
Serik Sagitov, Chalmers Tekniska H�ogskola, September 12, 2005Chapter 14. Linear least squaresX = independent variable assumed to be �xedY = dependent variable1. Simple linear regression modelRandom responseYi = �0 + �1xi + �i, i = 1; : : : ; nto a �xed value xi of independent variableModel assumption:noise random variables �i are independent N(0,�2)Unknown model parameters: �0, �1, �2L(�0; �1; �2) = Qni=1 1p2�� expf�(yi��0��1xi)22�2 gLeast squares estimatesRegression lines:true y = �0 + �1x and �tted y = b0 + b1xResponses:observed yi and predi
ted ŷi = b0 + b1xiLeast squares method: minimize S(b0; b1) = P(yi � ŷi)2solve �S=�b0 = 0 and �S=�b1 = 0Normal equations:nb0 + (P xi)b1 = P yi and (Pxi)b0 + (Px2i )b1 = PxiyiSlope b1 = nPxiyi�(P xi)(P yi)nPx2i�(P xi)2 , inter
ept b0 = �y � b1�xlnL(�0; �1; �2) = n ln( 1p2��)� 12�2S(�0; �1), LSE = MLE1



Least square regression line y = �y + b1(x� �x)regression 
oeÆ
ient b1 = r � sysx s
ale dependentSample 
orrelation 
oeÆ
ient r = sxysxsysample 
ovarian
e sxy = 1n�1 P(xi � �x)(yi � �y)s2x = 1n�1 P(xi � �x)2, s2y = 1n�1 P(yi � �y)2Least square estimates are not robust against outlierspage 522: ouliers exert leverage on the �tted lineSums of squaresSST = SSE + SSRSST = P(yi � �y)2 = (n� 1)s2y df = n� 1SSR = P(ŷi � �y)2 = (n� 1)b21s2x df = 1SSE = P(yi � ŷi)2 = (n� 1)s2y(1� r2) df = n� 2Corre
ted MLE of �2: s2 = SSEn�2 = n�1n�2 s2y(1� r2)CoeÆ
ient of determination r2 = SSRSST = 1� SSESSTproportion of variation in Y explained by fa
tor X2. CI and hypothesis testingUnbiased and 
onsistent estimates: bi � N(�i; �2i )�20 = �2�Px2in(n�1)s2x , �21 = �2(n�1)s2xweak negative dependen
e Cov(b0; b1) = � �2��x(n�1)s2xExa
t sampling distributionsbi��isbi � tn�2, sb0 = ssx � s P x2in(n�1), sb1 = ssx � r 1n�12



Exa
t 100(1� �)% CI for �i: bi � t�=2;n�2 � sbiHypothesis testing H0: �1 = �10test statisti
 T = b1��10sb1 , null distribution T � tn�2Model utility testH0: �1 = 0 (no relationship between X and Y )test statisti
 T = b1=sb1, null distribution T � tn�2Zero inter
ept hypothesisH0: �0 = 0test statisti
 T = b0=sb0, null distribution T � tn�2Intervals for individual observationsGiven x predi
t Y = �0 + �1 � x + �expe
ted value � = �0 + �1 � xleast square estimate �̂ = b0 + b1 � xStandard error of �̂Var(�̂) = �2n + �2n�1 � (x��xsx )2Exa
t 100(1� �)% CI for the mean �b0 + b1x� t�=2;n�2 � sr 1n + 1n�1(x��xsx )2Exa
t 100(1� �)% predi
tion intervalb0 + b1x� t�=2;n�2 � sr1 + 1n + 1n�1(x��xsx )2The latter are wider limits sin
eVar(Y � �̂) = Var(�̂) + �2 = �2(1 + 1n + 1n�1 � (x��xsx )2)Draw 
on�den
e bands around the regression lineboth for the individual observation Y and its mean �3



3. Assessing the �tProperties of the least square residuals ei = yi � ŷie1 + : : : + en = 0, e21 + : : : + e2n at minimumx1e1 + : : : + xnen = 0, ei are un
orrelated with xiŷ1e1 + : : : + ŷnen = 0, ei are un
orrelated with ŷiResidual ei has normal distribution with zero meanVar(ei) = �2(1� Pk(xk�xi)2nP(xk��x)2 )Cov(ei; ej) = �Pk(xk�xi)(xk�xj)nP(xk��x)2Standardized residuals = ei=sei, sei = ss1� Pk(xk�xi)2nP(xk��x)2normal distribution plot to test normality assumptionExpe
ted plot of the standardized residuals versus xi:horizontal blur (linearity)varian
e does not depend on x (homos
edasti
ity)Ex 1: 
ow rate vs stream depthPage 517-518: s
atter plot is slightly non-linearresidual plot has the U-shapePage 518-519: s
atter log-log plot is 
loser to linearresidual plot is horizontalEx 2: breast 
an
erPage 520-521: absolute mortality y vs population size xheteros
edasti
 residual plotpage 523: normal probability plot4



Transformed variables: py vs pxpage 521: homos
edasti
 residual plotpage 524: normal probability plot is 
loser to linear4. Multiple regressionLinear regression modelY = �0 + �1x1 + : : : + �p�1xp�1 + �, � � N(0,�2)n independent observationsY1 = �0 + �1x1;1 + : : : + �p�1x1;p�1 + �1: : :Yn = �0 + �1xn;1 + : : : + �p�1xn;p�1 + �nMatrix notation Y = X�Y = (y1; : : : ; yn)T� = (�0; : : : ; �p�1)T , X = 0BBBBB� 1 x1;1 : : : x1;p�1: : : : : : : : : : : :1 xn;1 : : : xn;p�1
1CCCCCALeast square estimatesb = (b0; : : : ; bp�1)Tminimize S(b) = kY� Ŷk2, where Ŷ = XbNormal equations XTXb = XTYif rank(X) = p, then b = (XTX)�1XTYŶ = PY, where P = X(XTX)�1XT
ovarian
e matrix �bb = kCov(bi; bj)k = �2(XTX)�1s2 = kY� Ŷk2=(n� p) unbiased estimate of �25



Standard errorssbi = spsii, where C = (XTX)�1exa
t distributions bi��isbi � tn�pResiduals e = Y� Ŷ = (I�P)Y
ovarian
e matrix �ee = kCov(ei; ej)k = �2(I�P)Standardized residuals yi�ŷisp1�piiCoeÆ
ient of multiple determinationR2 = 1� SSESSTSSE = kY� Ŷk2, SST = (n� 1)s2yAdjusted 
oeÆ
ient of multiple determinationR2a = 1� n�1n�p � SSESSTEx 1: 
ow rate vs stream depthQuadrati
 model y = �0 + �1x + �2x2page 543: residuals shows no signs of systemati
 mis�tLinear and quadrati
 terms are stat. signi�
ant (n = 10)CoeÆ
ient Estimate Standard Error t Value�0 1.68 1.06 1.52�1 �10:86 4.52 �2:40�2 23.54 4.27 5.51Emperi
al relationship developed in a regionmight break down if extrapolated to a wider regionin whi
h no data been observed6



Ex 3: heart 
atheterCatheter length depending on 
hild's height and weightpage 546: pairwise s
atterplots, n = 12Two simple linear regressionsEstimate Height t Value Weight t Valueb0(sb0) 12.1(4.3) 2.8 25.6(2.0) 13.3b1(sb1) 0.60(0.10) 6.0 0.28(0.04) 8.0s 4.0 3.8r2(R2a) 0.78 (0.76) 0.80 (0.78)page 547: plots of standardized residualsMultiple regression model L = �0 + �1H + �2Wb0 = 21, sb0 = 8:8, b0=sb0 = 2:39b1 = 0:20, sb1 = 0:36,b1=sb1 = 0:56b2 = 0:19, sb2 = 0:17, b2=sb2 = 1:12s = 3:9, R2 = 0:81, R2a = 0:77Can not reje
t neither H1 : �1 = 0 nor H2 : �2 = 0�1 = expe
ted 
hange in LwhenH in
reased by one unit andW held 
onstantHeight and weight are highly 
ollinearstrong linear relationshipFitted plane has a well resolved slopealong the line about whi
h the (H;W ) points falland poorly resolved slopes along the H and W axesPage 549: stand. residuals from the multiple regressionlittle gain from adding W to the model with H7


