Marco Longfils and Petter Mostad
Applied Mathematics and Statistics
Chalmers and GU

MVEO051 / MSG810 Matematisk statistik och diskret matematik
Exam 13 January 2017, 8:30 - 12:30

Allowed aids: Chalmers-approved calculator
and one (two-sided) A4 sheet of paper with your own notes.
Total number of points: 30. To pass, at least 12 points are needed.
Note: All answers should be motivated.

1. (5 points) Consider the graph in the figure below, where each edge in the graph represents
a daily flight from one city to another and the number close to it represents how long the
flight takes in hours. For example, one can take a direct flight from Milan to Stockholm
and arrive at the destination in 4 hours. Marco would like to reach Tromsg from Milan.
Let X,,, n € N denote the city in which Marco is at day n, so Xy = "Milan”. For each day
and each city, all flights out of that city except one are cancelled because of bad weather;
we assume the flight not cancelled is randomly selected with equal probability among the
available flights. Marco will always take the available flight, except if he reaches Tromsg:
Then he will stay there forever.

Tromsg

Gothenburg Stockholm

Milan

(a) Is {X,},enr @ Markov chain? If so, write down its transition matrix.
(b) Compute the expected number of days it takes for Marco to reach Tromsg.

(c) LetY, denote the total number of hours Marco has been in the air since leaving Milan.
Is {Y,},en @ Markov chain? Motivate.



2. (5 points) An experiment whose outcome can be either "Success" or "Fail" is repeated
independently 10 times. Let X be the random variable that counts the number of successes
in the 10 trials:

(a) Assume that the probability that the i-th experiment will be a success is p; = llo. Does
X have binomial distribution? If so, specify the parameters. Motivate your answer in
any case.

(b) Assume that the probability that the i-th experiment will be a success is p; = -=. Find

PX =1).

L
10°

(c) Assume that the probability that the i-th experiment will be a success is p; = %. Does
X have binomial distribution? If so, specify the parameters. Motivate your answer in
any case.

(d) Suppose we have an urn with 10 balls. On 8 of them it is written "Success" and on
the remaining 2 "Fail". We extract 5 balls from the urn and let Y count the number
of "Success" balls picked. Does Y have binomial distribution? If so, specify the
parameters. Motivate your answer in any case.

3. (5 points) At Chalmers University of Technology 200 students have taken part in a Math-
ematics course. Suppose that each student has a probability of 70% of passing an exam in
such a course.

(a) Compute the probability that a student will pass the exam in less than 3 attempts, by
assumining that the attempts are independent.

(b) What is the distribution of the random variable that models the number of attempts
done by a student to pass the exam? What are its parameters? (Assume that a student
cannot take an exam he has already passed, but can attempt the exam as many times
as he wants.)

(c) Assume that at the first exam 200 students take the exam. Assume moreover that the
students cannot withdraw from the exam (either they pass or they fail). Let X denote
the number of persons that will pass this exam and Y denote how many will fail it.
Find the correlation coefficient between X and Y.

4. (5 points) A rare disease has over many years been observed with an average of 8 new
cases in Sweden each year. Not much is known about the causes of the disease, but it is
assumed that cases occur independently.

(a) What is the probability of 3 or fewer cases during one year?

(b) What is the probabilty of at least one case during one month (assuming 12 months of
equal lengths)?

(c) Given that a new case has just been observed, what is the probability that no new
cases are observed for the next 2.5 months?



(d) Doctor X is wondering whether the occurrence of the disease is actually increasing.
During the last decade, there have been 103 new cases in Sweden. What is the (ap-
proximate) probability of observing 103 or more cases assuming that there has been
no increase in the occurrence?

5. (5 points) In a random sample of 43 people working at company X, 37 said they were
satisfied with their job, while in a similar sample of size 35 from company Y, 21 said they
were satistifed.

(a) Give an estimate of how many more percent of the workers are satisfied with their
job at X compared to at Y.

(b) Compute a 90% confidence interval for the estimate you made in (a)

(c) Assume you want to pose the same question to n persons working at company A and n
persons working at B. Assume you want to be sure that the resulting 90% confidence
interval has length at most 10%. How big does n need to be?

6. (5 points) Let A and B be two events such that P(A) > 0, P(B) > 0.

(a) Are each of the following relationships necessarily true, necessarily false, or it may
be either true or false? (Motivate your answer)

e P(A) < P(A|B);
e P(A) = P(A|B);
(b) Suppose now that P(A|B) > P(A). Are each of the following relationships necessarily
true, necessarily false, or it may be true or false? (Motivate your answer)
e P(ANB)=0;
e P(B|A) > P(B);
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