
Serik Sagitov, Chalmers Tekniska H�ogskola, May 28, 2005Chapter 13. The analysis of 
ategori
al data1. Fisher's exa
t testPopulation proportionsPopulation 1 Population 2Category 1 �11 �12Category 2 �21 �22Total 1 1Test hypothesis of homogeneity H0: �11 = �12using two (small) independent samplesSample 
ounts Population 1 Population 2 TotalCategory 1 n11 n12 n1:Category 2 n21 n22 n2:Sample sizes n:1 n:2 n::Conditional null distribution n11 � Hg(N; n; p)N = n::; n = n:1; Np = n1:; Nq = n2:P(n11 = k) = (Npk )( Nqn�k)(Nn)max(0; n�Nq) � k � min(n;Np)Ex 1: sex bias in promotionData: 48 
opies of the same �le24 labeled as \male" and other 24 labeled as \female"Test H0: �11 = �12 no sex bias againstH1: �11 > �12 males are favored1



Male FemalePromote n11 = 21 n12 = 14 n1: = 35Hold �le n21 = 3 n22 = 10 n2: = 13n:1 = 24 n:2 = 24 n:: = 48Reje
t H0 for large n11null distribution P(n11 = k) = (35k )( 1324�k)(4824) , 11 � k � 24P(n11 � 14) = P(n11 � 21) = 0:025Signi�
ant eviden
e of sex biasone-sided P = 0:025, two-sided P = 0:052. �2-test of homogeneityPopulation proportionsPop. 1 Pop. 2 : : : Pop. JCategory 1 �11 �12 : : : �1JCategory 2 �21 �22 : : : �2J: : : : : : : : : : : : : : :Category I �I1 �I2 : : : �IJTotal 1 1 : : : 1Homogeneity = all J distributions are equalH0: (�11; :::; �I1) = (�12; :::; �I2) = ::: = (�1J ; :::; �IJ)Test H0 against H1: �ij 6= �il for some (i; j; l)using sample 
ounts in J independent samples(n1j; : : : ; nIj) � Mn(n�j;�1j; : : : ; �Ij), j = 1; : : : ; J2



Pop. 1 Pop. 2 : : : Pop. J TotalCategory 1 n11 n12 : : : n1J n1:Category 2 n21 n22 : : : n2J n2:: : : : : : : : : : : : : : : : : :Category I nI1 nI2 : : : nIJ nI:Sample sizes n:1 n:2 : : : n:J n::Under H0 the MLE of �ijpooled sample proportion �̂ij = ni�=n��expe
ted 
ell 
ounts Êij = n�j � �̂ij = ni�n�j=n��Reje
t H0 for large X2 = PIi=1 PJj=1 (nij�ni�n�j=n��)2ni�n�j=n��Approximate null distributionX2 a� �2df with df = (I � 1)(J � 1)df = no. 
ounts { no. estimates = (I � 1)J � (I � 1)Ex 2: small 
ars and personalityAttitude toward small 
ars for di�erent personality typesCautious Midroad Explorer TotalFavorable 79(61.6) 58(62.2) 49(62.2) 186Neutral 10(8.9) 8(9.0) 9(9.0) 27Unfavorable 10(28.5) 34(28.8) 42(28.8) 86Total 99 100 100 299X2 = 27:24, df = 4, �24;0:005 = 14:86Reje
t H0 at 0.5% level
autious people are more favourable to small 
ars3



3. Chi-square test of independen
eOne populationtwo 
lassi�
ations A, B with numbers of 
lasses I , JPopulation proportionsClasses B1 B2 : : : BJ TotalA1 �11 �12 : : : �1J �1:A2 �21 �22 : : : �2J �2:: : : : : : : : : : : : : : : : : :AI �I1 �I2 : : : �IJ �I:Total �:1 �:2 : : : �:J 1Null hypothesis of independen
e H0: k�ijk = k�i���jkagainst H1: k�ijk 6= k�i���jk (dependen
e)using a 
ross-
lassi�ed sample knijk � Mn(n��; k�ijk)Classes B1 B2 : : : BJ TotalA1 n11 n12 : : : n1J n1:A2 n21 n22 : : : n2J n2:: : : : : : : : : : : : : : : : : :AI nI1 nI2 : : : nIJ nI:Total n:1 n:2 : : : n:J n::Under H0 the MLE of �ij are �̂ij = ni�n�� � n�jn��expe
ted 
ell 
ounts Êij = n�� � �̂ij = ni�n�j=n��df = (IJ � 1)� ((I � 1) + (J � 1)) = (I � 1)(J � 1)Apply the same test pro
edure as with homogeneity testHomogeneity P(A = ijB = j) = P(A = i) for all (i; j)equality of 
onditional distributions = independen
e4



Ex 3: marital status and edu
ational levelContingen
y tableEdu
ation Married on
e Married > on
e TotalCollege 550 (523.8) 61(87.2) 611No College 681(707.2) 144(117.8) 825Total 1231 205 1436H0: no relationship between mar. status and ed. levelX2 = 16:01, df = 1 
an use normal distribution tablep16:01 = 4:001, P < 0:1% reje
t H04. Mat
hed-pairs designsEx 4: Hodgkin's disease and tonsills2� 2 
ross-
lassi�
ationD = Diseased (a�e
ted), �D = una�e
tedX = eXposed (tonsille
tomy), �X = non-exposedH0: tonsille
tomy has no in
uen
e on disease onsetThree sampling designssimple random samplinga prospe
tive study (X-sample and �X-sample)a retrospe
tive study (D-sample and �D-sample)Retrospe
tive design 
at
hes a�e
ted subje
ts�rst two designs bring mostly una�e
tedin
iden
e of Hodgkin's disease is 2 in 10 0005



Two datasetsVGD-1971 X �XD 67 34�D 43 64 JJ-1972 X �XD 41 44�D 33 52X2VGD = 14:29, X2JJ = 1:53, df = 1P(X2VGD � 14:29) � 2(1� �(p14:29)) = 0:0002P(X2JJ � 1:53) � 2(1� �(p1:53)) = 0:215JJ-data violates the assumption of independent samplesn = 85 sibling (D; �D)-pairs, same sex, 
lose agemat
hed-pairs designFour 
lasses of sibling pairsexposed �D-sib unexposed �D-sibexposed D-sibling n11 = 26 n12 = 15 41unexposed D-sibling n21 = 7 n22 = 37 44total 33 52 85M
Nemar's test2� 2 
ross-
lassi�ed population �11 �12 �1:�21 �22 �2:�:1 �:2 1MLE: �̂11 = n11n , �̂22 = n22n , �̂12 = �̂21 = n12+n21ntest statisti
 X2 = P (nij�n�̂ij)2n�̂ij = (n12�n21)2n12+n21Reje
t H0: �1: = �:1 or H0: �12 = �21 for large X2approximate null distribution is �21, df = 4� 1� 2Ex 4: Hodgkin: JJ-data X2M
Nemar = 2:91, P = 0.096



4. Odds ratiosOdds and probability of a random event Aodds(A) = P(A)=P( �A)odds(A) � P(A) for small P(A) P(A) = odds(A)1+odds(A)odds(AjB) = P(AjB)=P( �AjB) = P(AB)=P( �AB)Odds ratio for a pair of random events�AB = odds(AjB)odds(Aj �B) = P(AB)P( �A �B)P( �AB)P(A �B)Measure of dependen
eif �AB = 1, events A and B are independentif �AB > 1, P(AjB) > P(Aj �B)if �AB < 1, P(AjB) < P(Aj �B)�AB = �BA, �A �B = 1�ABEx 4: Hodgkin's disease and tonsillsConditional probabilities and observed 
ountsin a retrospe
tive study like VGD-1971X �XD P(XjD) P( �XjD) 1�D P(Xj �D) P( �Xj �D) 1 X �XD n00 n01 n0:�D n10 n11 n1:Odds ratio �DX = P(XjD)P( �Xj �D)P( �XjD)P(Xj �D)measures the in
uen
e of tonsille
tomy onHodgkin's diseaseEstimated odds ratio �̂ = (n00=n0:)(n11=n1:)(n01=n0:)(n10=n1:) = n00n11n01n10VGD-data�̂ = 65�6443�34 = 2:93 odds(DjX) = 2:93 � odds(Dj �X)7


