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An overview of the Probability Theory

1 Probability rules

Sample space:

2 = the set of all possible outcomes in a random experiment.

Random events:

A BCQ, AnNB ={Aand B}, AUB = {A or B or both}

Division rule:

o no. favorable outcomes
P(A) " total no. equally likely outcomes

Addition rule:
P(AUB)=P(A) +P(B) - P(AN B)
Complementary event probability:

P(A) =1—P(A), A= {A has not occurred}

Conditional probability of A given B has occurred:

P(AB) = Pp?)

Multiplication rule:
P(ANB) =P(A|B)P(B)

Law of Total Probability:

Independent events: P(AN B) = P(A)P(B)

if {By,..., By} is a partition of Q, then P(4) = S.F | P(B;)P(A|B;)

Bayes’ Probability Law

prior probabilities P(B;) and posterior probabilities P(B;|A) =

2 Random variables

Discrete random variable X:
probability mass function f(z) =P(X = z)

Continuous random variable X:

P(z<X<z+A)

probability density function f(x) ~ N

P(A|B;)P(B;)
P(A)




Cumulative distribution function (cdf)

Pla) =P(X <2) =3 flg) or = | f(w)dy

y<z

Mean (average or expected) value of X:
p=EX)= fo(m) or = /xf(x)dx

Properties of the expectation operator
E(X+Y)=EX)+EY), E(c-X)=c-EX)
Variance and standard deviation
0% = Var(X) = B((X — p)?) = B(X?) — 2, oy =
B(X) = Yo (o) or BY) = [ 225 (o)
Var(c- X) = c®- Var(X), o.x =c-ox.

3 Special distributions
Discrete uniform distribution X ~ dU(N):

1 N+1
f(k;):N, 1<k<N, E(X)—T+, Var(X) =

f@)=—— a<z<b E(X)_a;b, Var(X) =

Binomial distribution X ~ Bin(n, p):

k

Var(X),

N2 -1
12

f(k) = (n>pkq”_k, 0<k<n, EX)=mnp, Var(X)=npq.

Hypergeometric distribution X ~ Hg(N, n, p):

(V) (%)
f(k) = %7 maX(07n_NQ) < kgmln(”?*]vp)a
E(X) Var(X) (1 n-l )
=n ar =n —

P, ra(l-+—7)
where the factor 1 — ;L,;j is called the finite population correction.
Geometric distribution X ~ Geom(p):

fR) =pdt, k>1, B(X)=-, Var(X)=—~
p p



Exponential distribution X ~ Exp(\):

Poisson approximation
Bin(n, p) =~ Pois(np) if n > 100 and p < 0.01 and np < 20

Standard normal distribution Z ~ N(0, 1):

1 2 ?

— P2 B :/ d

z e 7/ z z)dz,

o) = &= o)
E(Z) =0, Var(Z)=1.

Normal distribution X ~ N(u, 0?):

AN, @) = et

g o o

Central Limit Theorem (CLT): if X,..., X, are [ID, E(X;) = u, Var(X;) = 02, then for all z,

), E(X)=pu, Var(X)=o>

X o+ X, -
P( 1t nﬂgz)—)q)(z), n — 00.
o\/n

Normal approximations:
Bin(n, p) ~ N(np, npq), if both np > 5 and ng > 5,
Pois(A) = N(A, A), for A > 5,
Hg(N,n,p) =~ N(np, npq%), if both np > 5 and ng > 5.

4 Joint distributions

Joint probability mass (density) function of X and Y:
fxy(z,y)
Marginal distribution of X:

fx(@) =" fxy(z,y) or /_OO fxy(z,y)dy

Independent random variables X and Y:
fxy(xy) = fx(x)fr(y)
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Conditional distribution of (Y|X = x):

fX,Y(xa y)

fY|X(y|‘T) = .fX(x)

Conditional expectation E(Y|X) and Var(Y|X)

E(E(Y]X)) =E(Y)
Var(Y) = Var (B(Y]X)) + E(Var(Y]X))

Addition rule for variance
Var(X +Y) = Var(X) + Var(Y) + 2Cov (X, Y)
Covariance, a measure of association between X and Y
Cov(X,Y) = E(X — ux)(Y — py) = E(XY) — pxpy
Correlation coefficient

Cov(X,Y
| Cov(x.Y)

0x0y

, —l<p<l1
Independent X and Y are uncorrelated: p = 0. If X and Y are uncorrelated, then
Var(X +Y) = Var(X) + Var(Y)

Multinomial distribution (Xi, ..., X,) ~ Mn(n;p1,...,p:)
n
PXi=k,.... X, =k)= <k k >plf1 Lpl Cov(Xy, Xj) = —npip;
Lyeoos Ry

Bivariate normal distribution (X,Y) ~ N(ux, pty, 0%, 0%, p):

1 1 {(:B —pux)® | (y—mw)® 2p(x—ux)(y—uy)})

fla,y) = exp (— +
(:9) 2noxo,\/1 — p? 2(1—p?) ; :

Marginal distributions :

XNN(MX7U§()7 YNN(MYaa?/)

Conditional distribution of (Y|X = ) is normal with mean and variance

Oy
py + p— (@ — px), a(1 = p?)
Ox



