundary of €.

If w is a positive closed (1,1)—form in €2, the form w defined a Kéhler metric
in 2 and the volume form with respect to this metric is given by dV = “;L—T
Definition 2.1. Suppose that w is a positive closed (1,1)—form in §). The Lapla-
cian with respect to the metric induced by w is defined by:

n n—1

w =
Awum =i00u A\ ey

for any function u of class C* in €.
An application of Stoke’s formula gives this Green’s formula.

Theorem 2.2. Suppose that w is a positive closed (1,1)—form in Q. Let u,v €
C> (Q), and u,v real. Then

R ( /Q (WAL — ul ) dV> =R (2 /8 (o8~ udv) A C;T(ln; > .

Recall that the Euclidean volume form is determined by the closed (1, 1)—form
3 = i00|z|%; precisely, d\ = 27,
In the sequel, in view of our objective, we suppose that € is contained in D.
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We consider now the closed (1,1)—form on D given by w = i90 log (17}’42).
Observe that:

s gl

+
=P " (1 22
where 3 = i00|z|? is the usual Euclidean closed (1, 1)—form and
v = iZ§jzkdzj A dzy = i0|z|* A D|z]2.
gk

w =

We can see that 2 = 0 and 8 A~y = v A 3. Therefore for any integer p with
1 < p < n, we have by the binomial formula

3" pB Ay

2 ST

In particular,

n_ g"
(3) W= (1— ’Z‘Q)nJrl
and
w1 B (n—=1)p"2 Ay
W R RN . EO

Using the definition of the Laplacian together with (3) and (4), we obtain
by straightforward computation, the next lemma which gives us a formula to
compute the Laplacian with respect to the above closed form w.

Lemma 2.3. Suppose that w = i00log (ﬁ) Then for a C* function u on D,

the Laplacian with respect to w s given by :

(5) Ayu(z) = (1 —|2]%) Lu(2)
where Lu(z) = Zk —828;;@ — Zy}k’ —622;2;@ 2 2.

From this we see that the Laplacian with respect to this form is the same as
the Bergman Laplacian or the so called invariant Laplacian. So A, (uo p,) =
(A, u) o @4, where @, is the involutive automorphism of D that interchanges the
points 0 and @ € D. This invariance also follows from the fact that ¢! (w) = w;
just use the identity (9) and the definition of the Laplacian to see this. The
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Green’s formula in this case is given by the following result (see [10, p28]and the
references therein) .

Proposition 2.4. Suppose 0 < r < 1. If u and v are twice differentiable in D
then

d\ ou ov r2n=ldqs
Apu — uAJV) ——— =2 ——y— | —
/Mq(” U UAY) TRy ”/Z|:r(”an “an) (1— 21

where g—z is a radial derivative of u. Note that we can obtain Proposition 2.4

directly from Theorem 2.2. A direct computation gives the following lemma.

Lemma 2.5. Let s > 0. Consider the function ¢(z) = (1 — |2|?)%, then

(6) Aup(z) = —{s(n —s)(1 = [2]*) + s*(1 = [2*)*} (1 — [2]*)*".
Proof: Let u(z) = (1 — |2]?)®, we have
0*u

s—1 _ s—2
02,02, (T=12P)" G+ s(s —Dzjz (1—[27)7 .

We use (5) to obtain

Aup(z) = (L =[] (=sn(l = [2*) + s(s — 1)|[*)
(1= 1277 (s(L = [2)|2l” = s(s = D))
= (=s(n—s)(1—[2*) = " (1= [2[)") (1 — 2"

From Proposition 2.4 we obtain the following result.

Theorem 2.6. There exists a positive constant C' such that for all u € C* (ﬁ),
u real and positive, we have

(7) /Lud)\SC/uda.
D s

Proof: Let u € C*® (5), fix 6 €]0,1] small and apply Proposition 2.4 with
r2=1-0. Let v(z) = (1 — |2]2)", by (6), we have Ayv(z) = —n2 (1 — |2[2)"".
Proposition 2.4 gives

/ Lud)\+n2/ wd\ = ﬁ/ (5@+2n(1—5)”u> do.
2|2<1-6 j2)2<r 2 Jjzp=1-5 \ On

Letting now ¢ tend to 0 we obtain (7).
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From this, we obtain an important estimate in the following theorem.

Theorem 2.7. There exists a positive constant C' such that, if g, € C*™ (ﬁ) )
1s real, and g is analytic in D, then for 0 < p < 400

(8) /D Li(2)|gPebdr < C© / glPevdo.

Proof: Let g, be as in the theorem. Fix a positive € small. A straightforward
computation shows that L (log|g|? + €) > 0. Since for any smooth function h, we

have L(e") > eMLh, if we apply (7) to u = (|g|* + e)% e?, we obtain

/L¢ (|g|2+€)§ewd)\§0/(|g|2+e)§e¢da
D s

for any e.
Letting € tend to 0, this gives (8) and this ends the proof of the theorem.

We will also need the following lemma.

—122)°
Lemma 2.8. Let s > 0 and a € D. Consider the function {(z) = Q=FP)” . then

[1—zal|?s 7

SL= [z (=) sn—s)(1-]z)""
L) == —gpemn - 11— zaf

Proof: Let £ be as in the lemma. Recall that
(1—12[) (1 — |al*)
11— zal?

(9) 1= |ea(2)* =

and observe then that £(2) (1 — |a]?)® = (1 — |pa(2)]?)°. By the invariance of the
Laplacian, we have

(1=1al*) A (€(z)) = Au(&(z) (1= lal?)")
Ay (1= lea(2)[)
= Ay (1= 12)%) o al2).
We use now (6) and (9) to obtain the result.
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3. CARLESON MEASURES FOR HARDY SOBOLEV

In this section, we will give a proof of Theorem 1.1. For § € Rand 0 < p < +o0,
we recall that the Hardy Sobolev space Hj(D) is the space of all holomorphic
functions f in D such that

’VM@mfzprMI+Rny®pddQ<um

r<i

By the definition, we can see that the operator (I + R)B is an invertible opera-
tor with inverse (I +R)". For 8 > 0, by simple change of variables, we see that
(1+k)F = ﬁ fol (log %)6_1 t*dt, where k is an integer. Thus for a holomorphic
function f and 3 > 0 we have

1 B-1
(10) () = ﬁ /0 (log %) (I+R) f(t2)dt.

On the other hand, using integration by parts, we observe that

1 1 B-1 1 k 1 1 B
/ <log —) thdt = SR <log —) thdt.
0 t B Jo t

So we can extend the formula (10) for § > —1 and § # 0. We obtain

1 ! 1\’ +1
1) = 555 /0 <log¥) (I+ R f(t2)dt.

We iterate the procedure n times and obtain that for a holomorphic function

fand 8> —-n, 3#0,—1,-2, ...

1 B+n—1
(11) f(z) = m /0 (log %) (I4+R)"" f(tz)dt.

From this discussion we will obtain the following estimates.
Lemma 3.1. Let m, s be two positive real numbers such that m—s > 0. Consider

the function f(z) = W Then the following holds:
i) There ezists a constant C such that
1
I * <(C—r——F—
(4 R) )] < O

for all w € D.
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ii) There ezists a constant C such that

1
11— zw|m—s’

(I+R) " f(x)|<C

for all w € D.

Proof: Suppose that s is an integer, then a straightforward computation shows
that

P,(zw)
(1—zw)" "
where P is a polynomial of degree s. We then obtain i) in this case.
Suppose now that s is not an integer, write s = n + v where n is an integer

and 7 a real number such that v € (—1,0). If we take 8 = —s, we observe that
B € (—n;—n+1). Using (11) we have

(I+R)" f(z) =

(I+R)f(z) = F<i7) /0 (log %) N (I +R)™" f(tz)dt.

Hence
Ryl < [ (owg) 0 R™ S

1 _ -1
< ¢ / =07
0

|1 — tzw|mtn
by the first case of i). We then obtain part i) of the lemma because

1 (1 _t)r

i |1 - tz|kdt ~ ’1 . Z|7k+r+1’

for k —r—1>0and —1 < r < 0. This finishes part i) of the lemma.
For the second part of the lemma, we argue in the same way. If s is an integer,
then by iteration, we can prove that

Qs (z0)

(I+R)™ f(2) =

where ), is a polynomial of degree s. We then obtain ii) in this case. Suppose
now that s is not an integer and write —s = —n + =y, where n is an integer and v
a real number such that v € (—1,0). Substituting 5 = —n — v in (11), we have
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(T+R)™ f(z) = — /0 1 (log %) T AR f)

The proof of ii) follows as in i).

Definition 3.2. We say that a positive Borel measure p on D is a Carleson
measure for Hp if there exists a constant C = C(u) such that:

(12) 1A llzeny < Clif Ml
for all f € H.
Recall also that, for any € € S and § > 0, the Carleson box is the set

Qs(§)={z€eD: [1—2z{ <d}.
The following theorem, which is proved in [10], gives a characterization of mea-

sures which satisfy certain conditions on the Carleson boxes.

Theorem 3.3. Let t be a strictly positive real and p be a positive Borel measure
on D. Then the following conditions are equivalent:

a) There ezists a positive constant C' such that

1 (Qs(8)) < Co*

forall £ €S and all § > 0.
b) For each s > 0 there exists a positive constant C' such that

(13) sup/‘1_|zl du(w) < C < oo.

~eD 1 — Zw‘tJrs
c) For some s > 0 there ezists a positive constant C' such that the inequality
in (13) holds.

From this we obtain the following necessary condition.

Lemma 3.4. Suppose m =n — Bp > 0. Let u be a positive Borel measure on D.
If 1 is a Carleson measure for Hg, then there exists a positive constant C such
that
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(14) 1 (Qs(8)) < Co™
forall £ €S and all § > 0.

Proof:

Suppose that p is a Carleson measure for Hg. If for sufficiently large k£ we take
f(z) = e then by Lemma 3.1 part i), there is an absolute constant C' such

c
that HfH wy S TRp o
This fact together with the Carleson condition gives

1— |22 kp+pBp—n
supb/m( ) )y <,
D

2eD |1 — zwl|k»

which by Theorem 3.3 is equivalent to (14).
O

We are ready to give the Proof of Theorem 1.1. It is enough to proof
the Carleson inequality for f holomorphic in D, and smooth enough up to the
boundary. For such f, we consider the functions

M@=%I+Rff@)wd¢@y:_/§£:ELL

o [Tz )

Since p satisfies (14), by Theorem 3.3, we get that e¥ ~ 1. By Theorem 2.7 and
Lemma 2.8 we have

(L= [zP)" (1= wf)  mn=—m)1-— )" .
// ( |1 — zw|?m+2 + 11— zw[2m ) dp(w)|g(z)[PdA(2)

gcé@@wwo

Therefore in view of Fubini’s theorem, (12) follows if we can prove that
m?® (1 — [w*)™ (1 — |2*)
1 P o< P
a0 er < o (TEEEEEED ) opaw)

+c/< e )mmwww>

for all z € D. We proceed to prove (16). Observe that for n —m > 0, (16) is
equivalent to
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AP < 0/ A=), pdaw).

11 —Zw|2m

by the reproducing formula for Bergman spaces

(17)

For()<p§1and0<ﬁ<;,
( see [10, Theorem 2.2 |), we have for any strictly positive real number s

(I+R) f(z) = g(z) = Com / u ‘n'ﬁ;LZ IA(w).

Hence by Lemma 3.1 part 11), we have
1-—

18 < C
(18) sl < o [ el
Assume s is sufficiently large so that we can set
2m
=—+0-(n+1)

Thus (18) becomes

g(w) 2

(1 —zw)»
(n+1); therefore we apply Lemma 2.15 in [10]

(1 — |w?)” dA\(w).

) < c/

We observe that s = % —

to obtain
A —Jw)™™
er < o G A=l wrar(w.

which is (17).
For p > 0 and 8 = 0, by the same reproducing formula applied to (1{ (ZZE))Q for

some a € D and a > 0 to be chosen, we have

(1—za)> ”+1+S (1 — wa)>

Hence we take a = 2z and obtain

T < o [ i),

(1 _ |Z| 1 — Z,w|n+1+s+a
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If 0 < p <1, we use Lemma 2.15 as in the previous case to obtain, by choosing
Ozziands:znp%l—(n—i—l),

0 < O

which is (16).
Finally if p > 1 and o > %, we simply apply Holder estimates and Theorem
1.12 in [10] to obtain (16). This ends the proof.

O

4. COMMENTS AND FURTHER RESULTS

As we can see in our approach, the space Hg(D) is involved just when we want
to obtain the key estimate (16). Therefore to obtain some result for p > 1 and
B > 0, the difficulty is to prove (16). It turns out that for this case the estimate
(16) is in general not true. We can see this by taking p = 2, 3 = %% (n > 2) and

(6%

few) =gz = S Lk :

wis @ (n=2)F (14 o) In*(1 + |a])

where (z,w) € C"? x C* and § < s < 1. Indeed, in this case, the estimate (16)
will imply that

9 < o [ BT Ry g arw),

b |1— zw|?

where D is now a unit ball of C*~2. This also implies that

WP < C /D (I +R)"T glw) PdA(w).

A straightforward computation using Taylor expansion finally shows that the
function g must satisfy

, 1
9 = Ozm:(l—i—m)lnzs(l%—m)'
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This means that g must be bounded since % < s < 1. But, for z = r¢ where

is the point of the boundary of D given by ¢ = (2=, ..., == ), we see that
vVn—2 vVn—2
g(2)| = —"m tends to co as r tends to 1. This gives a contradiction.
(14m) In®(14+m)

On the other hand, if we are able to prove that, for some cases (when terms
involved make sense), the inequality

(19) sup/s’([—i-R)ﬁpfp(Tf)’dU(f) < CHf”i;g

r<l
holds, for all f € Hg. In those cases as before, we apply the same reproducing
formula to (I + R)™ f7(z) to obtain

W U+R)™ fraw) (=)™
(I+R)™ fr(z) = C"””/D G A (w).

Hence by Lemma (3.1) part ii), we will have

of! (LR Pl 0~ o™ )

p
|f(2) 11— 2a|rm—Br

IA

which is (17). Thus (14) will still characterize Carleson measures on such cases.
However, we don’t know the cases for which (19) is true apart from the trivial
case p = 1.
Therefore, if we introduce the space Hj 4(D) as the space of all holomorphic
functions f in D such that (when terms involved make sense)

118, =sup [ [+ RY” )| o),

then for the analogue question of Carleson measures for H’b)ﬂ(D), with our
approach, we obtain the following theorem.
Theorem 4.1. Let p be a positive Borel measure on D. Suppose that
m =mn— Bp > 0. Then the following are equivalent:

i) pu is a Carleson measure for Hy 5(D)
i) There exists a constant C' such that p(Qs(§)) < Co™
forany € €S and § > 0.

We note that our approach easily gives the following closed, computable and
sufficient condition.
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Proposition 4.2. Let p be a positive Borel measure on D and assume that m =
n — Bp > 0. If for some € > 0, the measure y satisfies

1 (Qs(8)) < Co™
for any £ € S and § > 0, then u is a Carleson measure for Hg.

Proof: In this case, we simply need to prove that

fer < o [ SRR U RY S arw)

It is enough to we just use the same reproducing formula once more and Holder’s
inequality.

O

Finally, the following result shows that when p > 1, the necessary condition
(14) is no longer sufficient. This means that we can not expect to remove € in the
previous proposition. This result is proved here for p = 2 and § = "T_l However,
it can be extended to other cases in the same manner.

Theorem 4.3. Suppose p =2 and § = ”Tl (n > 1). There exists a finite positive
measure (i in D such that p satisfies the growth condition (14), but u is not a

Carleson measure for H_, .
2

Before giving the proof of this theorem, let us note that the space H?_, is

2
special. Tt is now known in the literature as the Arveson Hardy space. Arveson [3]
has studied extensively this space in connection with applications in multivariable
operator theory. We add a change on notations here to emphasize the dimension
of the space we are dealing with. So in this proof, we will denote the unit ball of

C" by
D, ={ze€C": |z| <1},
and the Carleson boxes in D,, by

Qi) ={z€D,: [1—2£ <d}.
Proof of Theorem 4.3:
We will adapt the idea used in [1, p 34] to prove an analogue problem for
exceptional sets.
First assume n = 2 and consider functions of the form f(z, w) = g(2zw), where
g is holomorphic in the unit disk D;. By means of Taylor expansion and Stirling’s



14 EDGAR TCHOUNDJA

formula, one can show that f € H2 (D) if and only if ¢ € H3 (D). Carleson
2 4
measures for H3 (D;) have been characterized by Stegenga using a capacity condi-
4

tion; see [9, Theorem 2.3]. The proof of this uses the fact that Carleson measures
for H3 (D;) coincide with Carleson measures for the space of Poisson transforms
4

of Bessel potentials of L? functions. If we now use Proposition 2.1 in [5] by ap-
plying it to the function ¢(z) = \/x, we conclude that there exists a finite Borel
measure v in D} (= D;\{0}) and a function g € H% (D;) such that

4

/| Jo(e)ltdy = oo

Let T denote the unit circle (T = 0D;) with its arclength measure df. Define
U :Dj xT — Djy by

o 2 . 2 .
\I/(T26ZS,626) = <T§6197T§6Z(5_6)> )

Ifwesetf):{(r‘gwr‘f’(s )>€D2 0<r<I; 986[027‘(‘[} then ¥

and

is clearly an homeomorphism from D} x T to D. Let it be the measure on D
obtained by transporting dv x df on D} x T to D. We still call i the extension
of this to Dy (=0 in D,\D ).

Thus we have a function f(z,w) = g(2zw) € HZ%(DQ) and a measure i € Dy

so that
|Gk = [ 1#Gwkd
D

= / lg(r2e™>dy x df
DI xT

= 27r/ l9(2)|?dv = o0
D,

The theorem will be proved in this case if we show that p satisfies (14). We

proceed to prove this. It is enough to prove (14) for £ € 9D. Moreover, by
V2 V2

575 %5 |- It is then enough

invariance under rotation, we may assume that & =
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to show that
10 s
i0

(20)

e
1—r— —r=i <4
’ 7’2 T26

implies that |1 — r2¢’| < ¢ and |1 — €| < Cd2. First observe that (20) implies
that 1 —r < 4. On the other hand, (20) is the same as

)e‘i% B g (61'(97%) + 6&'(%*))‘ < 9,

(S.ing)2 + (cosg — 7 COS <§ —9))2 < 62

. S S S
sm§ < ¢ and ’cos§—rcos (5—9>) < 0.

that is
Thus

Since we may also assume ¢ small enough, the first of these inequalities implies
that s < v/26; it also implies that

11— 72| = ‘1—7“2—{—7“2 (1—ei5)|
< 204 |1 —¢e"|
= 20+ 23@'71% < 40.
The second inequality implies that

r’l—cos(%—@)‘ < (5+‘T—COS§

< (5+5+‘1—COS%‘<35.

Consequently, since ¢ small implies r large, we get

‘1—(308 <§—9>) = 2sin? (Z—g) < 6.

So ‘% — 9| < 062 and then # < C§z. This leads to

4 0 )
11— = 2sing < 062,

This finishes the case n = 2. The case n > 2 follows in the following way. We
identify the following subset Dy = {2 € D,, : z; =0, j7 > 3} of the unit ball of
C™ with the unit ball D, of C2. We then consider the measure fi in D,, obtained
by transporting the measure g in Dy we have just constructed. The extension
of this measure to D,, satisfies the growth condition (14). For the functions
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f(2) = F(z1, z2) we have that, f € H2_,(D,) if and only if F' € H2(D;). We
2 2
then obtain from the previous construction a function f € H2_,(D,,) such that
2
Jp, [fI?dii = co. This finishes the proof of the theorem.
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ABSTRACT. In this paper, we give a new characterization of Carleson mea-
sures on the Generalized Bergman spaces. We show first that this problem is
equivalent to a T(1)-Theorem problem type. Using Verdera idea (see [V]), we
introduce a sort of curvature in the unit ball adapted to our kernel and we
establish a good X\ inequality which then yields to the solution of this T(1)-
Theorem problem.
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1. INTRODUCTION
Let n be a positive integer and let
C'=Cx---xC

denote the n dimensional complex Euclidean space.
For z = (21, ,2,) and w = (wy, -+ ,w,) in C", we write

2W = (z,w) = W7 + -+ + 2, Wy,

and

2l = VP T
The open unit ball in C” is the set
D={zeC": |z|]<1}.

We use H (D) to denote the space of all holomorphic functions in D. Let
S = 0D be the boundary of D. For o € R,a > —n —1, we define the Generalized
Bergman spaces A2 [ZZ] to consist of all holomorphic functions f in the unit ball
D with the property that

F(n+1+a)m!
2 Z 2

meNT

where f(z) = > ¢(m)z™ is the Taylor expansion of f.
meN”T
For B € R, we define the fractional radial derivative of order (3 by

(I+R) f(z) ==Y (1 +|ml)’ e(m)=".

One then easily observes, by means of Taylor expansion and Stirling’s formula,
that

(1) Hﬂﬁ%éJU+RWﬂ@Vﬂ—VW%”M@)

where 2m+a > —1. One also observes that the right hand side of (1) is indepen-
dent of the choice of m. If we let 20 = a+n+1 then we see by (1) that A2 = Bg,
where B is the analytic Besov-Sobolev spaces defined in [ARS]. Thus this scale
of spaces includes the Drury-Arveson Hardy space A2, the usual Hardy space
H?(D) = A?, and the weighted Bergman spaces when o > —1.

An interesting question about these spaces is to find their Carleson measures,

that is
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characterize positive measures p on D such that

2) /D FPdp < CIfIE. | e A2

(A measure p which satisfies (2) is called a Carleson measure for A% or simply
an A2 Carleson measure.)

Viewing the space A2 as defined by the relation (1), we see that the literature
is now rich with solutions of this question for various values of a.. Indeed the first
case of interest was the case & = —1 (the usual Hardy space). In [CA], Carleson
gave the result when n = 1 and later in 1967, Hormander [H] gave a solution
for n > 1. Stegenga [ST] (when n = 1), Cima and Wogen [CW] (when n > 1)
characterized Carleson measures for o > —1.

The range a € (—n — 1, —1) was unsolved until 2006, when Arcozzi, Rochberg
and Sawyer [ARS], obtained results for the range o € (—n — 1, —n]. Their results
use certain tree conditions and seem difficult to handle.

The purpose of this note is to present an alternative characterization of Car-
leson measures in the same range o € (—n — 1, —n| as in [ARS]. We obtain a
result which seems simple in the sense of applications.

To obtain our characterization, we show first that this problem is equivalent
to a kind of T(1)-Theorem problem associated with a Calderén-Zygmund type
kernel and then we solve the T(1)-Theorem problem type which occurs. To be
precise, recall that for a topological space X with a pseudo distance d, a kernel
K(z,y) is called an n Calderén-Zygmund kernel (or simply a Calderén-Zygmund
kernel) with respect to the pseudo distance d if

2) |K(2,y)| < 755, and
b) There exists 0 < § < 1 such that

d(zx, a:’)5

|K(z,y) — K(2',y)| + |K(y,2) — K(y,2)| < CQW
if d(z,2") < Csd(z,y), z, 2",y € X.

Given a Calder6n-Zygmund kernel K, we can define (at least formally) a
Calderén-Zygmund operator (CZO) associated with this kernel by

Tf(z) = /X K (2, 9) £ (y)duty).

One important question in the Calderén-Zygmund theory is to find a criterion
for boundedness of a CZO in L?(u). (We will call such a problem a T(1)-Theorem
problem)
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Many authors studied this problem. When X = R™, u = dx (the usual
Lebesgue measure) and d is the Euclidean distance, a famous criterion called
”T(1)-Theorem” was obtained by Journé and G. David [DJ]. This criterion states
that a CZO is bounded in L?*(dy) if and only if it is weakly bounded (in some
sense), and the operator and its adjoint send the function 1 in BMO. This result
was extended to space of homogeneous type in an unpublished work by R. Coif-
man. Later it was an interesting question to extend this T(1)-Theorem in the
case where the space is not of homogeneous type (This essentially means that
the measure p does not satisfy the doubling condition). Several authors such as
Tolsa, Nazarov, Treil, Volberg and Verdera [T1, NTV, V] treated this situation
in the setting of R™ with the Euclidean distance. One good example of such
an operator is the Cauchy integral operator. We say that the Cauchy integral
operator is bounded in L?*(du) whenever for some positive constant C, one has
for every € > 0,

/ C.(fu)lPdp < C / FPdu, e L(dp),

where

cme = [ ) gy, = ec.

C—z|>e C — 2
Their result is that the Cauchy integral operator is bounded in L?(du) if and
only if
i) u(D) < Cr(D), for each disc D with radius r(D);
ii) [, 1C(xpp)?dp < Cu(D), for each disc D, e > 0.
We now return back to the problem (2). We consider the kernel K, defined by

Kalevw) =R { (e |

For a positive Borel measure p in D, we consider the operator T, associated
with this kernel defined by

T (z) = /Df(w)Ka(z,w)d,u(w), . eD.

We will prove that if on D we consider as in [B] the pseudo distance d defined
by

Z W
d(z,w) = ||| — ]| + \1 2w
Bl

the kernel K, is an (n+ 14 «) Calderén-Zygmund kernel in the unit ball D with
respect to the pseudo distance d. Let B = B(z,17) = {w € D; d(z,w) < r} be

Y
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a "pseudo ball” or simply a ball of center z and radius r. We are now ready to
state our result.

Theorem 1.1 (Main theorem). Suppose o €] —n — 1, —n] and u be a positive
Borel measure in D. Then the following conditions are equivalent.

a) u is a Carleson measure for A2 ;
b) T, is bounded in L*(u);
c) There exists a constant C such that
i) u(B(z,7)) < Crmire,
it) [5|Ta(xs)Pdu < Cu(B),
for each ball B = B(z,r) which touches the boundary of D.

This theorem is a T(1)-Theorem type result with respect to the CZO T, (b <
¢) and it shows the equivalency of this T(1)-Theorem problem with Carleson
measures for A2 (a < b). Observe that the equivalency a < b is proved in [ARS,
Lemma 24, p 42] in a more general situation. Nevertheless we have included the
proof here for the sake of completeness. Thus to prove Theorem 1.1 | we will
essentially prove the hard part b < ¢. To prove the hard part, we will adapt to
the unit ball the idea used by J. Verdera [V] to give an alternative proof of the
T(1)-Theorem for the Cauchy integral operator.

The paper is organized as follows. In section 2 we gather some preliminaries
including a key covering lemma, terminology and background. Section 3 is de-
voted to the study of the generalized Bergman spaces A% and the proof of a < b.
Section 4 contains the proof of the hard part of the main theorem. Section 5
deals with some extensions, comments and opens questions.

2. PRELIMINARY RESULTS

We collect in this section few results which will be useful to our purpose. These

concern results on general homogeneous spaces and results for the special case of
the unit ball D.
2.1. Definition and Properties of a space of homogeneous type.

Definition 2.1. A pseudo distance on a set X is a map p from X x X to R
such that

1) p(z,y) =0z =y

2) p(z,y) = p(y, v)

3) there exists a positive constant K (K > 1) such that, for all x,y,z € X

plzr,y) < K(p(x, z) + p(z,y)). (Quasi triangular inequality)
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For z € X and r > 0, the set B(z,7) = {y € X : p(z,y) < r} is called a
pseudo ball or simply a ball of center x and radius 7.

Definition 2.2. A space of homogeneous type is a topological space X with a
pseudo distance p and a positive Borel measure p on X such that:

1) The balls B(x,r) form a basis of open neighborhoods of x.
2) (Doubling property) There exists a constant A > 0 such that, for all
xr € X and r >0, we have

0 < pu(B(x,2r)) < Au(B(z,r)) < oco.

The triplet (X, p, u) is called a space of homogeneous type or simply a homo-
geneous space. We will often abuse by calling X a homogeneous space instead of

(X, p, ).

Homogeneous spaces have been treated by several authors such as Coifman and
Weiss [CWe], Stein [S]. We refer to them for further details.

We will use the following lemma to prove a key type of covering lemma, Lemma
2.4 below. It will be crucial in our argument later.

Lemma 2.3. There ezists a constant Cy such that if B(xq,7r1) and B(xs, 1) are
two non disjoint balls and if r1 < ry then

B(xq,71) C B(x2,Cy19).
Proof: Let y € B(x1,71) N B(xg,72). We have for x € B(z1,m)
< K(p(z,y) + ply, 22))
< K(K(p(z, 1) + p(x1,y)) + p(y, 72))
< K(2Kry+ry)
K(Q2K + 1)ry.
We obtain the desired result if we set C; = K(2K + 1).

p(wa?)

A

O

Lemma 2.4. Let (X,d, ) be an homogeneous space. There exists positive con-
stants Ky, Ko, K3 with K3 > Ko > K(Cy + 1)Ky such that:
for an open set O of X (O C X ), there exists a collection of balls By := B(xx, px)
so that, if Bf = B(xg, K1px), B = B(xy, Kopy) and B = B(xg, Kspx),

a) the balls By are pairwise disjoint

b) O = LkJB;

c) O= LkJBZ*

d) for each k, By* NO° £ )
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e) a point x € O belongs to at most M balls Bj* (bounded overlap property).
Moreover, the constant M depends only on constants Ky, Ko, A and K.

Proof: Let O be an open set of X (O € X). Let € = m where C4

is the constant defined in Lemma 2.3. Consider the covering of O by the balls
B(z,e0(x)) where 6(z) = d(x,0°), z € O.

We have d(z,0°) > 0 since O° is a closed set. d(z,0¢) > 0 is finite. We now
select a maximal disjoint subcollection of { B(z, €d(x))}.eco; for this subcollection
By, Bs, ..., By, ... with By = B(xy, €§(xy)) = B(xy, pr), we shall prove assertions
a), b), ¢), d), and e) above. We set

1 1 2
Ki=———— Ky=—=and K3=-.
VTURR(C, F e 2T 2ek M
Observe that our choice makes these constants satisfy our hypothesis. Observe
that a) and d) hold automatically by our choice of By. It is also clear that

* X O(x %ok .
Bk =B <l’k, —4K2ECk)—&-1)> CB (iL‘k, é§)> = Bk: C O;

what remains to be shown is that O C %BZ (in this case b) and ¢) will be valid)

and that e) is true.
Let us prove that O C L]_CJB;.

Let z € O; by the maximality of the collection By,

B(mk,eé(xk)) N B(z,ed(z)) 7& 0 for some k.

We claim that §(x;) > 75 . If not, since € < 55 < 1, we have
B(xy,20(z1)) N B < 5( )) # 0.
120,
Since 26(xy) < 2C , by the Lemma 2.3, B(xy, 20(xy)) ( T)) which gives
a contradiction since B(zy,20(xy)) meets O, while B ( =(T> C O. Using the

fact that 4C1ed(zg) > €d(z), Lemma 2.3 gives

x € B(z,ed(x)) C B(xy, 4eC36(x1)) = Bi.
This proves b) and c).
We proceed to prove e).

M M
Assume that = € kQ1BZ* = 1B(xk, Kspr). We have

N
d(x, 0°) < K(d(z,0°) + d(z,xy)) < K(d(x,0°) 4+ Kopy);
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this implies that d(z, 0%) > +(d(zx, O%) — K Kopy). But

d(z, O°
KKsypy, = K Kaed(zy,, 0°) = %
and thus d(z, 0¢) > 207 7. Hence pp < 2Ked(z,0°).

On the other hand,
d(z,0% < K(d(z, O°) + d(z, xy))
< K (Kka + %) = K(Ks+ ¢ Ypp
So if x € B;*, the radius p;, satisfies
K(df({?—fce)—l) < pr < 2Ked(x,0°).
From this, we have
B(xg, pr) C B(x,Cod(z, O%))
where Cy = 2K%(K, + 1)e. We also have, for each k
B(x,Cyd(z,0°%)) C B(xy, Cspy)
where C5 = K(CoK (K + ¢ ') + Kj). Thus

LkJB(xk, pr) C B(z, Cad(x,0%))
and
B(x, Cod(z,0°%)) C B(xg, Cs3py) for each k.
Therefore, by the doubling property and the disjointness of By, we have

ZM(B(xk,Pk)) < pu(B(x,Coyd(z,0)))
< u(B(wr, Capr))
< Cu(B(xk, pr))-

Thus M < C and we are done.
O
One key result in the real variable theory is that, by means of Besicovitch cov-
ering Lemma, the usual central Hardy-Littlewood maximal function is bounded

in LP(R™,du) (1 < p < o0) where the measure p is not assumed to be doubling.
Since Besicovitch covering Lemma is no longer true in general homogeneous spaces
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[KR], we will obtain the same L estimates for a certain ”contractive” central
Hardy-Littlewood maximal function to be defined later, via the following lemma

Lemma 2.5 (e-Besicovitch). Let (X, d, ) be an homogeneous space. Let E be
a bounded set, fir a positive number M and denote by F the family of balls B(a,r)
with center a € E and radius v < M. Then there exists a countable subfamily
{B(ag, ) }32, of F with the following properties.
1) E C ]:L_le(CLk,T’k>
ii) the family { B(ay, =)}, is disjoint, where a =
in the quasi triangle inequality for d;
iii) for all 0 < € < 1, the family F. = {B(ag, (1 — €)rg)}3>, has bounded
overlaps, namely

K

5, and K 1is the constant

< 1
ZXB(akv(lfé)Tka) S ClOg E?
k=1
where C' depends only on constants of X and x4 denotes the characteristic

function of the set A.
Proof: See [FGL, Lemma 3.1].

We now turn our attention to the special domain of interest, the unit ball
D={zeC":|z] <1}.
In [B] it is defined a map d on D x D by

d(z w) — ||Z| - |w|| + ‘1 — é%‘ if z,w e D*,
2] + |w] otherwise,

where D* = D\{0}.
2.2. Properties of the pseudo distance d.

Lemma 2.6. The following assertions hold:

i) d is a pseudo distance on D
ii) d is invariant under rotation.

Proof:

Assertion ) will follow essentially from the fact that the map (&, () — |1 —52]%
is a distance in OD (see [R, Proposition 5.1.2] ).
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Indeed, the first property of a pseudo distance follows easily from this assump-
tion; the second property is obvious. For the third property, let z,w and ¢ € D.
We have

d(zw) = Hz!—!w!H’l

w z
e
< Yzl = Il + 1i¢l - |w|r+2('

el
[l I¢] [¢l1z]

(by the triangular inequality for the distance in the boundary).
So

)

d(z, w) < 2(d(z, ) + d(¢, w)).
Assertion i7) follows from the fact that the inner product 2w is invariant under
rotation.
O

The pseudo balls associated with this pseudo distance satisfy this important
observation.

Lemma 2.7. The pseudo ball B(z,r) = {w € D : d(z,w) < r} touches the
boundary of D if and only if r > 1 — |z|.

Proof: Fix a pseudo ball B(z,r). Let e = r—(1—|z|). Since we are interested in

points which touch the boundary, we have to find conditions on points w € B(z, 1)

such that |w| > |z|. For such w, we have d(z,w) = |w| — |z| + ‘1 So

\Ilwl

(3) d(z,w)<r{:)’1—i—‘ <etl—lz|—|w|+]z] =e+1—|ul.

2| [l

From this we have our result. In fact, (3) shows that B(z,r) touches the boundary
of D if and only if € > 0.

O

These pseudo balls have close relations with the so called Koranyi balls. Pre-
cisely, for £ € 9D = S and 9 > 0, if we set

Qs(6) = Q(&§,0) ={z €D |1 - 2¢| <4},

then we have the following proposition.
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Proposition 2.8. There exists positive constants a; and as such that, for every
pseudo ball B(z,r) which touches the boundary of D,

Q (%7’) C B(z, arr),
B < Qo).

Proof: Let B(z,r) be a pseudo ball which touches the boundary of D. Let
w € B(z,r). Since ||z| — |w|| < r we have for |w| < |z|,

and

2| = |w| <r=1—|w| <2r

and for |w| > |z|
l—|wl<1—|z] <

So if w € B(z,r), 1 — |w| < 2r. Therefore for w € B(z,7)
z

‘1—10— = ‘1—|w|+|w|—w—'
2|

< 1—|w|—|—|w|’

!ZI

< 2r+’1——— < 3r.

jw [2]

So B(z,r) C @ <‘Z|,37’) Take as = 3.

For the first inclusion, we can suppose that 0 < r < % In fact, for r >
Q <|Z‘7 > C B(z,6r). Let w € Q (M, ) We have

1
29

‘ w Z

jw] [2]

On the other hand, if |z| > |w]|, then

2] = lwll = |2] = Jw| <lz] = wz| < 7|z <7
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If |z| < |wl|, then |w| — |z] <1—z| <r. So @ (é,r) C B(z,5r). Take a; = 6.
For a > —1, let d\,(z) = (1 — |2|*)*d\(z) where d\(z) is the usual Lebesgue
measure of C" ~ R?". We then have the following result.

Lemma 2.9. For each fired o > —1, the triplet (D,d,d\,) is an homogeneous
space.

Proof: Since d is already a pseudo distance on D, we need only to prove that
d)\, is a doubling measure. One can prove that for 0 < R < 3, ( = (r,0,---,0),
0<r<l
(4) Aa(B(¢, R)) = R {max(R, 1 —7)}°.

This ends the proof of the lemma.
O

Remark 2.10. This lemma shows that we can apply Lemmas 2.4 and 2.5 in the
unit ball D.

We will make use of these others properties of d.

Lemma 2.11. For every z € D and ro, 0 < rq < 1, if we denote by
20 = (19,0, ,0) we have

1) 1= ziro| > 3d(z, %)

2) \il —ro| < d(z, 20)

3) X laf® < 2d(z, 20)

k=2
4) 11— 220] <1 =12 +d(z,20).
Proof:
1) We have
ll—ﬂ S |1—217"0|+ 217“0—ﬂ
2| ||
< |1 = zro| + 1 — 7ol2]
S 2‘1—21T0|.

If |z| < rp then
l|z| = ro| =10 —|2| <1 —|z21] < |1 = 2z170].

If |z| > 7o then
2| = 7ol = |2] =10 <1 =19 < |1 — 2170
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Hence d(z, zg) = ‘1 — |+ llzl = rol < 3[1 =zl

2) We have
v =m0l < [z = [z + [l2] = 7o
z
< |z 1—’?1|‘+||z|—r0|§d(z,zo).
3) We have

n
dlal =P = 1af < 2z = lall
k=2

21

< 2z — 2| £2 ‘1 e < 2d(z, 29).
z
4) We have
|1 —zz0| = |1 — z1im0] < 1 =72 + |12 — 2170]
< 1—7r2+4rg— 2] 2§) 1 — 78 +d(z, 2).
O
For a > —n — 1 fixed, set k =n + 1 + a. We consider the following kernel
Ka(zw) =R 1
o\ W= (1 — zw)k
and obtain the following this important result about this kernel.
Proposition 2.12. 1) There exists a constant C3 such that for all z,w € D,
Cs
K, (2, w)| < .
Kalz0)] € g

2) There exists two constants Cy,Cy such that for all z,w,( € D satisfying
d(’Z? C) > Old(wa C)a

we have

N[

dw, OF

Ka 9 _Ka ) _C
Ka(z10) = Ka(2,01 < Gy =0
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Proof:

Assertion 1) follows from Lemma 2.11 and the invariance under rotation. In-
deed for z,w € D, if A is the rotation such that A(w) = (Jw],0,---,0) then we
have

(5) d(z,w) = d(A(2), Alw)) < 3|1 — A(2)A{w)| < 3|1 — 27|

So d(z,w)* < 3%|1 — 2w|*. Take C3 = 3*.
Let us prove 2). By the invariance under rotation, we can suppose ( =
(ro,0,-++,0). We use the identity

. G kz(w — () )
Ku(z,w) — Ku(2,¢) = /0 R ((1 — W — tZ(Z—@))kH «
to obtain
) L k|z(@ — Q)|
(6) | Koz, w) — Ko(2,()] < o |1 — 2w —tz({ —w)|k+?
We have

D=

N

(@ - ¢)| < |Zl(w_1—7“o)|+<2|zk!2) (lekF)
< \w1—r0|+<2|2k\2> <Z\wk\2> :

So by Lemma 2.11 and (5), we have

@ = 0l < 2dw,O)} (dw, ) +d(z,Q)?)
4 1 1
S \/—C_ld(w,C)Qd(Z,C)z
(7) < L i, 0t - =gk,

ven

This shows that for C; large enough, we have |z(w — )| < 11 — 2¢|. On the
other hand, observe that

11— 2w — tz(C —w)| = |1 — 27|
where n = (1 — t)w + t{. Since

(1= 2¢) = (1= 27)| = [=(7 = O]
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and B B B
(=20 =A== = (1= 1)]z(@ - ()| = |2(w = ],
we conclude that for large Ci, |1 — 27| > 1|1 — 2(].
Therefore, from (6), (7) and (5), we have

_ w1, C 1= 2(|2d(w, )
|Ko(z,w) — Ko(2,Q)] < 2 k\/a 11— Zakﬂ
. dw. 0}

2

d(z,Q)F*3

O

Remarks 1. This Proposition shows that the kernel K, is a k Calderon-Zygmund
kernel with respect to the pseudo distance d.

We can observe from the proof of Proposition 2.12 that the assertions are still
true if we replace the kernel K, by the kernel m

3. BERGMAN-SOBOLEV TYPE SPACE A2.

In this section, we define the space A2. We give some properties of this space.
Finally we show that the Carleson measures problem for these space is equivalent
to the T(1)-Theorem problem associated with the Calderén-Zygmund kernel K.
Definition 3.1. Let « € R,a > —n — 1. We denote by A% the space of all
holomorphic functions f in the unit ball D with the property that

F(n+1+a)m!

2 2

= <
1 = 3 o e oy <
where f(z) = > ¢(m)z™ is the Taylor expansion of f.

meN”

Theorem 3.2. The space A2 is equipped with an inner product such that the
assoctated reproducing kernel is given by

1
B = .
a(Z7 w) (1 _ Z@)n+1+a
Proof:
For f(z) = > c(m)z™ and g(z) = > _d(m)z™, define the product by

— TI'(n+14a)m!
(f,9)a = Zc(m)d(m)r(n(qt 1+ |m|)+ a)

m
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This clearly defines an inner product in A2. Let f € A2 with f(z2) =Y c(m)z™.
Since "

Y

F'n+1+m|+a) ,,_
Ba Y = " "
(2, w) ; I'(n+14 a)m! =

we have for w € D,

B P(n+1+|m[+a) , T(n+1+a)m!
> Balsw))a = zm:dm) I'(n+ 1+ a)m! (n+1+|m|+a)
= Zc(m)wm = f(w).

We are done.

Remark 3.3. The space A% is a Hilbert space with the Hilbert norm ||.||4.

Proposition 3.4. Let w € B,, and set f(z) = m If 25 > n+ 1+ a then
f € A2%. Moreover,

1

(1 _ |w|2)257n717a :

1115 =

Proof: 1t is enough to verify the last assertion of the proposition. Let

1 I'(lm| + s
RIS ([T P
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we have by Stirling’s formula,

N 2(jm|+s)_, 5 T(n+14+a)m!
Iflla = Z T2(s)(m!)2 W |2F<” +14|m|+ )

m

Mk+s)'n+1+a Lk+1) .9
:%:FQ(S( )T(n + ) Z(+>|w|

Tn+1+k+a)l(k+1) o m!

Tn+1+k+a)l(k+1)
Z(l + k)25727047n’w|2k
k
5 T(2s—n—1—a+k) o
r'2s—n—a—-1)ITk+1)
1
(1 _ ’w’2)257n717a'

I'2(k+s)I'(n+1+a) ok
= ZFQ(S |w|
k

12

2

k

For § € R, we define the fractional radial derivative of order 3 by

(1+R) f(z) = 37 (L4 m])’ e(m)=",

m

where f(z) = > ¢(m)z™ is the Taylor expansion of f.
meN”T
The following lemma follows by the use of Taylor’s expansion and Stirling’s

formula.

Lemma 3.5.
(8) I1£II5 = /D (T +R)™f(2)* (1 = |2*)* ™ dA(z)

where 2m + a > —1.

We also observe that the right hand side of (8) is independent of the choice of
m.

Remarks 2.

e The space AP are introduced in [ZZ] for general values of p, we refer there
for further details about this space.



18 EDGAR TCHOUNDJA

e For a = —1, the space A2 is the usual Hardy space

HA(D) = { £ € HD) s [/l = sup [ 1706 do(e) < oo

e For a > —1, the space A% is the usual weighted Bergman space. When
a = —n, A2 is the so called Arveson’s Hardy space; for other values of «,
we obtain analytic Besov-Sobolev spaces.

We recall that we want to characterize positive Borel measures o on D such
that

(9) /D Pdp< CIfIE. | e A2

(A measure p which satisfies (9) is called a Carleson measure for A% or simply
an A? Carleson measure.)

As we have mentioned in the introduction the solution of this question is well
known for o« > —1. The result from these cases is the following theorem.

Theorem 3.6 (Carleson, Hérmander, Stegenga, Cima and Wogen). Let
a > —1 and p be a positive Borel measure on D. The following conditions are
equivalent.

a) There ezists a positive constant C' such that

(10) u@s(8)) < Comrite

forall £ €S and all & > 0.
b) The measure p is an A% Carleson measure.

The range o € (—n — 1, —1) is difficult. In this note our approach yields a new
characterization for Carleson measures for this space in the range
a € (—n—1,—n]. A characterization of Carleson measures in this range has been
previously obtained by Arcozzi, Rochberg and Sawyer [ARS]. It seems likely that
our characterization could be extended to the remaining range o € (—n, —1).
However, we have not yet succeeded to do this.

Nevertheless, observe that for &« > —n — 1, condition (10) remains a necessary
condition for Carleson measures for A%2. This can be seen by using Proposition
3.4, (9) and the following result [ZZ, Theorem 45].

Theorem 3.7. Let o be a real such that n + 1+ « and p be a positive Borel
measure on D . Then the following conditions are equivalent.

a) There ezists a positive constant C' such that

w@s(8)) < Comrite
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forall £ €S and all § > 0.
b) For each s > 0 there exists a positive constant C' such that

_ 2\s
el DA

(11) Sup b |1 — zw|n+itots =

zeD

c) For some s > 0 there exists a positive constant C' such that the inequality
in (11) holds.

We end this section by proving, in a general setting, the equivalence a < b of
Theorem 1.1. Recall that the CZO T, is defined by

1.4() = [ f@)Ku(eyw)dut), 2 € D,
D
where the kernel K, is defined by

Koo = R{ e |-

Proposition 3.8 (cf [ARS]). Suppose n+1+a > 0 and let j1 be a positive Borel
measure on D. Then the following conditions are equivalent.

a) The measure p is an A2 Carleson measure.
b) The operator T, is bounded in L*(u).
Proof: Let Z be the linear map defined by:
I: A7 — L*(n)
fo= fr
The adjoint of Z is given by

Ry 0

1 — Zw)n+1+a :

Indeed for f € L*(u) with Z* f € A2 we have, by the reproducing property,

T'f(z) = (T'f.Bal.2)),
— ([.I(Bul2)),
f(w)dp(w)

= <f7 (B@(’ﬂz))>uz/]3 (1_Zm)n+1+a'

On the other hand, observe that Z is bounded if and only if the measure p is
an A2 Carleson measure. It is well known that

7 is bounded < Z* is bounded.
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Note that Z* is bounded means that

(12) IZflIZ = (T, T )y < CIFI2
Then

[T A2 = (@ £T,
= ([ Batowsan), [ s
= [ [ Bulw). Bate2), Sw)dtw) FEut)
= [ [ Batew)sw)dutw) FETnz)

Having (12) for general f is equivalent to having it for real f. We now suppose
f is real. In this case we continue with

«

111 = [ [ RUBuw} fw)dute) £:)u:)
- <T0éf7 f>L2(u) .
The last quantity satisfies the required estimates exactly if T, is bounded. The

proof is complete.
O

4. PROOF OF THE EQUIVALENCE (b) < (¢) OF THEOREM 1.1

This section is devoted to the proof of the T(1)-Theorem. That is the charac-
terization of positive Borel measures ¢ on D such that the operator T}, is bounded
in L*(p). To get the equivalence (b) < (c) in Theorem 1.1, it suffices to prove
the following theorem.

Theorem 4.1. Let k =n-+ 1+« and p be a positive Borel measure on D. Then
the following conditions are equivalent.

1) The operator T, is bounded in L*(p).
2) The operator T,, is bounded in LP(u) for some p > 2.
3) i) There exists a constant C > 0 such that

(13) u(B(z,1)) < Crt
for all pseudo balls B(z,r) which touch the boundary, and
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ii) There exists a constant C > 0 such that

LU= d“<w>)2d~<z> < Cu(B)

for all pseudo balls B which touch the boundary.

4.1. Proof of 1) = 3). Assertion i) follows from the discussion after Theorem
3.6 and the fact that the sets B(z,r) and @, (é—‘> are comparable when B(z,r)

touches the boundary (in the sense of Proposition 2.8), and also by Proposition
3.8. Assertion i) is easily obtained by testing the boundedness on the character-
istic function f = yp.

O

4.2. Related maximal functions.

Definition 4.2. We say that a measure | satisfies the growth condition
when u satisfies inequality (13).

We proceed now to prove that i) and i) are sufficient for the boundedness of
T, for some p > 2 that is the proof of the implication 3) = 2). We focus our
attention first to the special case « = —n. We then set T =7T_,, and K = K_,,.

As we have mentioned in the introduction, we follow the same idea as in [V].
Indeed, we first introduce a sort of curvature which plays the role of the Menger
curvature. This curvature is adapted to our domain and has a close relation with
our operator. Next, we proceed to construct for every ball which touches the
boundary, a ”big piece” associated with this ball. This is the first crucial step
of our proof. Finally, the next crucial step is to prove an appropriate good A
inequality without resorting to a doubling property on p. Lemma 2.4 is used in
those steps.

We suppose that a measure pu satisfies the growth condition. In our estimates
we use two variants of the central Hardy-Littlewood maximal operator acting on
a complex Radon measure v, namely,

B
M) — sup MBET)
r>1—|z| r
and for a positive constant p > 1
v[(B(z,7))

Mfv(z) = sup

z € supp e,
r>1—|z| M(B(Z7pr))
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where B(z,r) is the pseudo ball centered at z of radius r which touches the
boundary and supp p is the closed support of p.

Proposition 4.3. Let u be a positive Borel measure which satisfies the growth
condition. For every p > 1 , there exists a positive constant C(p) such that for

any f € LP(p),
(14) [ gtsuran<c [irdn 1 <p<oo

Proof: Fix p> 1. Let EY ={z € D: M(fu)(z) > A}. Observe first that, for
each z € EX, there exists a pseudo ball B(z,r,) such that

1
(15) u(BGpr) <5 [ e

Consider the family F = {B(z, pr.)}.epe. Applying Lemma 2.5 to this family
with e =1 — %, we obtain a subfamily {B(z, prx)} of F such that
EY C %B(zk, pri), and the family {B(zx, )} has bounded overlaps. Therefore,

from (15) and this bounded overlap property, we have

WES) < (B, pri)
k

>,
= 5 | fldp
Azk: B(zkom)

C(p)
< S [ ifid

Hence, M is of weak type (1,1). We obtain the desired result from the obvious
L estimate and the Marcinkiewicz interpolation.

O
Remarks 3.
e Observe that for some constant C(p) > 0, we have
(16) Mv(z) < C(p)Mfv(z), z € supp p.

So (14) remains true if we replace Mf by M.
o The weak estimate is valid if one replaces fu by any finite measure v.

Lemma 4.4. Let p be a positive Borel measure which satisfies the growth condi-
tion. There exists a constant C such that, for all 8 > 0, 2°, R > 1 —[2° and a
positive function f:



CARLESON MEASURES AND T(1)-THEOREM 23

. T < Mg ()

w)>R d(207

for all z € B(2°, R). In particular, we have

(B, R)) / _dnlw)

d(z0w)>R |]' - ZO’UJ|1+’3 N

Proof: Fix 3 >0, 2°, R > 1 —|2°] and a positive function f. Let z € B(z°, R).
We have

/ flw)dp(w) - _ Z/ f(w)dp(w)
d(=0,w)>k A(20, W) ok Red(20,w) <2k+1 g d(20, W) TP

k=0

1
g (2’“R)1+’8 /d(zo,w)<2k+1R flw)dp(w)
1
- d
;(Z’CR)HB /d(z,w)<2K2k+1Rf(w> ulw)

k
< C’M(fp,)(z)Zﬁ

< CRM(fu)(2).

IA

IN

The particular case follows from the fact that

1 ¢ 0 _
T — 2017 < (20, w) 7B and M (fp)(z") < 1for f=1.

#’(B(°, R)) < CR”,

O

For a Radon measure v, set, for z € D,

dlv|(w

|1—zw|

Lemma 4.5. Let Q) be an open pseudo ball which touches the boundary and let u
be a positive Borel measure on D satisfying the growth condition.
If we set v = xqep, then

[rtvransc [k, g e o),
Q
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Proof: Tt is enough to prove that for some 1 > 0, there exists p > 1, v > 0 and
C' > 0 such that

(17)  p{zeQ: T*(fr)(z) > A +n)t}) < p({z € Q: MI(fv)(z) > 7t}).

Indeed if (17) is true, then

/Q T (fo)dp = /0 e T () > th)2tdt
= @ [z e 2 TR > 1+ e
< C/O+OO p({z € Q: ME(fv)(z) > yt})2tdt
< ¢ [apameant

< ¢ [iffan b a)
We prove (17) using Lemma 2.4 applied to the open set
Ey={2z€Q: T*(fv)(z) > t}.

We obtain (17) once we prove that for each j

(18) p{z € By - T°(fv)(2) > (L+n)t, ME(fv)(z) <At}) =0,

where B is a term of the first decomposition of the open set E; with respect to
Lemma 2.4.
In fact we will have
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(= € Q: T(fv)(=) > (L+m)t))
< Zu {z€B;: T*(fv)() > (L +n)t})

< Z ({z € B : T*(fv)(z) > (1 +n)t, ME(fr)(z) < At}))
+Z ({z € Bj: M[j(fl/)(z) >'yt}))

< SHlle € B M) > 20
J
< COu{z € @ MJ(fv)(z) > 1}).
by the bounded overlap property.
So it remains to prove (18).
Set B=1B (ZB,Klg) =B and B'=B (ZB,KQQ) = B;".
Suppose without loss of generality that there exists £° € B such that
Mg (fr)(€%) < t.

Let 2° be a point in Ef N B (27, K30). Set B to be a ball centered at z° whose
radius is equal to max (2(1 — |2°]),Co), where C' is a constant greater than or
equal to K3 to be precised later. Then B touches the boundary of D.

Let fi = fxg and fo = f — fi = fxpe. There exists a constant A; such that

(19) T*(fv)(z) <T* (frvxg) (2) + (1 4+ Ay)t, z € B.
To prove (19), let z € B. Then

T () e) = [ L)

7 |1 -2l

) ! !
< [t /'f“"d”< | =

<t [ i )z, 2007

(w )2
provided that C is chosen large enough so that we can use Proposition 2.12.
Hence by Lemma 4.4 we have

T (fvxge) (2) < (14 At
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This proves (19).
Set B = B(£°,C1K,p) and observe that B C B C B' C E;.
Now, if C'o > 2(1 — |2°]), there exists a constant Ay > 0 such that for z € B

(20) T (foxg) (2) < T* (frxs) (2) + At
To prove (20), we have

T (o) () < T (o) D)+ [ fw)ldy(w)

= T (fvxp) (2) + 1,

where [ = f§\§ V(rﬂ#_

By (5), —= < —C—~, and on the other hand, for w € B\B we have

" =zl = dizw)
CiK10 < d(§°,w) < K(d(27,€") + d(2”, w)) < K(Kio+ K(d(27, 2) + d(z,w))).

Thus
K?d(z,w) > C1 K10 — KK o(K +1) = K1 K?0.

Therefore
I < CM(fr)(€%) < Apt.

This proves (20). Since B C €2, we have T* (frxg) (2) =0.
For the case Co < 2(1 — |2°]), we have for z € B and w € B,

1 —z2w| >1—|z| >C'(1—12").
Hence

C
T (foxg) (2) < ——— / fldv < CME(Fo)(E) < Ot
1 |Z | B

So we finally conclude that there exists a constant A > 0 such that

T*(fr)(2) < (1+Ay)t, ze€B.
From this we have
pn({z € B: T*(fv)(z) > (L+n)t, Mi(fv)(z) <t})
<pu({zeB: (L+Ay)t > (1+n)t, Mj(fv)(z) <t});

so if we choose 0 <« < 7%, we obtain (18). This ends the proof of the Lemma.
O
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4.3. Curvature in the unit ball.

Definition 4.6. Given three points z1, 29,23 € D, we define their curvature
c(z1, 29, 23) by

(21, 22, 23) ZK 202, 201)) K (263)s 201))

where the sum is taken over the siz permutations of 1,2, 3.

For a positive Borel measure v the quantity

_ /// (21, 20, 23)di (2 )dv (2) A (25)

is called the Total curvature of . One important fact about this curvature is
that ¢?(z1, 29, 23) > 0. Indeed for z and w in D
R(1—2w) 1-RN(zw)

= >0
|1 — zw|? 11— zw|?

K(z,w) =

since R(zw) < 1.
The next Lemma gives a relation between this curvature and our operator 7.

Lemma 4.7. Let v;, j = 1,2,3 be three Borel measures. Then

;/T(Va(l)) (Vo)) dVos) /// (21, 22, 23)dv1 (21)dv(22)dvs(23).

Proof: We have
T 00) T () s
// K (203): 2001) K (203)s 202)) AVo1) (2601)) AVo(2) (20(2)) dVo3) (20(3)) -

Since for each o

AVs(1) (20(1)) AVo(2) (20(2) Ao (3) (20(3)) = dvi(21)dva(2a)dvs(23),

summing over the six permutations we obtain

Z/ Vo1 1/0 dua(3 /// (21, 22, 23)dv1 (21)dvo(22)dvs(23).
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We apply Lemma 4.7 to vy = vy = fu with f (a real function) in L*(p) and
v3 = xpp with B a fixed pseudo ball which touches the boundary. We then have

@) 2 [ (TPt [ T () S
= [[] G0 waldn dutw) (o)

In particular taking f = xp, one gets

6 [ 1rmPan= [[[ wQautz)dutw)in(©),
and thus
(22) ///33 c*(z,w, Q)dp(2)dp(w)du(¢) < Cp(B),

provided p satisfies condition i) of 3) in Theorem 4.1 (case k = 1).
We are now ready to produce a ”big piece” inside a given pseudo ball B which
touches the boundary. As in [V], set

46 = [[ w0, e b
B
By Chebyschev’s inequality, condition 4i) of 3) in Theorem 4.1 and (22)

w({z € B+ cp(=) > tor [T(xsp)(2)] > 1))

<5 ([ a@aer [ e

- <cuB)

From this we have the following lemma.

Lemma 4.8. Given 0 < 0 < 1, there exists a set E C B such that

= Q

C
and |T(xpp)(2)]’ < -, 2 € E

&(2) < g

and

W(B\E) < 0(u(B)).
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Proof: Fix 0 < 6 < 1. If u(B) = 0, there is nothing to do. If u(B) # 0, set
E = {z € B:cp(z) < % and |T(xpp)(2))* < %}

It is then easy to verify that this set satisfies our requirements.

We set k(z,w) = [ (2, w,{)du(¢) so that

(24) [ Hew)duto) = G(2) <

Since k(z,w) = k(w, z) we obtain the following lemma.

C
7 (z € E).

Lemma 4.9. There exists a constant C = C(6) which does not depend on B such

that
/// z,w,C) f(2) f(w)xs(Q)du(z)dp(w)du(C) < C/f2d,u,
where f € L2(E) = L2(E, j), with f real.

Proof: The result follows from Schur’s test since

C
/ k(z,w)dp(w) < — (2 € E).
B 0
O
Therefore from (21), Lemma 4.8 and Lemma 4.9, for any f € L*(E), we get

/B|T(fﬂ)l2du§ C (/BIT(fu)Vdu)% (/f("du)% +O/f2dﬂ

and consequently

[rmkansc [ P germ.
B E
By duality this implies

[t <c [ ¢ germ),
E B

So by Chebyshev’s inequality

@) e B Tan@I>0) < & [ P ge1B)
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Now, for every h € L*(D, 1), Lemma 4.5 and (25) give
=€ B [T(u)(2)] > 1})
t
<u({zer: 1wl >4})

({eE [T(e(:)| > 5 )

<_/h2du+—/yT hx e ) (2)|2dp
< —/thqu— h2dp
C
(26) <3 h2dju.
D

4.4. A good )\ inequality. We will establish in this section the next crucial
argument in the proof of the implication 3) = 2) of Theorem 4.1. The result is
the following theorem.

Theorem 4.10. Let p be a positive Borel measure on D with satisfies i) and ii).
Then for each n > 0, there exists v = ~y(n) > 0 small enough so that

p({zeD: TG > (14 )t and ME(F)3(2) < 7t })
sn{zeD: [T(fu)(2)] > 1)).

Proof: Let Q ={ze€ D: |T(fu)(z)| >t}. The set Q is open. By Lemma 2.4
applied to this set, the theorem will follow if we can prove the following lemma.

Lemma 4.11. Let n > 0 and 0 < o < 1. There exists v = y(n,«) > 0 such that

@7) w({z€B;: IT(fm()| > (1+n)t and ME(f20)H(2) < 7t} )
<ap(Bj),

where B} and B} are respectively the first and the second decompositions of the
open set ) with respect to Lemma 2.4.
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Indeed, if the lemma is true, then
u({z €D TG > (1+ )t and ME(f20)3(2) < 7t })
= u({zeQ: ITUmE] > A+ 0t and MA(f)3(2) < t})
<

< Don({ze B : TG > (14 m)t and ML) () <t})
SEOYACH

< aMp() (by the bounded overlap property).

We then have to choose a so that aM = % We obtain the result.

Let us turn our attention to the proof of the Lemma.

Set B = B (2%, K10) = B} and B' = B (27, Ky0) = B}*.
We follow with a little change, the proof of the Lemma 4.5.
Suppose without loss of generality that there exists £€° € B such that

ME(f2p)2 (€%) < .

Let z° be a point in Q°N B (ZB, Kgg). Let B be a ball centered at 2° whose
radius is equal to max (2(1 — |2°]),Cg), where C' is a constant greater than or

equal to K3 to be precised later. Then B touches the boundary of D.
Let fi = fxg and fo = f — fi = fxge. As in the proof of (19) there exists a
constant A; such that

(28) T(f)) < T (fuxg) (2)| + 1+ A)t, z € B.
On the other hand, if we set B= B(£°,C1K10), we observe that
BCpBC B cQ

for some p > 1.
Now, if C'o > 2(1 — |2°]), there exists a constant A, > 0 such that for z € B,

(29) T (fuxs) (2)] < IT (fxs) ()] + Axyt.
We obtain (29) as in the proof of (20).
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From (28), we have
p({ze B T > (L+n)tand M) () <t })
<u({zeB: 1)) > (- At and ME(PR)*(z) < 9t})
If Co < 2(1—|2°), then as in the proof of the Lemma 4.5 we have
T (fuxp) ()] < Cat
so that for v small enough
{2€ B IT(fixg) ()] > (n— Avy)t and M(f)} (=) < 7t} =0.
Thus (27) is satisfied in this case. If C'o > 2(1 — |2°]), then from (29), we have
u({ze B TG > (4 )t and M) () <t })
<pu({zeB: IT(FxE) (@) > (71— (A1 + Ayt and ME(F)H () <t} ).

If we choose 7 small enough (0 < v < m will do), we finally have

(30) w({zeB: T > 1L+ n)tand M) () <t}

<u({zeB: [T(fuxp)(2)] > Jtand ME(f20)H(z) < 7 }).

We distinguish two cases.
If B does not touch the boundary then we easily obtain,

IT(fruxg)(z)| < C*Mf(£°) < CHt,

such that for v small enough (0 < v < 75), (27) is satisfied.
Finally, suppose that B touches the boundary. Let E be a "big piece” associ-
ated with the ball B and the number 6. From (30) and (26) we have
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i ({z € B ITUWE)] > 1+ n)tand M(f)3(2) <t} )
u({z € B IT(xg)(2)| > St and ME(f20)3 () < 1t} )

(B\EHM({ZGEi T(fixs) () > 5t}
e o [P

Ou(B) + thgu (0B) MA(F*)(E)

Ou(B) + %u (p§> 7t

(0+Cn ) p <p§>
ap(B'),

provided 6§ and ~ are chosen small enough so that (6 + Cn=27?) < «. This
completes the proof of the lemma and consequently the proof of the theorem.

O

4.5. Proof of the implication 3) = 2) of Theorem 4.1. Let f € LP(u),
p > 2. We have

/ T(f)|Pdpe

oo
- / Wz €D [T(fu)(=)] > t)) de?

—ar [z eDs T > 0 )

<({d+n) /Omu ({Z eD: [T(fu)(2)] > (L+n)t; MI(f2p)3(z) < vt}> dt”

<
- 2

(1+n)P

(14 ) /Omu ({z €D : MI(f7p)3(2) > 7t}> dt

/ e D TR )] > 1)) de

+—(1J”7)1[)/<M”(f2 HE ))pdu

»-yp
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by Theorem 4.10. We then choose n small and use Proposition 4.3 to obtain

(31) / T(fp)lPdy < C / FPdp.

O

4.6. Proof of the implication 2) = 1) in Theorem 4.1. Since T, is self
adjoint, then by duality, for 1 < p < 2 the inequality (31) holds, and so for p = 2
by interpolation. This finishes the proof.

O

We have proved the result for the case & = —n. The same argument holds with
minor changes for —n — 1 < a < —n. In fact one just has to use the following
maximal operator

Mu(z) = sw —|y|(€,(:7r))

and the following curvature

C2<Z17 22 23) = ZKQ (ZU(2)7 Za(l)) K, (20(3)7 Za(l)) .

5. COMMENTS

e One reason why we could not carry out our argument in the remaining
range —n < « < —1 is that the curvature we have defined is no longer
strictly positive in this range. Nevertheless, we conjecture that conditions
3) in Theorem 4.1 are sufficient for boundedness in the remaining range.

e Since T, is a self adjoint CZO, one classical result on the Calderén-
Zygmund theory is that a CZO which is bounded in L*(u) is weakly
bounded. So a natural question comes:

is it true that conditions 3) in Theorem 4.1 imply that T, is weakly
bounded?, that is

p{ze€D: |Tof(2)] > A}) < C’Hf”#, for all f € L*(u).
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